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Preface 


This book is designed to provide a path for the reader into an amalgamation of two 
venerable areas of mathematics, Dynamical Systems and Number Theory. Many of 
the motivating theorems and conjectures in the new subject of Arithmetic Dynamics 
may be viewed as the transposition of classical results in the theory of Diophantine 
equations to the setting of discrete dynamical systems, especially to the iteration 
theory of maps on the projective line and other algebraic varieties. Although there is 
no precise dictionary connecting the two areas, the reader will gain a flavor of the 
correspondence from the following associations: 


Diephantine Equations Dynamical Systems 


rational and integral 
points in orbits 


rational and integral 
points on varieties 


torsion points on periodic and preperiodic 
. . . —_———_ . . 
abelian varieties points of rational maps 
There are a variety of topics covered in this volume, but inevitably the choice 
reflects the author’s tastes and interests. Many related areas that also fall under the 
heading of arithmetic or algebraic dynamics have been omitted in order to keep the 


book to a manageable length. A brief list of some of these omitted topics may be 
found in the introduction. 


Online Resources 


The reader will find additonal material, references and errata at 


http: //www.math.brown.edu/~jhs/ADSHome. html 
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Introduction 


A (discrete) dynamical system consists of a set S and a function ¢ : S > S mapping 
the set S to itself. This self-mapping permits iteration 


6” = ¢0¢0---0¢=n" iterate of ¢. 
Ne ane” 
n, times 


(By convention, ¢° denotes the identity map on S.) 
For a given point a € S, the (forward) orbit of a is the set 


Os(a) = O(a) = {6"(a) :n > O}. 


The point a is periodic if ¢"(a) = a for some n > 1. The smallest such n is called 
the exact period of a. The point a is preperiodic if some iterate ¢™ (a) is periodic. 
The sets of periodic and preperiodic points of ¢ in S are denoted respectively by 
Per(¢, S$) = {a € S: 6"(a@) = a for some n > 1}, 
PrePer(¢, S) = {ae S$: ¢"*"(a) = $™(a) for some n > 1,m > 0} 
={a€éS: O4(a) is finite}. 


We write Per(#) and PrePer(¢) when the set S is fixed. 


Principal Goal of Dynamics 


Classify the points a in the set S according to the behavior of 
their orbits Og(a). 


If S is simply a set with no additional structure, then typical problems are to de- 
scribe the sets of periodic and preperiodic points and to describe the possible periods 
of periodic points. Usually, however, the set S has some additional structure and 
one attempts to classify the points in S according to the interaction of their orbits 
with that structure. There are many types of additional structures that may imposed, 
including algebraic, topological, metric, and analytic. 


Example 0.1. (Finite Sets) Let S be a finite set and 6 : S — S a function. Clearly 
every point of S is preperiodic, so we might ask for the number of elements in the 
set of periodic points 
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Per(¢,S) = {a € S: ¢"(a) =a for some n > 1}. 


An interesting class of sets and maps are finite fields S = F, and maps 
@: F, — F, given by polynomials ¢(z) € F,[z]. For example, Fermat’s Little The- 
orem says that 


Per(z?, F,) = F, and Per(z?—!,F,) = {0, 1}, 


which gives two extremes for the set of periodic points. A much harder question is to 
fix an integer d > 2 and ask for which primes p there is a polynomial ¢ of degree d 
satisfying Per(¢,F,) = Fp. Similarly, one might fix a polynomial ¢(z) € Z/[z] 
and ask for which primes p is it true that Per(¢,F,) = Fp. In particular, are there 
infinitely many such primes? 

Ina similar, but more general, vein, one can look at a rational function ¢ € F,,(z) 
inducing a rational map ¢ : P'(F,) — P1(F,). Even more generally, one can ask 
similar questions for a morphism ¢ : V(F,) — V(F,) of any variety V/F,, for 
example V = P%. 

Example 0.2. (Groups) Let G be a group and let ¢ : G — G be a homomorphism. 

Using the group structure, it is often possible to describe the periodic and preperiodic 

points of ¢ fairly explicitly. The following proposition describes a simple, but impor- 

tant, example. In order to state the proposition, we recall that the torsion subgroup of 
an abelian group G, denoted by Go;s, is the set of elements of finite order in G, 


Gros = {2 € G: a” =e for some m > 1}, 


where e denotes the identity element of G. 


Proposition 0.3. Let G be an abelian group, let d > 2 be an integer, and let 
&:G — G be the d" power map ¢(a) = a. Then 


PrePer(¢, G) = Giors- 


Proof. The simple nature of the map ¢ allows us to give an explicit formula for its 
iterates, 
g(a) =a". 

Now suppose that a € PrePer(¢a,G). This means that d™t"(a) = 6™(q) for 
some n > 1 and m > 0,soa@”*™” = a%”. ButGisa group, so we can multiply 
by a~%” to get at” *"-d™ = 6 The assumptions on d, m, and n imply that the 
exponent is positive, so a € Gtors. 

Next suppose that a € Giors, Say a” = e, and consider the following sequence 
of integers modulo m: 

d,d’,d°,d*,... modulo m. 

Since there are only finitely many residues modulo m, eventually the sequence has a 
repeated element, say d’ = d) (mod m) withi > 7. Then 


¢'(a) =at =a” = ¢%(a), sincea™ =e and d' = d! (modm). 


Hence a € PrePer(¢). O 
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Example 0.4. (Topological Spaces) Let S be a topological space and let 6: S > S 
be a continuous map. For a given a € S, one might ask for a description of the 
accumulation points of O,(a). For example, a point a is called recurrent if it is an 
accumulation point of O(a). In other words, a: is recurrent if there is a sequence of 
integers ny < ng <3 <--- such that lim;_,.. ”‘(a) = a, so either a is periodic, 
or it eventually returns arbitrarily close to itself. 


Example 0.5. (Metric Spaces) Let (S, p) be a compact metric space. For example, S$ 
could be the unit sphere sitting inside R?, and p(q, 3) the usual Euclidean distance 
from a to 3 in R°. The fundamental question in this setting is whether points that 
start off close to a given point a continue to remain close to one another under re- 
peated iteration of @. If this is true, we say that ¢ is equicontinuous at a; otherwise 
we say that @ is chaotic at a. (See Section 1.4 for the formal definition of equicon- 
tinuity.) Thus if @ is equicontinuous at a, we can approximate 6”(a) quite well by 
computing ¢"(@) for any point that is close to a. But if ¢ is chaotic at a, then no 
matter how close we choose a and (7, eventually ¢"(a) and ¢"(3) move away from 
each other. 


Example 0.6. (Arithmetic Sets) An arithmetic set is a set such as Z or Q or a num- 
ber field that is of number-theoretic interest, but doesn’t have a natural underlying 
topology. More precisely, an arithmetic set tends to have a variety of interesting 
topologies; for example, Q has the archimedean topology induced by the inclusion 
Q c R and the p-adic topologies induced by the inclusions Q C Q,. In the arith- 
metic setting, the map ¢ is generally a polynomial or a rational map. Here are some 
typical arithmetical-dynamical questions, where we take ¢(z) € Q(z) to be a ratio- 
nal function of degree d > 2 with rational coefficients: 


e Let a € Q be a rational number. Under what conditions can the orbit O4(a) 
contain infinitely many integer values? In other words, when can Og(a) NZ 
be an infinite set? 


e Is the set Per(¢, Q) of rational periodic points finite or infinite? If finite, how 
large can it be? 


e Let a € Per(#) be a periodic point for ¢. It is clear that a is an algebraic 
number. What are the arithmetic properties of the field Q(a), or more generally 
of the field generated by all of the periodic points of a given period? 


What is in this book: We provide a brief summary of the material that is covered. 


1. An Introduction to Classical Dynamics 
We begin in Chapter 1 with a short self-contained overview, without proofs, of 
classical complex dynamics on the projective line. 


2. Dynamics over Local Fields: Good Reduction 
Chapter 2, which starts our study of arithmetic dynamics, considers rational 
maps ¢(z) with coefficients in a local field K, for example, K = Q,. The em- 
phasis in Chapter 2 is on maps that have “good reduction modulo p.” The good 
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reduction property imples that many of the geometric properties of @ acting on 
the points of K are preserved under reduction modulo p. In particular, the map ¢ 
is p-adically nonexpanding, and periodic points behave well when reduced mod- 
ulo p. The remainder of the chapter gives applications exploiting these two key 
properties of good reduction. 


. Dynamics over Global Fields 

We move on in Chapter 3 to arithmetic dynamics over global fields such as Q 
and its finite extensions. Just as in the study of Diophantine equations over global 
fields, the theory of height functions plays a key role, and we develop this the- 
ory, including the construction of the canonical height associated to a rational 
map. We discuss rationality of preperiodic points and formulate a general uniform 
boundedness conjecture. Using classical results from the theory of Diophantine 
approximation, we describe exactly which rational maps ¢ can have orbits con- 
taining infinitely many integer points, and we give a more precise result saying 
that the numerator and denominator of ¢"(a) grow at approximately the same 
rate. We consider the extension fields generated by periodic points and describe 
their Galois groups, ramification, and units. 


. Families of Dynamical Systems 

At this point we change our perspective, and rather than studying the dynamics 
of a single rational map, we consider families of rational maps and the variation 
of their dynamical properties. We construct various kinds of parameter and mod- 
uli spaces, including the space of quadratic polynomials with a point of exact 
period N (which are analogues of the classical modular curves X;(N)), the pa- 
rameter space Rat, of rational functions of degree d, and the moduli space Mg 
of rational functions of degree d modulo the natural conjugation action by PGLg. 
In particular, we prove that Mz is an isomorphism to the affine plane A?. We 
also study twists of rational maps, analogous to the classical theory of twists of 
varieties, and the field-of-moduli versus field-of-definition problem. 


. Dynamics over Local Fields: Bad Reduction 

Chapter 5 returns to arithmetic dynamics over local fields, but now in the case of 
“bad reduction.” It becomes necessary to work over an algebraically closed field, 
so we discuss the field C, and give a brief introduction to nonarchimedean analy- 
sis and Newton polygons. Using these tools, we define the nonarchimedean Julia 
and Fatou sets and prove a version of Montel’s theorem that is then used to study 
periodic points and wandering domains in the nonarchimedean setting. This is fol- 
lowed by the construction of p-adic Green functions and local canonical heights. 
The chapter concludes with a short introduction to dynamics on Berkovich space. 
The Berkovich projective line P? is path connected, compact, and Hausdorff, yet 
it naturally contains the totally disconnected, non-locally compact, non-Hausdorff 
space P!(C,). 

. Dynamics Associated to Algebraic Groups 

There is a small collection of rational maps whose dynamics are much easier to 
understand than those of a general map. These special rational maps are associ- 
ated to endomorphisms of algebraic groups. We devote Chapter 6 to the study of 
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these maps. The easiest ones are the power maps Mj(z) = z¢ and the Chebyshev 
polynomials Tz(z) characterized by Ty(2cos@) = 2cos(d@). They are associ- 
ated to the multiplicative group. More interesting are the Lattés maps attached to 
elliptic curves. We give a short description, without proofs, of the theory of ellip- 
tic curves and then spend the remainder of the chapter discussing dynamical and 
arithmetic properties of Lattés maps. 


. Dynamics in Dimension Greater Than One 


With a few exceptions, the results in Chapters 1-6 all deal with iteration of maps 
on the one-dimensional space P?, i.e., they are dynamics of one variable. In Chap- 
ter 7 we consider some of the issues that arise in studying dynamics in higher 
dimensions. We first study a class of rational maps ¢ : PY — P% that are not 
everywhere defined. Even over C, the geometry of dynamics of rational maps is 
imperfectly understood. We restrict attention to automorphisms ¢ : AN — AN 
and study height functions and rationality of periodic points for such maps. We 
next consider morphisms ¢ : X — X of varieties other than P’. In order to 
deal with higher-dimensional dynamics, we use tools from basic algebraic geom- 
etry and Weil’s height machine, which we describe without proof. We then study 
arithmetic dynamics, heights, and periodic points on K3 surfaces admitting two 
noncommuting involutions 2; and tg. The composition @ = 41 © te provides an 
automorphism @ : X — X whose geometric and arithmetic dynamical properties 
are quite interesting. 


What’s missing: A book necessarily reflects the author’s interests and tastes, while 
space considerations limit the amount of material that can be included. There are 
thus many omitted topics that naturally fit into the purview of arithmetic dynamics. 
Some of these are active areas of current mathematical research with their own liter- 
ature, including introductory and advanced textbooks. Others are younger areas that 
deserve books of their own. Examples of both kinds include the following, some of 
which overlap with one another: 


Dynamics over finite fields 

This includes general iteration of polynomial and rational maps acting on finite 
fields, see for example [41, 42, 102, 106, 109, 179, 220, 222, 275, 308, 336, 
350, 385, 384, 400, 437, 444], and more specialized topics such as permutation 
polynomials [275, Chapter 7] that are fields of study in their own right. 


Dynamics over function fields 

The study of function fields over finite fields has long provided a parallel theory 
to the study of number fields, but inseparability and wild ramification often lead 
to striking differences, while function fields of characteristic 0 present their own 
arithmetic challenges, e.g., they have infinitely many points of bounded height. 
The study of arithmetic dynamics over function fields is in its infancy. For a hand- 
ful of results, see [20, 61, 85, 107, 207, 279, 354, 356, 415]. 


Iteration of power series 
There is an extensive literature, but no textbook, on the iteration properties of 
formal, p-adic, and Puiseux power series. Among the fundamental problems are 
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the classification of nontrivial commuting power series (to what extent do they 
come from formal groups?) and the description of preperiodic points. See for 
example [246, 266, 267, 268, 269, 270, 271, 272, 273, 274, 280, 281, 282, 283, 
284, 389, 390]. 


Algebraic dynamics 

There is no firm line between arithmetic dynamics and algebraic dynamics, and 
indeed much of the material in this book is quite algebraic. Some topics of an 
algebraic nature that we do not cover include irreducibility of iterates [6, 17, 113, 
115, 345, 346, 425], formal transformations and algebraic identities [55, 80, 79], 
and various results of an algebro-geometric nature [140, 149, 163, 392]. 


Lie groups and homogeneous spaces, ergodic theory, and entropy 

This is a beautiful and much studied area of mathematics in which geometry, 
analysis, and algebra interact. There are many results of a global arithmetic nature, 
including for example hard problems of Diophantine approximation, as well as 
an extensive p-adic theory. For an introduction to some of the main ideas and 
theorems in this area, see [47, 247, 304, 423], and for other arithmetic aspects 
of ergodic theory and entropy, including relations with height functions, ergodic 
theory in a nonarchimedean setting, and arithmetic properties of dynamics on 
solenoids, see for example [9, 31, 104, 130, 147, 160, 188, 229, 239, 241, 251, 
277, 278, 351, 440, 441, 442, 447]. 

Equidistribution in arithmetic dynamics 

There are many ways to measure (arithmetic) equidistribution, including via 
canonical heights, p-adic measures, and invariant measures on projective and 
Berkovich spaces. In Section 3.10 we summarize some basic equidistribution con- 
jectures and theorems (without proof). For additional material, see [15, 24, 28, 98, 
99, 168, 182, 209, 429, 432, 450]. 

Topology and arithmetic dynamics on foliated spaces 

This surprising connection between these diverse areas of mathematics has been 
inverstigated by Deninger in a series of papers [124, 125, 126, 127, 128]. 


Dynamics on Drinfeld modules 

It is natural to study local and global arithmetic dynamics in the setting of Drin- 
feld modules, although only a small amount of work has yet been done. See for 
example [180, 181, 182, 349, 395]. 


Number-theoretic iteration problems not arising as maps on varieties 

A famous example of this type of problem is the notorious 3z + 1 problem, 
see [253] for an extensive bibliography. Another problem that people have stud- 
ied is iteration of arithmetic functions such as Euler’s y function; see for exam- 
ple [151, 342]. 

Realizability of integer sequences 

A sequence (a,,) of nonnegative integers is said to be realizable if there are a 
set S and a function ¢ : S — S with the property that for all n, the map ¢ has a, 
periodic points of order n. See [158] for an overview and [12, 144, 157, 362, 363, 
419] for further material on realizable sequences. 


Exercises 7 


Prerequisites: The principal prerequisite for reading this book is basic algebraic 
number theory (rings of integers, ideals and ideal class groups, units, valuations and 
absolute values, completions, ramification, etc.) as covered, for example, in the first 
section of Lang’s Algebraic Number Theory [258]. We also assume some knowl- 
edge of elementary complex analysis as typically covered in an undergraduate course 
in the subject. No background in dynamics or algebraic geometry is required; we 
summarize and give references as necessary. In particular, to help make the book 
reasonably self-contained, we have included introduction/overview material on non- 
archimedean analysis in Section 5.2, elliptic curves in Section 6.3, and algebraic 
geometry in Section 7.2. However, previous familiarity with basic algebraic geome- 
try will certainly be helpful in reading some parts of the book, especially Chapters 4 
and 7. 


Cross-references and exercises: Theorems, propositions, examples, etc. are num- 
bered consecutively within each chapter and cross-references are given in full; for 
example, Proposition 3.2 refers to the second labeled item in Chapter 3. Exercises 
appear at the end of each chapter and are also numbered consecutively, so Exer- 
cise 5.7 is the seventh exercise in Chapter 5. There is an extensive bibliography, with 
reference numbers in the text given in square brackets. 

This book contains a large number of exercises. Some of the exercises are marked 
with a single asterisk * , which indicates a hard problem. Others exercises are marked 
with a double asterisk ** , which means that the author does not know how to solve 
them. However, it should be noted that these “unsolved” problems are of varying de- 
grees of difficulty, and in some cases their designation reflects only the author’s lack 
of perspicacity. On the other hand, some of the unsolved problems are undoubtedly 
quite difficult. The author solicits solutions to the ** marked problems, as well as 
solutions to the exercises that are posed as questions, for inclusion in later editions, 
The reader will find additional notes and references for the exercises on page 441. 


Standard Notation: Throughout this book we use the standard symbols 


Z, Q, R, C, Fy, Zp, AX, and PY 


to represent the integers, rational numbers, real numbers, complex numbers, field 
with q elements, ring of p-adic integers, N-dimensional affine space, and N-dimen- 
sional projective space, respectively. Additional notation is defined as it is introduced 
in the text. A detailed list of notation may be found on page 445. 


Exercises 


0.1. Let S be aset and ¢: S — Sa function. 
(a) If S is a finite set, prove that ¢ is bijective if and only if Per(¢, S) = S. 
(b) In general, prove that if Per(¢, 5’) = S, then ¢ is bijective. 


(c) Give an example of an infinite set S and map ¢ with the property that ¢ is bijective and 
Per(¢, S) # S. 
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(d) If ¢ is injective, prove that PrePer(¢, S) = Per(¢, S). 


0.2. Let 9 be a set, letd: S > Sandy: S — S be two maps of S to itself, and suppose 
that @ and y commute, i.e., assume that Gow = po. 
(a) Prove that (PrePer($)) C PrePer(¢). 
(b) Assume further that 7) is a finite-to-one surjective map, i.e., ~(S) = S, and for every x € 
S, the inverse image 7)~* (2) is finite. Prove that (PrePer(¢)) = PrePer(¢). 
(c) We say that a point P € S is an isolated preperiodic point of ¢ if there are integers n > 
m such that @”(P) = 6™(P) and such that the set 


{QeS:9"(Q)=9"(Q)} 
is finite. Suppose that every preperiodic point of ¢ is isolated. Prove that 
PrePer(#) C PrePer(w). 


Conclude that if the commuting maps ¢ and 2) both have isolated preperiodic points, 
then PrePer(¢) = PrePer(w). 


0.3. Let ¢(z) = 27 + a € Z{[z] and let p be a prime. Prove that Per($, Fp) = F, if and only 
if gcd(d,p ~ 1) = 1. 


0.4, Let G be a group and let ¢ : G — G be a homomorphism. 
(a) Prove that Per(, G) is a subgroup of G. 
(b) Is PrePer(¢, G) a subgroup of G? Either prove that it is a subgroup or give a counterex- 
ample. 


0.5. Let G be a topological group, that is, G is a topological space with a group structure 
such that the group composition and inversion laws are continuous maps. Let ¢ : G > G 
be a continuous homomorphism. Exercise 0.4 says that Per(¢, G) is a subgroup of G, so its 
topological closure Per(¢, G) is also a subgroup of G. Compute this topological closure for 
each of the following examples. (In each example, d > 2 is a fixed integer.) 

(a) G=C* and g(a) = a?. 

(b) G = R* and g(a) = a”. 

(c) G=R/ZN and (a) = da mod Z”. 


0.6. (a) Describe Per(¢, Q) for the function ¢(z) = z? +1. 
(b) Describe Per(¢, Q) for the function ¢(z) = z? — 1. 
(c) Let ¢(z) € Z[z] be a monic polynomial of degree at least two. Prove that Per(¢, Q) is 
finite. (Hint. First prove that Per(¢, Q) C Z.) 
(d) Same question as (c), but now #(z) € Q[z| has rational coefficients and is not assumed 
to be monic. 


0.7. Let (2) = z + 1/z and let a € Q”. Prove that Og(a) M Z is finite. What is the largest 
number of points that it can contain? 


Chapter 1 


An Introduction to Classical 
Dynamics 


Classically, the subject of discrete complex dynamical systems involves the study of 
iteration of polynomial and rational maps on C or P!(C). The local theory of analytic 
iteration dates back to the 19" century, but the modern theory of global complex 
dynamics starts with the foundational works of Fatou [166, 167] and Julia [223] in 
1918-1920. From that beginning has arisen a vast literature. 

Our goal in this book is to study number-theoretic questions associated to itera- 
tion of polynomial and rational maps. A standard technique in number theory is to 
attempt to answer questions related to a number field K by first studying analogous 
questions over each completion K,, of K. In particular, the archimedean comple- 
tions of K lead back to classical dynamics over R or C. In this chapter we describe 
some of the fundamental concepts and theorems in complex dynamics. These the- 
orems provide both tools and templates for our subsequent study of dynamics over 
complete nonarchimedean fields in Chapters 2 and 5 and over number fields in Chap- 
ters 3 and 4. This chapter provides sufficient background and motivation for reading 
the remainder of this book, but the reader wishing to learn more about the beautiful 
subject of complex dynamics might look at one or more of the following texts: 


A. Beardon [43], Iteration of Rational Functions. 

L. Carleson and T. Gamelin [95], Complex Dynamics. 

R. Devaney [132], An Introduction to Chaotic Dynamical Systems. 
J. Milnor [302], Dynamics in One Complex Variable. 


1.1. Rational Maps and the Projective Line 
A rational function ¢(z) € C(z) is a quotient of polynomials 


F(z) _ ag taizt+-+:+agz4 
G(z) bo thyz +--+ + bazt 


(2) = 


9 
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with no common factors.' The degree of ¢ is 
deg ¢ = max{deg F, deg G}. 


So if we write ¢ as above with at least one of ag and bg nonzero, then ¢ has degree d. 
We generally consider maps with deg ¢ > 2. 
A rational function of degree d induces a rational map of the complex projective 
line P'(C), 
¢:P(C) — P'(C). (1.4) 


The map @ is a ramified d-to-1 covering. The complex projective line is also known 
as the Riemann sphere, since topologically, and indeed real analytically, P'(C) is 
isomorphic to $*. Two very important properties of rational maps (1.1) are that they 
are continuous and open. 

There are many equivalent (and useful) ways to construct the projective line, 
including 

2 
P(C)CuU{oo} and = P(C)& oN 

where [X,Y] ~ [X’, Y" if there is a u € C* such that X’ = uX and Y’ = uY. In 
terms of homogeneous coordinates, a rational map ¢ : P! — P? is given by a pair 
of homogeneous polynomials ¢(X, Y) = [F*(X,Y), G*(X, Y)] of degree d. These 
are related to the description ¢(z) = F(z)/G(z) by the relations 


F*(X,Y)=Y¢F(X/Y) and = G*(X,Y) = Y7G(X/Y). 


A linear fractional transformation (or Mébius transformation) is a map of the 


form 
az+b 


CZ 


with ad — bc # 0. 


It defines an automorphism of P!, and composition of transformations corresponds 
to multiplication of the corresponding matrices (2 5). Two matrices give the same 
transformation if and only if they are scalar multiples of one another, and it is not hard 
to prove that these are the only automorphisms of P'(C); see [198, Exercise 1.6.6 and 
Remark II.7.1.1]. So we have 


Aut(P!(C)) = PGL2(C) = GL2(C)/C’. 


We observe that given any two triples (a, a’, a”) and ((, 3’, 3”) of distinct points 
in P!, there exists a unique automorphism f € PGL2(C) satisfying 


fa)=8, fle')=6, fle") =6". 


‘it is permissible to have G(z) = 0, in which case F(z) = ao is a nonzero constant and ¢(z) maps 
every point to oo. Similarly we may have F'(z) = 0 and G(z) = bo # 0. Note that by convention we 
set deg 0 = —oo, so if #(z) is constant, then deg = 0. 

2Let @ : X — Y be a map between topological spaces. We recall that ¢ is continuous if U C Y open 
implies ¢~!(U) C X open, and ¢ is open if V C X open implies 6(V) C Y open. 
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This is intuitively reasonable because PGL2(C) is a three-dimensional space that 
acts more-or-less simply transitively on P! x P! x P}. 
If ¢: P! — P is a rational map and f € PGL2(C), the linear conjugate of ¢ 
by f is the map 
gi =frrogof. 
Linear conjugation corresponds to a change of variables on P? as illustrated by the 
commutative diagram 


pi *, pl 


pi, pl 


Two rational maps ¢ and w are linearly conjugate if» = $f for some f € PGL2(C). 
This is clearly an equivalence relation. We also observe that 


(ef)"= fod of=(ey, 


which shows that linear conjugation is a good operation to use when studying itera- 
tion. 

A convenient metric on the projective line P!(C) is the chordal metric, given in 
homogeneous coordinates by the formula 


|X1 Yo — X2Y¥i| 
V1Xil? + Ml? V|Xel? + [Yel? 


If neither point is the point at infinity (i.e., neither point is equal to [1, 0]), then using 
the substitution z; = X;/Y; to dehomogenize gives 


o([X1, 1], [X2, Ya}) = 


z1 — 29| 
Vial? +1V/]22/? +1 


Notice that 0 < p < 1. Identifying P1(C) & CU {oo} with the sphere S* by drawing 
lines from the north pole of the sphere (see Figure 1.1), the chordal metric p(z, w) is 
related to the Euclidean distance between the corresponding points on the sphere by 
the formula 


pla, 22) = 


1 
p(z,w) = slz" —w"]. 


(See Exercise 1.1.) In particular, the triangle inequality in R* implies the triangle 
inequality for the chordal metric 


p(P;, P3) < p(P,,P2) + p(Po,P3) — forall P,, Po, P3 € P'(C). (1.2) 


Rational maps ¢ : P!(C) — P'(C) also have the Lipschitz property relative to 
the chordal metric. This means that there is a constant C’'(d) such that 


p(o(a), 4(8)) $C(@)p(a,8)  foralla,ge PC). (13) 


(See Exercise 1.3.) 
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(0,0,1I) >. 
‘“ 


Figure 1.1: Identifying C U oo with the Riemann sphere. 


1.2 Critical Points and the Riemann—Hurwitz 
Formula 


Given a rational function ¢(z) = F(z)/G(z), the formal derivative 


é'(2) = G(z)F OS (2)G"(z) 


is defined at any point a satisfying a #4 oo and G(a) # 0. (In order to compute 
the derivative at the excluded points, make a linear change of variables. See Exer- 
cise 1.5.) 

Looking locally around z = a, Taylor’s theorem says that 


$(2) = $(a) + $'(a)(z — a) + O((z — a)?). 


The map ¢ : P!(C) — P?(C) is ramified at a if ¢'(a@) = 0, in which case the 
point a is called a critical point or a ramification point of . (Algebraic geometers 
talk about ramification points; dynamicists talk about critical points.) Note that ¢ is 
locally one-to-one around a noncritical point. As we will see, the orbits of the critical 
points play an important role in determining the behavior of the dynamical system. 

Assuming as above that a 4 oo and ¢(a) # 00, the ramification index of ¢ at a 
is 

€a(d) = orda (d(z) ~ o(a)). 

In particular, ¢ is ramified at a if and only if e,(¢) > 2. Locally, there is a constant 
c % 0 such that 


b(2) = (a) + (2 - a)** +0 ((2- alo), 


and ¢ is locally e,(¢)-to-1 in a neighborhood of a. It is not hard to see that eg(a) < 
deg(@). If eg(a) = deg(¢), then we say that ¢ is totally ramified at a. 
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The next result gives a global relation satisfied by the locally defined ramification 
indices. We sketch two distinct proofs of this important theorem. 


Theorem 1.1. (Riemann—Hurwitz Formula for P') 
2d-2= S° (ea(¢) - 1). 
aePl 


Proof. (Algebraic Proof) After a change of variables using a linear fractional trans- 
formation, we may assume that oo is neither a ramification point nor the image of a 
ramification point, and also that ¢(0o) = 0. This means that ¢(z) has the form 


with ab 4 0. Then 


ty G(z)F'(z) — F(z)G"(z) _ —abz2a-2 4... 
¢'(z) = Gap = Gor 


For any a # oo such that ¢(a) # 00, ie., such that G(a) # 0, we have 
$(z) = $(a) + (2 — a) (2) 
for a function w(z) € C(z) satisfying w(a) # 0, co. Differentiating yields 
$ (2) = €al$)(z — a) “M(z) + (2 — a) '(z), 


from which we deduce 
ord, ¢'(z) = €a(¢) — 1. 
(Notice we are using strongly the fact that C has characteristic 0.) Summing over a 
gives 
S> (ea(¢) — 1) = S- ordy ¢'(z) = deg(—abz74-? + -..) = 2d — 2. 
a,6(a)#oo a,6(a) Foo 


(Topological Proof) It is a well-known topological fact that ifa sphere is triangulated 


with V vertices, E edges, and F faces, then V — FE + F = 2. We take a (sufficiently 
small) triangulation of the sphere with the property that the image of every ramifica- 
tion point of ¢ is a vertex. Let 


{uj:1<i<sV}, {e:1<i<E}, {fi:1<i< F}, 


be the vertices, edges, and faces of the triangulation. The map ¢ is a local isomor- 
phism except around the ramification points, so 


{o'(u):1<isV}U{o Me): 1<i< E}ULO NMA): 1<i< F} 
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also gives a triangulation of the sphere. To ease notation, we let V’, E’, and F’ denote 
the numbers of vertices, edges, and faces in this inverse image triangulation. 
The map ¢ is exactly d-to-1 except over the ramification points, so the set 


{o7(e:):1<i< E} 
consists of exactly dE edges, and similarly the set 
{o"(fi):1<is F} 


consists of exactly dF faces. In other words, E’ = dE and F’ = dF. 

The vertices are a little more complicated. If v is a vertex, then @~1(v) con- 
sists of d points counted with appropriate multiplicities, where the multiplicity 
of a € ¢-!(v) is precisely e,(¢). In other words, 


d = > €a(), 
acg-*(v) 


or equivalently, 


d—-#¢'(v)= S° (ald) -1). 


aep-t(v) 


Summing over the vertices v; yields 


4 
wv #e (w=) DL (Ca(d) = 1). 


Note that the lefthand side is dV — V’. Further, since we chose the v,’s to include the 
image of every critical point, we know that e,(¢} = 1 for every point a not in any 
of the ¢—'(v;)’s, so we can extend the sum on the righthand side to include every 
a € P(C). This proves that 


dV=V'+ S© (ea($) -1). 


a€Pl(C) 


Next we take an alternating sum to obtain 


dV-E+F)=V'-E'+F’+ S~ (ea(d)- 1). 
a€P#(C) 


Finally, we use the fact that 
V—-E+F=V'-E'+F'=2 
to obtain the Riemann—Hurwitz formula. O 


Corollary 1.2. 4 rational map of degree d has exactly 2d —2 critical points, counted 
with appropriate multiplicities. 
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The following weaker version of the Riemann—Hurwitz formula is often conve- 
nient for applications. 


Corollary 1.3. Let ¢ : P!(C) — P!(C) be a rational map of degree d > 1. 
(a) Leta € P'(C). Then 


ea() = d. 
BEo- (a) 


(b) [Weak Riemann—Hurwitz Formula] 


2d-2= So (d-#¢"(a)). 


aé€Pl(C) 


Proof. Making a change of coordinates reduces us to the case that a # 00 and 


oo ¢ é-1(a). Writing $(z) = F(z)/G(z) and 6~'(a) = {f;,..., 8, }, this means 


that there is a factorization 
F(z) — aG(z) = e(z — 81) (z — Ba)? ++ (2 — Br) 
Notice that the exponents are exactly the ramification indices e; = eg,(¢), so 
S> es(¢) = Se: = deg(¢) = d. 
BEb-*(a) i=1 


This proves (a). We then use the Riemann—Hurwitz formula (Theorem 1.1) to com- 
pute 


2d-2= S(eald)-1N = SS YO (ea(4)-1) 


BeP! a€P!(C) BEd-1 (a) 
= D0 (d-#¢67'(a)). O 
a€Pt(C) 


Remark 1.4. The Riemann—Hurwitz formula is an example of a local-global for- 
mula. The quantity 2d — 2 is a global quantity, given in terms of how many times the 
map ¢ covers the Riemann sphere P!(C) and reflecting the topology of the sphere. 
The general version of the Riemann—Hurwitz formula, which we now state, includes 
global information about the genera of the curves under consideration. 


Theorem 1.5. (Riemann—Hurwitz Formula) Let C) and C2 be algebraic curves (Rie- 
mann surfaces) of genus g and go, respectively, and let @ : C, — C2 be a finite map 
of degree d > 1. Then 


291 — 2 = d(2g2- 2) + S> (ep(9) - 1). 


PEC, 


Proof, See [198, IV §2]. g 
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In this general formulation, the quantity 2g, — 2 — d(2gq — 2) is the global part 
of the Riemann—Hurwitz formula. It reflects the topology of the two curves, since 
the genus of a curve is an intrinsic global quantity. Of course, for rational maps 
@: P! — P!, these genera are g, = go = 0. 

The ramification indices, on the other hand, are purely local quantities, since they 
can be computed in a neighborhood of a point. Thus the Riemann—Hurwitz formula 
computes a difference of global topological quantities in terms of quantities that 
can be computed purely locally. This helps to explain both its importance and its 
usefulness. 

The next two results illustrate some of the power of the Riemann—Hurwitz for- 
mula. 


Theorem 1.6. Let ¢ : P'(C) — P!(C) be a rational map of degree d > 2, and let 
Ec PC) bea finite set satisfying 6-1(E) = E. Then #E < 2. Further: 
(a) If #E = 1, then there is an f € PGL2(C) such that 


E = {f(0o)} and $/(z) € C[z]. 
(b) If#E = 2, then there is an , € PGLe(C) such that 
E = {f(0), f(co)} and $f (z) = 24 or 24. 


Proof, The assumption that E is finite and satisfies 6~!(E) = E combined with 
the fact that 6 : P'(C) — P1(C) is surjective implies that ¢ acts as a permu- 
tation on E. Since E is finite, some power of ¢ acts as the identity on E, say 
e"(a) = a for every a € E. Replacing ¢ by $”, we find that every point 
a € E satisfies 6~1(a) = {a}. Thus every a € E is a totally ramified fixed point 
of d, ie., 6(a) = a and e,(¢) = d. Applying the Riemann—Hurwitz formula (The- 
orem 1.1) yields 


2d-~2= Y(e9(4) -1) 


BEF! 
> So (ea(¢) - 1) = So (d-1) = #E- (d- 1). 
acE ack 


Since d > 2, we conclude that 2 > #4, which completes the proof of the first part 
of the theorem. 

Suppose next that #E = 1, say EF = {P}. We conjugate ¢ by any f € PGL2(C) 
satisfying f-1(P) = oo. Then (¢4)~!{oo} = {oo}, so the only pole of f(z) is 
z = 00. This proves that ¢/ is a polynomial. 

Finally, suppose that #E = 2, say E = {P,Q}. We conjugate ¢ by some 
f € PGL2(C) satisfying f-!(P) = oo and f~!(Q) = 0. There are then two cases, 
depending on whether ¢/ fixes or permutes the set {0,00}. Thus 


(!)“*{oo} = {oo} and (¢F)"1{0}= {0} => oF (z) =c24, 
(6!) Noo} = {0} and (4/){0} = {oo} => di (z)=e24. 


A further conjugation by g(z) = az for an appropriate value of a removes the c, 
which completes the proof of Theorem 1.6. 0 
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Definition. A rational map ¢ : P! — P! is a polynomial map if it has a totally 
ramified fixed point, that is, if there is a point a € P! such that d(a) = a and 
€a(¢) = deg(¢). 

Notice that the polynomial ¢(z) = a9 + ayz +--+ + agz? has oo as a totally 
ramified fixed point. This is typical. If ¢ has @ as a totally ramified fixed point, then 
after a change of variables using any f € PGL2(C) satisfying f(oo) = a, one finds 
that o£ (z) is in C[z]. See Exercise 1.9. 


Definition. A set satisfying 6~'(E) = E = ¢(E) is called a completely invariant 
set for . We note that it suffices to require 6~!(E) = E, since then the surjectivity 
of ¢ : P!(C) + P*(C) automatically implies that 6(E) = E. The classical term for 
a finite completely invariant set is an exceptional set. Thus Theorem 1.6 says that an 
exceptional set for ¢@ contains at most two elements. Further, if the exceptional set 
contains two elements, then ¢ is conjugate to z*4, and if the exceptional set contains 
one element, then ¢ is conjugate to a polynomial. 


Theorem 1.7. Let ¢ : P'!(C) — P}(C) be a rational map of degree d > 2, and sup- 
pose that 6” is a polynomial map for some n > 1. Then already ¢? is a polynomial 
map. Further, if ¢ itself is not a polynomial map, then ¢ is linearly conjugate to the 
function 1/24. 


Proof. Let o be a totally ramified fixed point of ¢”, so (@")~!(a) = {a}. Consider 
the chain of maps 


¢ @ $ % _ ¢ 
{a} —— > {¢a} —— {¢’a} ye > {o"la} —— {a}. 
The fact that ($")~1(a) consists of the single point a implies that each set { ¢'(a) } 
in the chain is the complete inverse image of the next set {¢**" (a) } in the chain. It 
follows that the set of points 


E = {a,9(a),9°(a), d°(a),...,6"-"(a)} 


satisfies ¢~'(#) = E. Now Theorem 1.6 tells us that #E < 2, so there are two 
cases to consider. 

First, if #E = 1, then a = ¢(q), and we see that ¢ is a polynomial map, since it 
has a: as a totally ramified fixed point. Second, if #E = 2, then 6?(a) = a # (a), 
so ¢* is a polynomial map with a and (a) as distinct totally ramified fixed points. 

In the second case, we choose a fixed point @ of ¢ and perform a linear conjuga- 
tion to move a, (a), @ to 0, 00, 1 respectively. Then writing ¢(z) = P(z)/Q(z) as 
a quotient of polynomials with no common roots, we have 


$-*(0) = {oo} = {2: P(z) =O} and 9 *(o0) = {0} = {z: Q(z) = 0}. 
Thus P(z) has no Zeros (in C), so it is constant, while Q(z) vanishes only at 0, so 
has the form Q(z) = cz. Thus ¢(z) = 1/cz?, and the fact that (1) = 1 gives 
b(z) = 1/24. Oo 
Remark 1.8. There are easy counterexamples to Theorem 1.7 for fields of positive 


characteristic, but it remains true for separable maps; see Exercise 1.11. There is also 
a higher-dimensional version of Theorem 1.7; see Exercise 7.16. 
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1.3. Periodic Points and Multipliers 
If a is a fixed point of ¢, then the multiplier of ¢ at a is the derivative 
a(?) = (a). 


(If ~ = oo, this formula needs to be modified; see Exercise 1.13.) In general, the 
value of a derivative depends on a choice of coordinates, since ¢'(z) is specifically 
the derivative with respect to the variable z. However, it turns out that the derivative 
at a fixed point is coordinate-invariant. 


Proposition 1.9. Let ¢ € C(z) be a rational map and let a be a fixed point of d. Let 
f € PGL2(C) be a change of coordinates and set 3 = f~'(a), so B is a fixed point 
of the conjugate map ¢/ = f~' odo f. Then 


$' (a) = (¢7)'(8). 
Proof. Two applications of the chain rule yield 
(of)'(w) = (Ft ogo f)'(w) = (FY (0(F(w))) OF (w))- fw). 4) 


Hence 


= (f77)'(F(8)) - o'(a) - (8) since a = f(5), 


) 
= (f77)(a)-¢'(a)- f'(8) since g(a) = a, 
Vif t 
) since (f~")'(F(2))- f= of =1. O 


Thus the multiplier \.() of a fixed point a of ¢ is well-defined, independent of 
the choice of coordinates on P'. 

We next consider points that are fixed by some iterate of ¢. Recall that a point a 
is called a periodic point for ¢ if 6"(a) = a for some n > 1. The smallest such n is 
called the exact period of «.° (A point of exact period 1 is a fixed point.) We set 


Per,,(¢ = {a E Pi( C) = =a}, 

Per**(¢) = {a € onto). :a oe exact period n}. 
(The reason for this notation is that there is a weaker notion of formal period n, and 
we will later write Per* (d) to denote the set of points having formal period n. See 


Exercise 1.19 and Section 4.1.) It is easy to see that Per,,(¢) is the disjoint union of 
Per?*(@) over all m | n; see Exercise 1.14. 


3In the literature one finds many terms for the smallest value of n satisfying ¢”(a@) = a, including 
exact period, least period, primitive period, and prime period. We will use the first three interchangeably, 
but we eschew the fourth, since in arithmetic dynamics, the phrase “@ has prime period n at a” should 
mean that the integer n is a prime number! 
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Let a € Per?*() be a point of exact period n for ¢. In particular, a is a fixed 
point of 6”. We define the multiplier of o at a to be 


Aad) = (¢")'(a). 
Notice that this may be calculated using the chain rule as 
(4")'(a) = ¢'(a) - $'(ba) - d'(¢?a) --- $'(9" a). 
In other words, Aa(¢) = (¢”)’(a@) is the product of the values of ¢’ at each of the 


n distinct points in the orbit of a. 


Remark 1.10. The set of multipliers 


{Aa() : a € Per()} 


depends only on the conjugacy class {¢/ : f € PGL2(C)} of ¢. It can thus be used 
to define useful dynamical invariants of the map @. 


Remark 1.11. There is a more intrinsic way to define the multiplier of a fixed point a: 
in terms of the space of differential one-forms 1, on P! at a. This space has di- 
mension |, since P? is nonsingular of dimension 1, so ¢* : 2} — Q} is an element 
of GL(Q1) = C*. This element of C* is \..(¢). More concretely, taking any nonzero 
w € 0), we define \,.(¢) by the equation ¢*w = _()w. For example, if w = dz 
for some uniformizer z at a, then 6*(dz) = d(@(z)) = ¢'(a)dz in 01, and we 
recover the earlier definition \.(¢) = ¢’(a). 


If |Aa(¢)| < 1, then a small neighborhood of a will shrink each time it returns 
to a, while if |\.(@)| > 1, then it will expand. This observation prompts the follow- 
ing definitions. 


Definition. Let a be a periodic point for a rational function ¢ € C(z), and let A..(¢) 
be the corresponding multiplier. Then a is called 
superattracting if \.(¢) = 0, 
attracting if |Aa(¢)| < 1, 
neutral if |.()| = 1, 
repelling if |Aa(@)| > 1. 


(Neutral periodic points are also sometimes called indifferent.) 


Remark 1.12. A periodic point is superattracting if its orbit contains a critical point, 
so Corollary 1.2 implies that a map of degree d can have at most 2d — 2 superattract- 
ing cycles. We will state a much stronger result below (Theorem 1.35(a)). 


Remark 1.13. A neutral periodic point is called rationally neutral if its multiplier 
is a root of unity, that is, if \4(¢)* = 1 for some k > 1. Otherwise, it is called 
irrationally neutral. 


We next prove a useful formula giving a relation between the multipliers of the 
fixed points of a rational map. For an application of this formula to p-adic dynamics, 
see Corollary 5.19 and Proposition 5.20. 
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Theorem 1.14. Let K be an algebraically closed field and let ¢(z) € K(z) bea 
rational function of degree d > 2. Assume that 


Ap(¢) #1 ~~ forall P € Fix(@). 


Then 


1 
» 1 — Ap(¢) = 


PEFix() 


Remark 1.15. The condition that \p(¢) 4 1 is equivalent to the condition that the 
fixed point P has multiplicity 1, so Theorem 1.14 holds provided ¢ has d + 1 distinct 
fixed points. If some fixed point has Ap(@) = 1, then a similar, but more compli- 
cated, formula involving a higher-order index is true; see Exercise 1.17 or (302, §12]. 


Remark 1.16. More generally, we can apply Theorem 1.14 to an iterate 6” to obtain 


a relation among the multipliers of the n-periodic points of ¢ provided that those 
multipliers are not equal to 1. 


Example 1.17. Let $(z) = 2? +c. The fixed points of ¢(z) are 


gaitvi-t goicvia* 
a D) ? ~ 2 s) 
with corresponding multipliers \.(¢) = 2a, Ag(¢) = 28, and A.o(¢) = 0. (Note 
that the map ¢ is totally ramified at oo, so in particular oo is a critical point.) The 
sum in Theorem 1.14 is 
1 1 1 1 1 


+ + = ——— + —— 1 
1-20 1-28 1-0 ~Vinde Vinte 


and oO, 


Proof of Theorem 1.14. We prove the theorem under the assumption that K has char- 
acteristic 0, in which case the Lefschetz principle (see, e.g., [410, VI §6]) says that 
we can embed a sufficiently large subfield of K into C. It thus suffices to prove 
the theorem for K = C. (The case of characteristic p can be proven by reduction 
modulo p from the characteristic 0 case or by developing the theory of residues in 
characteristic p as described in Exercise 5.10.) 

To simplify the proof, we make a change of variables (i.e., conjugate by an 
element of PGL2(C)) so that ¢(00) ¥ oo. For any rational function w(z) € C(z), 
or more generally for any meromorphic function, the Cauchy residue theorem says 


that 
> Res()(z) dz) = 0. 


PePt(C) 
For P = a € C in the affine plane, the residue is given by the usual formula 


1 
Res(t(z) dz) = mal w(z) dz for sufficiently small ¢ > 0. 
|z-al=e 


2a 201 


For P = 00, we substitute z = 1/w and use the same formula to compute the residue 
with respect to w at a = 0. 
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We apply the Cauchy residue formula to the rational function 


whose poles are the fixed points of ¢. For any a € Fix(¢) (note that a # 00) we 
observe that 


o(z) — z = {(a) + Aa()(z — a) + O(z — a)?} — z Taylor expansion, 
= {a+ o($)(z — a) + O(z — a)? } — 2 since (a) = a, 
= (z~a){Ao($) — 1+ O(z -a)}. 


Hence under the assumption that \.(¢) 4 1, the function Wayne has a simple pole 
at z = « and its residue is given by* 


dz 1 dz 
Res (35 — :) Oni i (z- a) {Au (¢) -14+0(z¢- a)} 
1 
~ dal?) ~~ 1 


The differential 3 i has no other poles in C. In order to compute its residue at 00, 
we substitute z = w! and use d(w~!) = —w~*dw to compute 


The assumption that ¢(co) # oo implies that the function wé(w—!) vanishes 
at w = 0, so this last differential has a simple pole at w = 0 and its residue is equal 


to 
—dw -1 

R = li =1. 

web (sont — 5) wd” (saa _ 5) 
Substituting these residue values into the Cauchy residue formula yields 

dz dz dz 
0 Sap (gs)= me (gf) +n (#5) 
perc) © \PA)— 2) acmegy AAO) 2) 00 \ (2) 2 
1 


= SS iL 
a€Fix(¢) Aa($) ~I 


Finally, we move the sum to the other side, changing 4 — 1 to 1 — A, to complete the 
proof of Theorem 1.14. 0 


‘In general, if (z) has at most a simple pole at a, then Resa (w(z) dz) equals limz+a(z — a)(z). 
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1.4 The Julia Set and the Fatou Set 


The notion of equicontinuity is central to dynamics. We begin by recalling the clas- 
sical definition of continuity. A function ¢ : ($1, 91) — (S2, p2) between metric 
spaces is continuous at a € S; if for every € > 0 there exists a d > 0 such that 


pila, B)<d =>  po(da, 6B) <e. 


We extend this notion to a collection of functions ® from S; to S2 by requiring that 
a single 6 work for every function in ©, This means that if 3 is chosen sufficiently 
close to a, then (a) and ¢({) will be close to one another for every map ¢ in ®. 


Definition. Let (5, 91) and (S2, 2) be metric spaces, and let ® be a collection of 
maps from S; to So. The collection ® is said to be equicontinuous at a point a € Sj 
if for every « > 0 there exists a 6 > 0 such that 


pila,B)<d => po(da,o8)<e forevery de ®. 


The collection ® is equicontinuous on a subset U C Sj if it is equicontinuous at 
every point of U. 

For an individual map ¢ : S — S from a set S to itself, we say that ¢ is equicon- 
tinuous at a if the collection of iterates {¢” : n > 1} is equicontinuous at a. 


Definition. Let ¢ be a map from a metric space to itself. The Fatou set of ¢, denoted 
by F(), is the maximal open set on which ¢ is equicontinuous. The Julia set of ¢, 
denoted by .7(¢), is the complement of the Fatou set. Note that equicontinuity is 
not, in general, an open condition (see Exercise 1.22), but that #(@) is an open set 
by definition. 


Informally, one might say that points in the Julia set .7(@) tend to wander away 
from one another as ¢ is iterated, so ¢@ behaves chaotically on its Julia set. Nearby 
points in the Fatou set F(@), on the other hand, tend to stay together, so the be- 
havior of ¢ on F(¢) is considerably easier to analyze. Much of complex dynamics 
is devoted to studying the Fatou and Julia sets of rational maps. For further read- 
ing, see the textbooks cited at the beginning of this chapter and the two survey arti- 
cles [74, 235]. 


Example 1.18. Let 6(z) € C(z) be a rational map. If @ is an attracting periodic point 
of ¢, then points close to a are all attracted to the points in the orbit of a, from which 
it is easy to conclude that they are in the Fatou set. Similarly, it is easy to check that 
repelling periodic points are in the Julia set. See Exercise 1.27. The behavior near 
the neutral points is more complicated. 


Example 1.19. Consider the map ¢ : P!(C) —+ P1(C) given by ¢(z) = 2%. Then 
o"(z) = 24", so 
{° if lal <1, 


co ifja| > 1. 
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It is easy to see that if |a| A 1, then a € F(¢). In particular, the superattracting fixed 
points 0 and oo are both in F(¢), and every point a with |a| 4 1 is attracted to one 
of these fixed points. 

However, if |a| = 1, then |¢"a| = 1 for all n > 1, but there are points @ 
arbitrarily close to a satisfying ¢”@ — 0 and other points arbitrarily close to a 
satisfying 6” 8 — oo. Therefore 7(¢) is equal to the unit circle {a € C : ja| = 1}. 
We also observe that, aside from 0 and oo, the periodic points of ¢ are the (d” — 1)*- 
roots of unity 

Per(¢) = {e?**/(@"—-D -k eZ n> lf. 


If «x has exact period n, then its multiplier is 
[Aa(4)| = |(¢")'(a)| = |d®a” 4] = a” > 1, 


so these periodic points are all repelling. Notice that Per(¢) is dense in .7(¢), and 
indeed .7(¢) is the closure of the repelling periodic points of ¢. 


Example 1.20. The Julia set of the polynomial ¢(z) = 2? — 2 consists of the closed 
interval on the real axis between —2 and 2. See Exercise 1.28. 


Example 1.21. The preceding two examples are actually quite misleading. We will 
see in Section 1.6 what makes them so special. A more typical example of dynamical 
behavior is exhibited by the polynomial ¢(z) = z? — 1. Its fractal-like Julia set 
is a connected set, while the Fatou set consists of an infinite number of connected 
components. 

Another kind of behavior is seen for the polynomial ¢(z) = z? + 4. The Julia 
set for this map is totally disconnected, although it also has the property that every 
point in J(¢) is the limit of a sequence of distinct points in .7(), i.e., the Julia set 
is perfect. 


Remark 1.22. It turns out that if the Julia set of a polynomial ¢ is neither a line 
segment nor a circle, then ¢ is more-or-less determined by its Julia set. More pre- 
cisely, let J C C be the Julia set of some polynomial. Then there is a polyno- 
mial 67(z) € C[z] associated to J with the following property: If ¢(z) € C[z] 
satisfies 7(¢) = J, then ¢ = f o 6% for some n > 1 and some rotation of the 
plane f with f(J) = J. See [394]. 
Remark 1.23. The above examples show that Julia and Fatou sets can be extremely 
complicated, even for quadratic polynomials. The situation for polynomials of higher 
degree becomes increasingly complex, and rational functions lead to additional dif- 
ficulties. Finally, although possibly of less interest from an arithmetic viewpoint, the 
dynamics of holomorphic or meromorphic functions C — C having an essential 
singularity at oo (e.g., 6(z) = e*) exhibit many further interesting dynamical prop- 
erties. 

We begin our description of the Fatou and Julia sets by showing that each is 
invariant under both ¢ and ¢~!. 


Proposition 1.24. Let ¢ : P!(C) — P(C) be a rational map of degree d > 2, and 
let F and J be the Fatou and Julia sets of ¢, respectively. 
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(a) The Fatou set F is completely invariant, i.e, 6-!(F) = F = o(F). 
(b) The Julia set J is completely invariant. 
(c) The boundary OJ of the Julia set is completely invariant. 


Proof Sketch. (a) Since ¢ is surjective, it suffices to prove that @-'(F) = F. Sup- 
pose first that a € F, and let 6(3) = a. For any point (’ that is close to (, the 
Lipschitz property (1.3) of ¢ says that 


p(a, ¢(8)) < C(¢)p(6, 6’). 


In particular, 6(3’) can be made arbitrarily close to a by taking 3’ sufficiently close 
to 3. Since a € F, we know that 6"(c) stays close to $”(¢/3'), and hence that 
o"+1(3) stays close to 6"+1(@’). Therefore 3 € F, which proves that 1 (F) c F. 
Next suppose that a € F. We need to check that g(a) € ¥. If U is a small 
neighborhood of a, then the open mapping property of ¢ implies that ¢(U) is a 
(small) open neighborhood of ¢(a). In particular, if G is sufficiently close to ¢(a), 
then @ will lie in ¢(U), say 8 = $(6’) with 6’ € U. Then the assumption that 
a € F implies that the iterates (a) and 6”(8") remain close to one another, and 
hence the same is true of the iterates ¢”~1(da) and 6"~'(). Therefore ¢(a) € F, 
which completes the proof of the other inclusion F c $~1(F). (You should fill in 
the details of this proof sketch and give a rigorous (6, €) proof. See Exercise 1.23.) 
(b) The Julia set is the complement of the Fatou set, so the complete invariance 
of F implies the complete invariance of 7. 
(c) Let 7° be the interior of 7. The rational map ¢ is continuous, so o 17°) 
is open, and the complete invariance of 7 shows that it is contained in 7; hence 
@ 1(J°) C J°. For the other inclusion, we use the fact that ¢ is an open map, 
so ¢(.7°) is open. Again the complete invariance of 7 shows that it is contained 
in 7, and the fact that it is open shows that it is contained in .7°. Hence 


Fob '(H(F*)) CH MT). 


This proves that —1(.7°) = 7°, so the interior of 7 is completely invariant. Finally, 
the fact that .7 and 7° are completely invariant implies that the set difference 07 = 
J ~ J° is also completely invariant. O 


Proposition 1.25. For every integer n > 1, 


F(g")=F(b) and = T(b") = J (4). 


Proof. Let » = $”. It is clear from the definition that F(¢) C F (1), since if we 
know that iteration of ¢ maintains closeness of points, then the same is certainly true 
for ¢”. 

To prove the opposite inclusion, for each 0 < i < n we consider the collection 
of maps 

b, = {¢°y* :k > O}. 

For any fixed i, the map ¢° satisfies a Lipschitz inequality (1.3), so the Fatou 
set F(®,) of ®; contains the Fatou set F(a) of ~. Hence 
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F(®o) NF(®1) N+ F(®y-1) > F(w). 


But the intersection is clearly equal to F(¢), since 


{¢:f>0}= (J {o'v*: & > 0}. 


0<i<n 


This completes the proof that #(¢") = F(¢). The corresponding fact for the Julia 
set is then clear. O 


Remark 1.26. The idea of writing {¢’ : 7 > 0} as the union 


{gy :7>0}= LU {o'(or)*:k > 0} 


O<i<n 


will reappear later in the proof of Theorem 3.48 when we need to spread out the 
ramification of a map. 


The notions of equicontinuity and normality are closely related. 


Definition. Let (5, 91) and (S2, 2) be metric spaces, and let ® be a collection of 
maps from Sj to S2. The collection © is said to be normal, or a normal family, on S; 
if every infinite sequence of functions from ® contains a subsequence that converges 
locally uniformly on 5}. 


The following two important theorems from complex analysis are used exten- 
sively in the study of dynamical systems on P!(C). 


Theorem 1.27. (Arzela—Ascoli Theorem) Let U be an open subset of P1(C), and 
let ® be a collection of continuous maps U — P1(C). Then © is equicontinuous 
on U if and only if it is a normal family on U. 


Theorem 1.28. (Montel’s Theorem) Let U be an open subset of P'(C), and let ® 
be a collection of analytic maps U > P'(C). If U aco P(U) omits three or more 
points of P'(C), then © is a normal family on U. 


The next theorem summarizes a number of important properties of the Julia set. 


Theorem 1.29. Let ¢(z) € C(z) be a rational function of degree d > 2. 

(a) The Julia set 7(@) is nonempty. 

(b) Let a € J(¢). Then the backward orbit O, (a) = {@-"(a) : n > 1} of ais 
dense in J (@). 

(c) Let U be a union of connected components of the Fatou set F(@) that is com- 
pletely invariant, i.e, 6~-'(U) = U = @(U). Then J(#) = OU. 

(d) The Julia set J() contains no isolated points, i.e., J(o) is a perfect set. 


Proof. (a) See [43, Theorem 4.2.1] or [95, Theorem III.1.2]. 

(b) See [43, Theorem 4.2.7] or [95, Theorem III.1.6]. 

(c) See [95, Theorem III.1.7]. 

(d) See [43, Theorem 4.2.4] or [95, Theorem III.1.8]. O 
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Theorem 1.29(a) says that the Julia set is always nonempty. The Fatou set, on 
the other hand, may be empty. We state some conditions that characterize this phe- 
nomenon. 


Theorem 1.30. Let ¢(z) € C(z) be a rational function of degree d > 2. Then the 
following are equivalent: 

(a) The Julia set J (¢) is equal to P'(C). 

(b) The Julia set J (d) has a nonempty interior. 

(c) There exists a point a € P(C) whose (forward) orbit Og(a) is dense in P*(C). 
Further, if every critical point of @ is strictly preperiodic, i.e., preperiodic, but not 
periodic, then J(¢) = P'(C). 


Proof. See [43, Theorems 4.2.3, 4.3.2, 9.4.4] or [95, Theorems 1.1.9, V1.2]. O 


Example 1.31. Consider the map ¢(z) = 1 — 2/2z?. Its critical points are 0 and oo. 
(See Exercise 1.25.) Applying ¢ repeatedly to 0 yields 


09 —~ 50 241-2, -1 —%, -1 —*. ..., 


so the critical points are strictly preperiodic. It follows from Theorem 1.30 that 
J(¢) =P(C). 

Remark 1.32. Theorems 1.29 and 1.30 say that a rational map ¢ : P!(C) - P#(C) 
may have .7(¢) = P'(C), but that it is not possible to have F(¢) = P1(C). The 
situation becomes exactly reversed if C is replaced by an algebraically closed field K 
having a nonarchimedean absolute value. For example, if K = C, (the completion 
of the algebraic closure of Q,), then the Fatou set of ¢ : P'(C,) — P'(C,) is always 
nonempty, but it is possible, and indeed quite easy, to find maps with empty Julia set 
and F(¢) = P'(C,). We will discuss this in more detail when we study dynamics 
over complete local fields in Chapters 2 and 5. 


Theorem 1.33. Let ¢(z) € C[z] be a polynomial of degree d > 2. 

(a) The Julia set J(@) is connected if and only if for every critical point a # 0x, 
the orbit Og (a) is bounded in C. 

(b) If every critical point a of > satisfies littn+oo (a) = 00, then the Julia 
set J(@) is totally disconnected. 


Proof. See [95, Theorems III.4.1, [1.4.2]. DO 


Remark 1.34. A quadratic polynomial has only one finite critical point. Thus The- 
orem 1.33 covers all cases, so we can divide the set of quadratic polynomials into 
two classes according to the behavior of their finite critical point. Every quadratic 
polynomial is linearly conjugate to a unique polynomial of the form ¢,(z) = z? +c, 
so we define a portion of the c-plane by 


M = {cE C: $"(0) is bounded for n > 1} 
= {cE C: J(¢-) is connected}. 


This set M/ is the famous Mandelbrot set, illustrated in Figure 1.2. It is a dynamically 
determined subset of the moduli space of quadratic polynomial maps. 


1.5. Properties of Periodic Points 27 


Figure 1.2: The Mandelbrot set M. 


1.5 Properties of Periodic Points 


The dynamics of a rational map is influenced not only by the behavior of its critical 
points, but also by the behavior of its periodic points. The next result describes some 
of the properties of the periodic points and periodic cycles of a rational map. 


Theorem 1.35. Let ¢(z) € C(z) be a rational function of degree d > 2. 

(a) The map ¢ has at most 2d — 2 nonrepelling periodic cycles in P!(C). If ¢ is a 
polynomial map, then it has at most d — | nonrepelling periodic cycles in C. 

(b) The Julia set J (@) is equal to the closure of the repelling periodic points of . 

(c) LetU c P!(C) be an open set such that J(6) QU # @. Then there is an integer 
n > 1 such that "(UN 7(¢)) = J(¢@). 


Proof. (a) The sharp bound of 2d — 2 for rational maps is due to Shishikura, see [43, 
Theorem 9.6]. Much earlier, Fatou gave a weaker bound that is sufficient for many 
applications, see [95, Theorem III.2.7]. The bound for polynomial maps is due to 
Douady, see [95, Theorem VI.1.2]. 

(b) This important result is due independently to Julia and Fatou. See [43, Theo- 
rem 6.9.2] or [95, Theorem III.3.1]. 

(c) See [95, Theorem IIT.3.2]. Oo 


The Fatou set F(¢) is an open subset of P+(C), so it consists of one or more con- 
nected components. It is known that the number of components is equal to 0, 1, 2, 
or oo; see [95, Theorem IV.1.2]. If U is a connected component of F(¢), then 
the open mapping property of ¢ implies that ¢(U) is also a connected component 
of F(¢). In this way we obtain a map 
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Components(F (¢)) — + Components (F (¢)), Ur o(U), 


and we say that U is a periodic domain if ¢"(U) = U for some n > 1, a preperiodic 
domain if some iterate ¢”(U) is periodic, and a wandering domain otherwise. The 
following important result answers a long-standing question of Fatou and Julia. 


Theorem 1.36. (Sullivan’s No Wandering Domains Theorem) A rational map 6 € 
C(z) has no wandering domains. 


Proof. See [43, Chapter 8], [95, Theorem IV.1.3] or [426]. O 


The possibility of wandering domains having been eliminated, the periodic com- 
ponents of F(¢) are classified into several types. We begin with the necessary defi- 
nitions, then state the classification theorem. 


Definition. Let U be a connected component of the Fatou set F(¢), and assume 
that U is forward invariant, i.e. o(U) = U. 


e U is parabolic if the boundary of U contains a rationally neutral periodic 
point ¢ such that lim, ¢"(a) = ¢ for every a € U. 


e U is a Siegel disk if there is an analytic isomorphism f from the unit disk 
{w €C: |w| < 1} to U such that $f is a rotation of the unit disk. 


e U is a Herman ring if there is an analytic isomorphism f from some annulus 
{w €C:a< |w| <b} toU such that / is a rotation of the annulus. 


Here a rotation is simply a map of the form w +> ew. 

If U is a periodic connected component of period n of F(¢), then U is forward- 
invariant for ¢” and we say that U is parabolic, a Siegel disk, or a Herman ring if it 
is of the appropriate type for ¢”. 


Theorem 1.37. Let U be a periodic connected component of the Fatou set of a 
rational map @ € C(z). Then U fits into exactly one of the following categories: 

(a) U contains an attracting periodic point. 

(b) U is parabolic. 

(c) U is a Siegel disk. 

(d) U is a Herman ring. 


Proof, See [43, Theorem 7.1] or [95, Theorem [V.2.1]. We mention that it is nontriv- 
ial to prove that Siegel disks and Herman rings exist. In particular, the Fatou set of a 
polynomial map cannot contain a Herman ring. 0 


1.6 Dynamical Systems Associated to 
Endomorphisms of Algebraic Groups 


In this section we study certain rational maps whose dynamical properties are com- 
paratively easy to analyze due to the existence of an underlying group structure. 
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These maps thus provide a class of examples on which to make and test conjectures, 
albeit with the caution that they are rather special and in some ways atypical. Addi- 
tional material on this interesting collection of maps may be found in Chapter 6. 


1.6.1 The Multiplicative Group 


The dynamics of the polynomial ¢(z) = z@ is extremely easy to analyze, since 


we have the explicit formula 6"(z) = z?”. However, there is a more intrinsic rea- 
son that z? is such a nice map; namely, it is an endomorphism of the multiplicative 
group C* of nonzero compiex numbers. In other words, the map 

c* — C*, zee et 


is a homomorphism. It is the existence of the underlying group C* that makes z@ 
relatively easy to analyze. 


Remark 1.38. In fancier language, the map ¢(z) = z@ is an endomorphism of the 


algebraic group G,,, where for any field K, the set of points of G,, is the multi- 
plicative group G,,(K) = K*. The full endomorphism ring of G,, is Z via the 
identification 


Z = End(G,n), da (zr 24), 
In even fancier language, G,, is a group scheme 
Gm = Spec Z[X, Y]/(XY — 1) 


called the multiplicative group scheme. It is characterized by the property that for 
every ring R, the group of R-valued points of G,, is the unit group G,,,(R) = R*. 


1.6.2 Chebyshev Polynomials 


The multiplicative group C* has a nontrivial automorphism given by the reciprocal 
map z +> z~!. We can take the quotient of C* by this automorphism to obtain a new 
space that turns out to be isomorphic to C via the map 


C/{z~zt}—>C, [2] etal. 


The inverse isomorphism takes w € C to the equivalence class of either of the roots 
of z?7-zw+1=0. 

This inversion automorphism commutes with the d-power map, so when we 
take the quotient, the d‘"-power map will descend to give a map on the quotient 
space. In other words, there is a unique map 7, that makes the following diagram 
commute: 
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c* ze c* 
| ! 

Cc* 224 C* 
{en z}} 7 fener} 
ial | el 
c w-Ta(w) Cc 


The map Ty is characterized by the equation 
Talz+27)=2t+274¢  forallz €C*. (1.5) 


It is not hard to see that Ty is a polynomial; indeed, it is a monic polynomial of de- 
gree d with integer coefficients called the d Chebyshev polynomial. Writing z = e** 
with t € C, we see that the Chebyshev polynomial satisfies 


Ta(2 cost) = 2 cos(dt). 


Using these formulas, it is not hard to prove that the Julia set of Ty is given 
by 7(Tu) = [-2, 2], the closed real interval from —2 to 2, and to derive many fur- 
ther properties of the Chebyshev polynomials. See Exercises 1.30 and 1.31, as well 
as Section 6.2. 


Remark 1,39. Classically the Chebyshev polynomials are normalized to satisfy the 
identity Tz(cost) = cos(dt), in which case the Julia set becomes 7(Ty) = [—1, 1]. 
The two normalizations are related by the simple formula Ty(w) = $T4(2w). 


1.6.3 Rational Maps Arising from Elliptic Curves 


There are three different types of (connected) algebraic groups of dimension one. 
First is the additive group G,(C) = C+, whose endomorphisms are the maps 
z — dz. The dynamical systems associated to endomorphisms of the additive group 
are relatively uninteresting. Second is the multiplicative group Gm(C) = C*, whose 
endomorphisms z ++ z¢ have interesting, but relatively easy to analyze, dynamical 
properties. The same is true of the Chebyshev polynomials, which come from the 
restriction of z + z¢ to a quotient of Gn. 

The third type of one-dimensional algebraic groups consists of a family of groups 
called elliptic curves. We do not have space to go into the theory very deeply, so we 
are content to make a few brief remarks here and later expand on this material in 
Chapter 6. For further material on the analytic, algebraic, and arithmetic theory of 
elliptic curves, see for example [1, 198, 254, 410, 420, 412]. We note that the reader 
may omit this section on first reading, since the material is not used other than as a 
source of examples until Chapter 6. 

An elliptic curve E(C) is the set of solutions (x, y) to an equation of the form 


y =a +ar+b 
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Line is tangent to Eat P? 


Addition of distinct points Adding a point to itself 


Figure 1.3: The addition law on an elliptic curve. 


together with an extra point O. We also require that A = 4a° + 27b? 4 0, which 
means that the cubic polynomial has distinct roots and ensures that the curve E(C) 
is nonsingular. 

Alternatively, E(C) is the curve in the projective plane P?(C) defined by the 
homogeneous equation 


Y¥?Z = X°4+aXZ? +629, 


with the extra point being O = [0, 1,0]. There is a natural automorphism on E(C) 
given by [-1](X,Y,Z) = (X, —Y, Z). If P and Q are two points on E(C), then 
the line through P and Q will intersect E(C) at a third point R, and we define an 
addition law by setting P 6 Q = [-1]R. (If P = Q, we take the “line through P 
and (” to be the tangent line to E(C) at P.) These operations satisfy 


PSO=P, Poel-1(P)=0, PeQ=QeaP, (PeQ)OR= Pa(QeR), 


so they make &(C) into an abelian group. (The first three equalities are obvious, 
while the associativity is somewhat difficult to prove.) 

An elementary calculation shows that the coordinates of P 6 Q are given by ra- 
tional functions of the coordinates of P and Q. In particular, if a and } are in some 
field K, and if P and Q have coordinates in K,, then P @ Q will also have coordi- 
nates in K. Thus E(K) = E(C)  P?(K) will be a subgroup of E(C). Figure 1.3 
illustrates the group law for points in F(R). 

Repeated addition in any abelian group gives an endomorphism of the group, so 
for each d > 1 we obtain a map 


(dj: E(C) > E(C), Pe+PeP®--@P 
ee 
d terms 


called the multiplication-by-d map. Setting 
[0)(P)=O and — [-d](P) = [-1]([d]P), 


we obtain an (injective) homomorphism 
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Z — End(E(C)), dt— [d]. 


If this map is not onto, then F& is said to have complex multiplication, or CM for 
short. For example, the curve FE : y? = x° + x has complex multiplication, since it 
has extra endomorphisms such as [i] : (x,y) +> (—2, iy). Most curves do not have 
CM. 

The multiplication map [d] clearly commutes with the involution [—1], so it de- 
scends to a map on the quotient space F(C)/{+1}. The quotient space is very easy 
to describe, 

E(C)/{+1} SPC), (zy), 


so the multiplication-by-d map descends to give a rational map ¢¢,q making both 
squares in the following diagram commute: 


EC) td EC) 
{+1} {+1} 
(x,y) (z,y) 
t t 


The map ¢z,4 is an example of a Lattés map. Thus $2.4 is a rational function char- 
acterized by the formula 


op,a(x(P)) = x([d](P)) for all P € E(C). (1.6) 


Notice the close similarity to the defining property (1.5) of the Chebyshev polyno- 
mials, More generally, it turns out that every endomorphism u € End(£) commutes 
with [—1], even if E has complex multiplication, so every endomorphism wu deter- 
mines a rational function ¢f,,, on P1(C). 


Example 1.40. Let E : y? = x? + az + b be an elliptic curve as above. Then the 
duplication map [2] : E(C) — E(C) leads to the rational function 


_ x? — 2ax? — 8br + a? 


On2(2) = 4¢3 + dax + 4b 


Example 1.41. Let E : y? = x3 + x be the CM elliptic curve mentioned earlier. 
Then the map [1 + ¢] : E(C) — E(C) defined by [1 + 7](P) = P @ [i|(P) leads to 


the rational function 
opaiti(z) = + x + J 
B1ti\e) = 25 2) 


Proposition 1.42. Let E : y? = 2? + ax + b be an elliptic curve, let d > 2 be an 
integer, and let dpq : P'(C) — P'(C) be the associated rational map as above. 
Then 
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Wy + We 


Wy 


Figure 1.4: A lattice and fundamental domain associated to an elliptic curve. 


PrePer(¢z,a) = 2(E(C)rors), 


where we recall that the torsion subgroup E(C)tors of E:(C) is the set of elements of 
finite order (cf: Example 0.2). 


Proof. We leave the proof as an exercise; see Exercise 1.32. O 


The dynamics of the rational function ¢7,q on P’(C) can be analyzed using the 
group law on the larger space E(C). The utility of this approach is further enhanced 
by the analytic uniformization of £(C), which we now briefly describe. 

A lattice L in C is a set of all Z-linear combinations of two R-linearly indepen- 
dent complex numbers w, and w2. Thus 


L= {mw + Mw, :™M1,™Me € Zh. 


The quotient space C/L is a torus obtained by identifying the opposite sides of the 
fundamental domain 


{tu + tow: t1,t2 € R, O0<t,te< 1}. 


A lattice Z and a fundamental domain are illustrated in Figure 1.4. Notice that C/L 
has a natural group structure induced by addition on C. 

Let E(C) be an elliptic curve. Then one can prove that there exists a lattice L 
and a complex analytic isomorphism 


we: C/L— E(C). 
Further, the isomorphism 7% respects the group structure, 


We(z1 + 22 mod L) = Wp(z1) © be (Zz). 
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In particular, if we set P = 7 _(z) in formula (1.6) and use the relation 


[d(al(z)) = va(dz), 


then we obtain the useful formula 


$p,a(2(e(z))) = 2([d](Ye(z))) = 2(be(dz)). 


To ease notation, we will let o(z) = x(%e(z)). The function g(z) is a slight 
variant of the classical Weierstrass -function. It is meromorphic on C with double 
poles at the points of the lattice LZ and holomorphic elsewhere. Then our relation 
becomes 


bra(e(z)) = e(dz), (1.7) 


and iteration is given by the simple formula ¢% 4((z)) = e(d"z). 
The upshot of this discussion is that we obtain a commutative diagram 


C/L =2%, C/L 


|e |r 
Pc) “24. Plc) 


that is of great assistance in studying the dynamics of the rational function ¢ x 4a. 
For example, the map z + dz is clearly d?-to-1 on C /L, so we see that ¢p,¢ has 

degree d?. Further, a point x = ¢(z) will be fixed by $p 4 if and only if z satisfies the 

congruence dz = +z (mod L), so the fixed points of dz 4 are precisely the points 


o( yee ge) ad o(Fhert pe) wham ez 


(Note that (—z) = gz), so there are actually only d? + 1 fixed points.) 

Let e(C) be a fixed point of dz,4 with ¢ ¢ $2, which is equivalent to the as- 
sumption that ¢'(¢) 4 0 or oo. (This excludes at most four such points modulo L.) 
Differentiating (1.7) and evaluating at z = ¢ yields 


Pp,a((6))@'(C) = dp'(d¢). (1.8) 


But we know that (z) is a meromorphic function on C/L, or equivalently, it is a 
meromorphic function on C with the periodicity property 


plz +w) = o(z) for all w € L. 


Differentiation gives the same relation g’(z + w) = g'(z) for the derivative. (Notice 
the analogy with the function e2***, which is holomorphic on C and invariant under 
the translations z +> z+ n for n € Z.) We evaluate at z = d¢, use the fact that 
d¢ =+¢ (mod L) to get g’(d¢) = g’(+¢) = +9'(C), and substitute into (1.8) to 
obtain the relation 
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$2,a(9(6))@'(¢) = de'(d¢) = +dp’(¢). 


Finally, canceling g’(¢) yields $% 4(s(¢)) = +d. In particular, (almost) every fixed 
point of dz,4 is expanding and thus is in the Julia set. 
But much more is true. The relation (1.7) shows immediately that 


Ed; ($B,d2(9(2))) = bn, (@(d22)) = P(did2z) = $B,a14,(P(2)), 


so $& y = bx,a"- Thus the periodic points of dz,4 of period dividing n are precisely 
the fixed points of dz,an, and their multipliers are (almost) all equal to +d”. This 
proves that (almost) every periodic point of ¢g,4 is expanding, hence in the Julia set. 
Finally, we observe that the set of points in C/L satisfying 


z=ctd"z (mod L) for some n = 1,2,3,... 


is dense in C/L, so their image using the double cover 9 : C/L — P'(C) is dense 
in P!(C). We have thus shown that 7(¢z,4) = P'(C). This proves the following 
theorem, which was published by Lattés in 1918 and provided the first known ex- 
amples of rational maps with empty Fatou set. (See also [300, §6) for a discussion 
of earlier work by Schréder and Bottcher on elliptic functions and their associated 
rational maps, as well as an 1815 paper of Babbage in which he uses semiconjugacy 
to study the periodic points of certain maps.) 


Theorem 1.43, (Lattés [260]) Let E be an elliptic curve, let d > 2 be an integer, 
and let dz : P'(C) — P'(C) be the rational map of degree d? characterized 
by (1.6). Then 


T(¢za)=P'(C) and Fldea)=9. 


Exercises 


Section 1.1. Rational Maps and the Projective Line 


1.1. Define a mapping from the zy-plane (which we identify with C) to the unit sphere S? 
in R? by mapping z € C to the point z* € S? such that the line through z and z* goes through 
the point (0,0, 1). Notice that z* — (0,0,1) as z — oo, so if we set oo” = (0,0, 1), we 
obtain a bijection 

P'(C) =CU {oo} — S$’, Zr 2", 
as illustrated in Figure 1.1. Prove that with this identification, the chordal metric on P’(C) is 
given by p(z, w) = $|z* — wv" |. 


1.2. (a) Prove that the inversion map z + 27? is an isometry of P'(C) for the chordal metric 
(i) by a direct calculation using the formula for p; and (ii) by using the identification 
P'(C) & S? described in Exercise 1.1. 

(b) Let a,b € C satisfy |a|? + |b]? = 1, and let f(z) = (az — b)/(bz + @). Prove that 
o(f(2), f(w)) = p(z,w) for all z,w € P’(C). (Hint. Although this can be proven 
directly, an alternative method is to show that f corresponds to a rigid rotation of S?, 
hence preserves chordal distances. For a nonarchimedean analogue, see Lemma 2.5.) 
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1.3. Let 6: P?(C) — P*(C) bea rational map. 
(a) Prove that there is a constant C'(@) such that @ satisfies a Lipschitz inequality 


p(6(a), $(8)) < C(d)p(a, 8) for alla, 6 € P'(C). 


(b) Find an explicit formula for the Lipschitz constant C’(f) in the case of a linear map 
f(z) = (az + b)/(cz +d) € PGL2(C). 


1.4. Let (a, a’, a”) and (8, 6’, 8”) be triples of distinct points in P*. Prove that there exists 
a unique automorphism f € PGL2(C) satisfying 


f@=8, fl’)=6, fla")=6". 
(Hint. First do the case that one of the triples is (0, 1, 00).) 
Section 1.2. Critical Points and the Riemann—Hurwitz Formula 


1.5. Let 6(z) € C(z) be a rational function. In the text we defined the ramification properties 
of # at a point a € P’(C) provided that a 4 oo and ¢(a) # oo. In general, let f € PGL2(C) 
be any linear fractional transformation, let ¢f = f~' ogo f,and let 8 = f~'(a). If B £ 00 
and o/ (8) 4 oo, we say that ¢ is ramified at a if (o* )’(8) = 0 and we define the ramification 
index of @ at a to be 

cal#) = €9(9/). 


(a) Assuming that none of a, 3, 6(a), ¢/ (8) are equal to oo, prove that 


fy (gy = L-'@@) 
(¢ ) (8) ~ (f-1)'(a) 


Conclude that the ramification points of a rational map ¢ : P’ — P' are independent of 
the choice of coordinates, i.e., the vanishing of ¢’ (a) is independent of the choice of f. 
(b) Show that the ramification index €.,(¢) is well-defined, independent of the choice of f. 
(c) Under what conditions is it true that the derivative ¢’(a) is independent of the choice 
of f? 


$'(a). 


1.6. Let d(z) € C(z) be a rational function of degree d, say given by 


(z) _ ag tarz+-++aaz4 


F 
92) = Gy = Gy bbe bod bya 
(a) Prove that ¢ is ramified at z = 0 if and only if a9b1 = a1bo. 
(b) Prove that ¢ is ramified at z = oo if and only if agba_1 = @a—1ba. 
(c) Find a similar criterion for e9(¢) > 3. Same question for e..(¢) > 3. 


1.7. Let ¢ : P! — PF be a rational function of degree d > 2. Using the standard spherical 
measure on P1(C), normalized so total area is 1, prove that 


| |(¢")'(2)| du(z)~d" asn— oo. 
P1(C) 


Conclude that “on average,” the map ¢ is expanding. 


1.8. (a) Let C be a compact Riemann surface with g holes. Prove that if C is triangulated 
using V vertices, & edges, and F faces, then V — FE + F = 2 — 2g. The number g is 
called the genus of C. 
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(b) Let 6: C, — C2 bea finite map of degree d of compact Riemann surfaces, and let g; 
be the genus of C;. Give a topological proof of the Riemann—Hurwitz formula, 


2g ~ 2 = d(2g2-2)+ S~ er(d) —1. 


PEC) 


1.9. Let ¢ € C(z) be a rational map of degree d > 2. 
(a) Prove that co is a totally ramified fixed point of ¢ if and only if ¢ € C[z]. 
(b) Let a € P'(C) with a # ov. Prove that a is a totally ramified fixed point of ¢ if and 
only if (z — a)*/(¢(z) — a) is in C[z]. 
(c) Let a € P(C) be arbitrary. Prove that is a totally ramified fixed point of ¢ if and only 
if there exists a linear factional transformation f € PGL2(C) such that f—'(a) = 00 
and $f (z) € C[z]. 


1,10. Let K bea field of characteristic p > 0 and let ¢(z) € K(z) be a rational function. 

(a) Show that the following are equivalent: 

(i) O(z) € K(z”). 
(ii) The formal derivative ¢’(z) is not identically zero. 
(iii) The field extension K (z)/K ((z)) is separable. 
If these conditions hold, we say that ¢ is separable. 

(b) Assume that ¢ is separable. Recall that the ramification index is defined by the formula 
€a(b) = orda(d(z) — d(a)). Let ra(¢) = orda(¢’(z)). If a is a critical point of ¢, 
then we say that ¢ is tamely ramified at a if p { ea(¢), and @ is wildly ramified at a 
if p | ea). Prove that 

Tal?) 2 €a() ~ 1, 
with equality if and only if ¢ is either unramified or tamely ramified at a. 
(c) Prove that 
2d-2> S> ra(d)> S> (ea($)- 1). 
aéP!(C) a@ePl(C) 
(Hint. Mimic the algebraic proof of the Riemann—Hurwitz formula, Theorem 1.1.) 

(d) Deduce that a separable map has at most 2d — 2 critical points. 

(e) More generally, if the rational function ¢ is wildly ramified at ¢ points, prove that ¢ has 
at most 2d — 2 — (p — 1)é critical points. 


1.11. Let K bea field of characteristic p > 0 and let @(z) € K(z) be a rational function. 
(a) Suppose that ¢ is separable and that 6” € K[z] for some n > 1. Prove that 6? € K[z]. 
Thus Theorem 1.7 is true in characteristic p for separable maps. 
(b) Let p = 2 and d(z) = 1+ 277. Prove that ¢? ¢ K[z| and that 6? € K[z]. Thus 
Theorem 1.7 need not be true in characteristic p for inseparable maps. 
(c) Suppose that 6? ¢ K[z] and that 6” € K[z] for some n > 3. Prove that ¢ has the form 
@ = (az? + b)/(cz? + d), where q is a power of p. 


1.12. Let ¢ : P' — P" be a rational map of degree d > 2, and suppose that there is a point 
a € P’ and an > 0 such that 

€a($") > (1 +e)” 
for infinitely many n > 1. Prove that a is a preperiodic point for ¢, and that the eventual 
period of a is at most (2d — 2)/e. 
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Section 1.3. Periodic Points and Multipliers 


1.13. We defined the multiplier of ¢ at a fixed point a to be the derivative \.(¢) = ¢'(a). 
This definition obviously must be modified if @ = oo. In order to be compatible with Propo- 
sition 1.9, we must set \oo(¢) = (6/)’(f7}(co)) for all f € PGLe(C). Show that tak- 
ing f(z) = 1/z leads to the definition 


_y 2 (z*) 
Aco () = lim ene 


Prove that A.0(@) is finite and may be computed without taking a limit by showing that the 
fraction on the righthand size is a rational function in C(z) with no pole at z = 0, so it may 
be evaluated at z = 0. 


1.14, Let ¢ : P! — P* be a rational map. 
(a) Let P € P* bea point of exact period n for ¢ and suppose that ¢*(P) = P. Prove 
that n | k. 
(b) Prove that Per,,(¢) is the disjoint union of Per;, (#) over all m | n. 


1.15. Let ¢: P! — P* bea rational map of degree at least 2. 
(a) Letn > m > 0. Prove that {P EP’: ¢"(P)= o™(P)} is a finite set. 
(b) Suppose that ¢: and @2 are rational maps of degree at least 2 and suppose that ¢; and ¢2 
commute with one another, i.e., 1 0 d2 = 2 © o1. Prove that 


PrePer(¢1) = PrePer(¢2). 
(Hint. Use (a) and apply Exercise 0.2.) 


1.16. Suppose that a is a periodic point of ¢. Prove that the orbit of a contains a critical point 
of ¢ if and only if the multiplier A. () vanishes. 


1.17. This exercise generalizes the multiplier sum formula described in Theorem 1.14. 
Let 6(z) € C(z) be a nonconstant rational map and let a € C be a fixed point of C. The 
residue fixed-point index of at a is the quantity 


1 dz 
Uda) = 5 [ a 


where the integral is any sufficiently small loop around a. 
(a) Ifa (¢) # 1, prove that 
1 
u(o, a) = ———-~. 
= TT 


(b) Prove that in all cases, the index 4(¢, a) is independent of the choice of local coordinate 
at a. 
(c) Prove the index summation formula 


> u(d,a@) = 1. 


a€Fix($) 
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(d) Suppose that A.(¢) = ¢'(a) = 1 and that 6” (a) # 0. Prove that 
o"(a)/6_ 
($"(a)/2)” 


In other words, if the series expansion of ¢(z) around z = a has the form 


(9, a) = 


o(z) =at+(z-a)+A(z—a)?+B(z-a)*?+--- with A 40, 


then o(¢, a) = B/A?. 

(e) The polynomial 6(z) = z+ Az? +z? has fixed points {0, —A, 00}. The point at infinity 
is superattracting, so A00(¢) = 0. Use the formula in (d) and the summation formula to 
compute \.. 4(@), and then check your answer by computing A_ 4(¢) directly. 


1.18. Let d(z) € C(z) be a rational function of degree d > 2. 
(a) Prove that # Pern (¢) < d” +1. 
(b) Prove that # Per, (¢) —- 00 asn — oo. 
(c) Prove that Per;,"() is nonempty for infinitely many values of n. 
(d) * More precisely, prove that if Per;,*() is empty, then (n, d) is one of the pairs 


(n,d) € {(2,2), (2,3), (3,2), (4,2)}. 
1.19. Let d(z) € Cz] be a polynomial of degree d > 2. 


(a) Ifm | n, prove that the polynomial ¢™(z) — z divides the polynomial ¢”(z) — z. 
(b) Let ys be the Mébius pu function. Prove that for every n > 1, the rational function 


95 (2) = [] (m(z) - 2)" 


m(n 


is a polynomial. The polynomial ®7, (z) is a dynamical analogue of the classical cyclo- 
tomic polynomial TT nin (2 — 1jeir/m), 
(c) Compute the first few polynomials ®; (z) for the quadratic polynomial ¢.(z) = 2? + ¢. 
(d) Let a be a root of ®7 (z). Prove that 6"(a) = a. Thus roots of ®F (z) are in Pern (¢). 


(e) Let $-(z) = z? +c. Find a value of c such that 63(z) has a root whose exact period is 
strictly smaller than 2? 


(f) For n = 3 and n = 4, find all values of c such that 7 (z) has a root whose exact period 
is strictly smaller than n. 


The roots of ®7,(z) are said to have formal period n. They behave in many ways as if they 
have exact period n, although their actual period is smaller than n. 


1.20. Find explicit formulas for the fixed points and corresponding multipliers of the func- 
tion ¢(z) = az/(z? + 6). Verify directly the formula in Theorem 1.14 (cf. Example 1.17). 


Section 1.4. The Julia Set and the Fatou Set 


1.21. Let (51, 91) and (S2, 2) be metric spaces. A collection of maps ® from 5, to 52 is 
said to be uniformly continuous if for every ¢ > 0 there exists a 5 > O such that 


pila,B)<d = >  p2(¢a,¢8)<e foralla,@ € 5; andalld € . 
The family is said to be uniformly Lipschitz if there is a constant C = C(®) such that 
p2(¢(a), (8)) <C-pila,B) foralla,@ € S1 andall ¢ € 6. 
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(a) If ® is uniformly continuous, prove that ® is equicontinuous at every point of 51. 
(b) If ® is uniformly Lipschitz, prove that ® is uniformly continuous. 
(c) Let 6 = {¢,}n>1 and suppose that for every point a € $1, the limit 


$(a) = lim ¢n(a) 
nao 
exists. If ® is equicontinuous at a € $1, prove that ¢ is continuous at a. Give an example 
to show that the equicontinuity assumption is necessary. 


1.22. Give an example to show that equicontinuity is not an open condition. Thus in order to 
ensure that the Fatou set is open, the definition of ¥(@) must include the requirement that it 
be open. 


1.23. Let 6 : S — S be a surjective continuous map of a metric space with the additional 
property that ¢ maps open sets to open sets. 
(a) Give a rigorous proof that the Fatou and Julia sets of ¢ are completely invariant, that is, 
o'(F) =F = o(F) and 6-"(J) = J = OJ). 
(b) Is (a) true without the assumption that ¢ is surjective? 
(c) Is (a) true without the assumption that ¢ maps open sets to open sets? 


1.24. Let ¢(z) € Cz] be a polynomial map, and let F. be the connected component of F(¢) 
containing the point oo. Prove that 67 '(Faco) = Foo = 6(Foo). In other words, for a poly- 
nomial map, the connected component of oo is completely invariant for ¢. 


1.25. Let o(z) = 1 — 2/2? be the rational map from Example 1.31. 
(a) Let f(z) = 1/z. Prove that (¢*)’(0) = 0 and conclude that 00 is a critical point of ¢. 
(b) Let f(z) = z/(z — 1). Prove that (¢*)/(0) = 0 and conclude that 0 is a critical point 
of ¢. 


1.26. Let d(z) € Q(z) be a rational map of degree d > 2 with coefficients in Q, and let 
7(¢;Q) = 7(¢) NP’ (Q) be the set of points in the Julia set whose coordinates are algebraic 
numbers. 
(a) Is 7(; Q) Galois-invariant? 
(b) Is 7(¢;Q) infinite? More generally, is .7(¢; Q) dense in 7(o)? 
(c) ** Does 7(¢; Q) contain points that are not preperiodic? More generally, does 7 (¢; Q) 
contain infinitely many nonpreperiodic points P; such that the orbits of the P; are dis- 
joint? 


Section 1.5. Properties of Periodic Points 


1.27. Let a be a periodic point of a rational function d € C(z). 
(a) Ifa is attracting, prove that a € F(¢). 
(b) If a is repelling, prove that a € 7(¢). 


1.28. Let ¢(z) = z? — 2. Prove that the Julia set of ¢ is the closed interval on the real axis 
between —2 and 2. Find the periodic points of ¢, compute their multipliers, and show directly 
that .7(¢) is equal to the closure of Per(¢). (Hint. Write z = e“ + e~* = 2cos(t), so 
$(z) = 2cos(2t). Prove that ”(z) = 2.cos(2”t) and use this formula to study the dynamics 


of ¢.) 
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1.29. Let d(z) € C[z] be a polynomial of degree d > 1, and suppose that every a € Pern (¢) 
has multiplier \g(a) 4 1. Prove that the equation ¢”(z) = z has simple roots, and deduce 
that Per,,(¢) contains exactly d” + 1 distinct points (including the point 00). 


Section 1.6. Dynamical Systems Associated to Algebraic Groups 


1.30. This exercise describes algebraic properties of the Chebyshev polynomials Ta(w). 
(a) Prove that T2(w) = w? — 2, 73(w) = w? — 3w, and Ta(w) = w* — 4w? + 2. 
(b) Prove that Ty(Te(w)) = Tae(w) for all d, e > 0. 
(c) Prove that Ty(—w) = (—1)"Tu(w). Thus Ty is an odd function if d is odd and it is an 
even function if d is even. 
(d) Prove that the Chebyshev polynomials satisfy the recurrence relation 


Ta+i(w) = wTa(w) —Ta-1(w) foralld > 1, 


where we use the initial values 7o(w) = 2 and T,(w) = w. 
(e) Prove that the generating function of the Chebyshev polynomials is given by 


CO 


d_ 2-—wx 
D Tale) ~ [—wX +X? 


(f) Prove that the d Chebyshev polynomial is given by the explicit formula 


1.31. This exercise describes dynamical properties of the Chebyshev polynomial Ty(w) for a 
fixed d > 2. 
(a) Let U be an open subinterval of [—2, 2]. Prove that there exists an integer n > 1 such 
that Ty (U) = [-2, 2]. 
(b) Prove that limn—.. Tz (w) = oo for all points w € C not lying in the interval [—2, 2]. 
(c) Prove that the Julia set .7 (Ta) is the closed interval [—2, 2]. 
(d) Find all of the periodic points of Tz and compute their multipliers. Observe that .7 (Ta) 
is the closure of the (repelling) periodic points. 
(e) Let F(w) € Clw] be a polynomial of degree d > 2 with the property that the interval 
[~2, 2] is both forward and backward invariant for F’. Prove that F(w) = +Ta(w). 


1.32, (a) Let A be an abelian group, let Atos = {P € A: nP = 0 for some n > 1} be the 
torsion subgroup of A, let d > 2 be an integer, and let ¢: A— A be the map 
¢@(P) = dP. Prove that 

PrePer(¢) = Ators. 


(This is Proposition 0.3, but try reproving it without looking back at our proof.) 
(b) Let E be an elliptic curve, let d > 2 be an integer, and let ¢z,4 : P? — P" be the rational 
map associated to multiplication-by-d on EF, as described in Section 1.6.3. Prove that 


PrePer(¢x,a) = 2(E(C)tors)- 


Chapter 2 


Dynamics over Local Fields: 
Good Reduction 


The study of the dynamics of polynomial and rational maps over R and C has a long 
history and includes many deep theorems, some of which were briefly discussed in 
Chapter 1. A more recent development is the creation of an analogous theory over 
complete local fields such as the p-adic rational numbers Q, and the completion C, 
of an algebraic closure of Q,. The nonarchimedean nature of the absolute value 
on Q, and C, makes some parts of the theory easier than when working over C 
or R. But as usual, there is a price to pay. For example, the theory of nonarchimedean 
dynamics must deal with the fact that Q, is totally disconnected and far from being 
algebraically closed, while C, is not locally compact. 

In this chapter we begin our study of dynamics over complete local fields K by 
concentrating on rational maps ¢ that have “good reduction.” Roughly speaking, this 
means that the reduction of ¢ modulo the maximal ideal of the ring of integers of K 
is a “well-behaved” rational map ¢ over the residue field k of K. Thus studying the 
dynamics of ¢ over k allows us to derive nontrivial information about the dynam- 
ics of @ over K. In Chapter 5 we take up the more difficult, but ultimately more 
interesting, case of rational maps with “bad reduction.” 


2.1 The Nonarchimedean Chordal Metric 


We begin by quickly recalling the definition and basic properties of absolute values, 
especially those satisfying the ultrametric inequality. 


Definition. An absolute value on a field K is a map 
|-|:k —R 
with the following properties: 


e ja| > 0, and |a| = 0 if and only if a = 0. 
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© |aB| = |a|- || for alla, 8 € K. 
e |a+ 8] < |a|+|9| for all a, 6 € K (triangle inequality). 


A valued field is a pair (K,| - |,,) consisting of a field K and an absolute value 
on K, although we often omit the absolute value in the notation. A map of valued 
fields 1 : K — L is a field homomorphism that respects the absolute values, 


le(a)|z =lalx  forallac K. 


Definition. Let (K,| - |) be a valued field. If the absolute value satisfies the stronger 


estimate 
la+ 6B} < max{|a|,|G|} foralla, Ge K, (2.1) 


then the absolute value is nonarchimedean or ultrametric. The associated valuation 
is the homomorphism 


v: K* —R, u(a) = — log jal. 


It satisfies 
v(a + f) > min{v(a),v(8)}. 


The valuation v is discrete if v(K*) is a discrete subgroup of R, in which case the 
associated normalized valuation (sometimes denoted ord.) is the constant multiple 
of v chosen to satisfy ord, (K*) = Z. 


Example 2.1. The field Q has the usual real absolute value 
la|oo = max{a, —a}. 


For each prime p it also has a p-adic absolute value defined as follows. Every nonzero 
rational number a has a unique factorization of the form 


a=t I] perl) with ep(a) € Z. 
:—p prime 
Then 
lalp = per(), 


The p-adic absolute values are nonarchimedean. 

Two absolute values are said to be equivalent if there is a constant r > 0 such 
that ja]; = |a|§ for all a € K. Ostrowski’s theorem says that up to equivalence, the 
real absolute value and the p-adic absolute values are the only nontrivial absolute 
values on Q; see [78, 1.4.2, Theorem 3] or [249, I.2, Theorem 1]. 


Example 2.2. Let k be a field and let K = k(T) be the field of rational functions. 
Then each a € k determines an absolute value on K associated to the valuation ord, 
that gives the order of vanishing of f(T) € k(T) at T = a. The degree map deg : 
k(T)* — Z is also a valuation. If k is algebraically closed, this yields the complete 
set of absolute values on k(T) that are trivial on k, up to equivalence. More generally, 
if k is not algebraically closed, there is a valuation corresponding to each monic 
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irreducible polynomial in k[T]. In this book we are primarily interested in the number 
field scenario, i.e., the field Q and its extensions and completions, but the reader 
should be aware that it is also interesting to study the analogous case of function 
fields, i.e., the field k[7'] and its extensions and completions. 


We now prove the elementary, but extremely useful, fact that if |a| # |G], then 
the ultrametric inequality (2.1) is actually an equality. 


Lemma 2.3. Let K be a field with a nonarchimedean absolute value | - |, and 
let a, 8 € K. Then 


lol. #~ [Ble = la + Bly = max{|a|,, |S. }. 


Proof. We suppose that |a|, > |3|,. The strict inequality 


[Bly < laly = (@ + 8) — Bly < max{la + Sly, |Blo} 


implies that the maximum on the right is |a + |,, so we find that |a|, < ja + Bly. 
The opposite inequality is also true, since |a + 6], < max{|a|,, |@lo} = lal». O 


Recall that the chordal metric on P'(C), which we now denote by oo, is defined 
by the formula 


poo(P1, Pp) = [X1Yo — X2Y¥i| 
oe VIX + YP V/|Xo)? + [Yo 


for points P, = [Xj, Y;] and P, = [X2, Y9] in P’(C). In the case ofa field K having 
a nonarchimedean absolute value | - |,,, it is convenient to use a metric given by a 
slightly different formula. 


Definition. Let K be a field with a nonarchimedean absolute value | - Jy, and let 
P, = [X1,¥,] and P. = [X, Yo] be points in P!(K). The v-adic chordal metric 
on P(K) is 


[X1¥o — X2Yi|, 


P,, Pp) = . 
pu(P1, Pa) max{|Xy|»,[Yilv} max{|X2|,, [Yale } 


It is clear from the definition that p,(P,, P2) is independent of the choice of homo- 
geneous coordinates for P, and Po. 


The first thing to check is that p, is indeed a metric. In fact, it is an ultrametric; 
that is, it satisfies the nonarchimedean triangle inequality. 


Proposition 2.4. The v-adic chordal metric has the following properties. 
(a) O< po(Pi, Pe) <1 

(b) py (Pi, Po) = 0 ifand only if P, = Pp. 

(c) pv(P1, P2) = Pu( Po, Pr). 

(d) pu(P1, P3) < max{»(P1, P2), py(P2, P3)}. 
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Proof. The lower bound in (a) and parts (b) and (c) of the proposition are obvious 
from the definition. For the upper bound in (a), we use the nonarchimedean nature 
of v to compute 


|X1Y2 _ X2YVi\y < max{|X1Y2lu, |X2¥i |v} 


< max{|X1|p, Yale} max{|X9lv, [Yalu }. 


The proof of (d) requires the consideration of several cases. The following useful 
lemma makes the proof more transparent by allowing some freedom to change co- 
ordinates. It is the analogue of the fact that the classical chordal metric is invariant 
under linear fractional transformations that define rigid rotations of the Riemann 
sphere (cf. Exercise 1.2). 


Lemma 2.5. Let 
R={aeK: aly <1} 


be the ring of integers of K, and let f : P! — P! be a linear fractional transforma- 
tion of the form 


)= aX + bY 
~ eX +dY 


ie, f € PGL2(R). Then 
po(f (Pi), f(P2)) = pv(Pi,P2) forall Py, P, € P’(K). 


fIXY with a,b,c,d € Rand ad — bc € R*, 


(N.B. It is crucial that the quantity ad — bc is a unit.) 


Proof. Write each point as P; = [X;, Y;] with X;, Y; € R and at least one of X; 
or Y; in R*. Then max{|X;j|v, |Yily } = 1, so 


Pu( Py, Po) = |X1 Yo -— X2YVilo. 
Further, the identities 


d(aX, + bY;) — b(cX; + dY;) = (ad — be) X. 
c(aX; + bY;) — a(cX; + dY;) = —(ad — be)Yi, 


and the fact that max{|X;|,, |Yi|, } = 1 and |ad — bc|, = 1 immediately imply that 
max{|aX; + bYi|u, |cX; + dY;i|y } =1. 
Thus 


pu(f (Pi), f(P2)) = [(aX1 + ) (cX2 + dY2) — (aX2 + bY2)(cX1 + dY,)|, 


\( 
|(ad — be)(X1¥2 — X2¥;)|, 
= = py(P;, Pa), 


where we have again made use of the fact that |ad — bc|, = 1. O 
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We resume the proof of Proposition 2.4 and write each point as P; = [X;, Yj] 
with X;, Y; € R and at least one of X; or Y; in R*. Then 


max{|Xily, Yilu} =1 and pu( Pi, Pj) = |Xi¥j — X5Yilv, 


as usual. If |X2|, > |Yol., we apply the map f = Y/X to the three points. This 
preserves the chordal distance (Lemma 2.5) and allows us to assume that 


[Xolu < [Yaly = 1. 


Next we apply the map f = (Y2-X — X2-Y)/Y to the three points. Lemma 2.5 
again tells us that the chordal distance is preserved (note that |Y2|, = 1), and we are 
reduced to the case that P, = [0, 1]. Finally, we compute 


|Xi¥3 — X3¥i|, < max{|X1Y¥3|y, |X3Yilv } < max{|Xi|v, |Xslv }, 


which is exactly the desired inequality when P2 is the point [0, 1]. O 


2.2 Periodic Points and Their Properties 


In Section 1.3 we described various properties of periodic points for rational maps 
defined over C. Virtually all of these definitions make sense, mutatis mutandis, when 
we work over any field with an absolute value. In this section we briefly recall the 
relevant material. 

Let K bea field with an absolute value | - | and let ¢(z) € K(z) be a nonconstant 
rational map. The multiplier of @ at a fixed point a € K is the derivative 


Aa(d) = $'(a). 


(See Exercise 1.13 for the case a = oo.) The multiplier is well-defined, independent 
of the choice of coordinates on P!; see Proposition 1.9. 

More generally, if a € P'(K) is a point of exact period n for ¢, then a is a fixed 
point of ¢” and we define the multiplier of at a to be 


Aad) = Aa($") = (6")'(a). 


The multiplier may be calculated using the chain rule as 


dal) = ($")'(a) = ¢'(a) - 6'((a)) - o'(H?(a)) --- 6'(8"*(Q)). 
The magnitude of the multiplier determines, to some extent, the behavior of ¢ in 
a small neighborhood of a periodic point a. The periodic point a is called 
superattracting if \.(¢) = 0, 

attracting if |Aa(¢)| < 1, 
neutral (or indifferent) if |Aq(@)| = 1, 
repelling if |Aq(¢)| > 1. 

The neutral periodic points are further divided into two types. The rationally neutral 


periodic points are those whose multiplier is a root of unity. The others are called 
irrationally neutral. 
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2.3 Reduction of Points and Maps Modulo p 


One of the most important gadgets in the number theorist’s toolbox is reduction 
modulo a prime. Thus when studying the number-theoretic properties of an object, 
we reduce it modulo a prime, analyze the properties of the hopefully simpler object, 
and then lift the information back to obtain global information. A typical example 
is provided by Hensel’s lemma, which under certain circumstances allows us to lift 
solutions of a polynomial congruence f(x) = 0 (mod p) to solutions in Z,. Then, 
using information gathered from many primes, one is sometimes able to deduce re- 
sults for a global field such as Q. 

Our principal objects of study are maps ¢ : P! — P*. In this section we study 
the behavior of such maps under reduction modulo a prime. We work over a discrete 
valuation ring, so we set the following notation: 


K afield with normalized discrete valuation v : k* — Z. 


|- |, = c7%*) for some c > 1, an absolute value associated to v. 
= {a€ K : v(a) > O}, the ring of integers of K. 
p = {a € K : v(a) > 1}, the maximal ideal of R. 
R* ={a€K:v(a) = 0}, the group of units of R. 
k = R/p, the residue field of R. 


reduction modulo p, 1.¢., R > k, a a. 


Before studying reduction of maps, we consider the problem of reducing points 
modulo p. This is as easy in P’ as it is in P*, so we look at the general case. Let 


P = [x,21,...,2w] € PX(K) 


be a point defined over A’. We cannot immediately reduce the coordinates of P mod- 
ulo p, since some of the coordinates might not be in R. However, since the coordi- 
nates of P are homogeneous, we can replace them with 


P= (cro, cX1,...,cEn] 


for any c € K*. Choosing c to be highly divisible by p, we can ensure that every cz; 
is in R. However, if we overdo this process and end up with every cx; in the prime 
ideal p, then when we reduce modulo p, we end up with [0,0,..., 0], which does not 
represent a point of projective space. 

The trick is to “clear the denominators” of the x,’s as efficiently as possible. To 
do this, we choose an element a € K™ satisfying 


v(a@) = min{v(zo), v(71),..., v(an) }. (2.2) 


For example, a could be the x; having minimal valuation. Then a~'z; € R for 
every 7, so we can reduce these quantities modulo p. We define the reduction of P 
modulo p to be the point 


Nee Ne 


P= fa-teo,a-Mn,...,a-tey| € P'(k). 
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Note that P has at least one nonzero coordinate, since at least one of the num- 
bers a~ ‘2; is a unit. Hence P is a well-defined point in P!(k). 
We say that P = [xo,..., £1] has been written using normalized coordinates if 


min{v(Zo), u(@1),..., (an) } = 0, 


in which case P is simply [%,...,Zy)]. 


Example 2.6. Consider the point P = [4 4, 4, 24] € P(Q). We can reduce P 
modulo 11 without any modification, since every coordinate is an 1 1-adic integer and 
not all coordinates vanish modulo 11. Thus P = [1, 10, 7, 9] (mod 11). However, if 
we want to reduce P modulo 3, then we first need to divide all of the coordinates 


by 3, 


_[3 9 2 27] J1 3 8 9 

~ | 14’ 35’ 49’ 245] ~ | 14’ 35’ 49’ 245 }’ 
and then P = [2,0,2,0] (mod 3). Similarly, in order to compute P modulo 7, we 
first multiply the coordinates by 49, 


3.9 24 27 


7 Faas 


- E 63 24 27) 


and then P = {0,0, 3, 4] (mod 7). 


It may appear that the reduction P depends on the choice of a. We now check 
that this is not the case. 


Proposition 2.7. Let P = [zo,...,2n] € PN (K). Then the reduction P is inde- 
pendent of the choice of a satisfying (2.2). 


Proof. Suppose that a: and @ both satisfy (2.2). Then a and (@ have the same valua- 
tion, so a3! € R*. This allows us to compute 


er tl ae re ete pee eet a ae et ll 
[a~tao,a-"m,...,a-May| = [as lq-ty9,a8-la Te1,...,08-ta- ten | 
we ~ 
= [B-¥20,B-Man,...,8Tan). 


Hence the reduction of P modulo p is independent of the choice of a satisfying (2.2). 
O 


We next prove an easy and useful lemma that relates reduction modulo p to v-adic 
distance. 


Lemma 2.8. Let P; and P» be points in P'(K). Then 


P, =P, ifandonly if p,(Py, Po) <1. 
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Proof. Write P; = [X1, Yi] and P2 = [X2, Yo] using normalized coordinates, so in 
particular py(P,, Po) = |X1Y2 — X2Yi|v. Suppose first that P, = Py. This means 
that there is a &@ € k* such that X 1 = uX2 and Y; = aY>. In other words, there is a 
u € R* such that that X; = uX2 (mod p) and Y; = uY2 (mod p). Hence 


X1Y2 - XY, = uXeVYo — XquY, =0 (mod p), 


which completes the proof that p,(P;, P2) <1. 
Next suppose that p,(P;, P2) < 1, which implies that X,Y = X2Yi (mod p). 
If X,X_ #0 (mod p), then Xy, X2 € k*, so we have 


Py = [Xo, Yo] = [X1 Xo, X1 Yo] = [Xi Xo, KY] = [Xi Vi] = Pr. 
On the other hand, if X;X2 = 0 (mod p), then the fact that the coordinates are nor- 


malized and the equality X,Y2 = X2Yi (mod p) imply that X, = X2 =0 (mod p), 
so P, = P2 = [0,1]. This completes the proof of the lemma. oO 


As a first application, we show that fractional linear transformations in PGL2(R) 
respect reduction modulo p. 


Proposition 2.9. Let P,Q € P!(K) and f € PGL2(R). Then 


—“~ 


P=Q ifandonlyif f(P) = f(Q). 
Proof. We combine Lemmas 2.5 and 2.8. Thus 


<1 from Lemma 2.8, 
<=> pr(f(P),f(Q)) <1 from Lemma 2.5, 


ee ee 


<= f(P)=7(Q) from Lemma 2.8 again. oO 


Example 2.10. Let f = (22), so f ¢ Boas ). Consider the points P = [7,5] 
and Q = [4, 2] in P?(Q3). They satisfy P = Q = [1,2] in P'(F3), but 


f(P) = [45, 75] = [3,5] = [0,1] (mod 3), 
f(Q) = [24,36] = [2,3] = [1,0] (mod 3), 


te) 7(P) # 7(Q). This shows the necessity of the condition f € PGL2(R) in Propo- 
sition 2.9. 


It is easy to see that if K is a field and P,, Po, P3 are distinct points in P'(K), 
then there is an element of PGL2( 4) that moves them to the points 0, 1, 00. (See Ex- 
ercise 1.4.) The next proposition gives a stronger result for points whose reductions 
are distinct. It is especially useful because Lemma 2.5 says that the nonarchimedean 
chordal metric is invariant for maps in PGL2(R), so changing coordinates via an 
element of PGL2(F) does not change the underlying dynamics. 
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Proposition 2.11. Let P,, P2, P; € P!(K) be points whose reductions P,, Pr, P; 
are distinct. Then there is a linear fractional transformation f € PGL2(R) such that 


f(Pi) =9, f(P2) =1, f(P3) = 00. 


Proof. Write P; = [X;, Y;] with normalized coordinates. If v(X1) > v(¥i), we be- 
gin by applying the map f = Y/X € PGL2(R) to each of the three points, so we 
may assume that v(X,) < v(Y1). Since the coordinates are normalized, this implies 
that v(Yi) = 0, so Y; is a unit. We next apply the map 


(¥,.X — XiY)/Y € PGL2(R) 


to the three points. Having done this, we see that P, = (0, 1}. 

Next consider the point P3. Since P; #4 P, = (0, 1], we see that v(X3) = 0, 
so we can apply the map X/(Y3X — X3Y) € PGLe(R) to the three points. This 
fixes P, and sends P3 to [1,0], i.e., P3 gets sent to oo. Finally, since Py is equal to 
neither P; = [0,1] nor P3 = [1,0], we see that v(X2) = v(Y2) = 0. Applying the 
map Y2X/X2Y € PGLe2(R) to the three points then fixes P; and P3 and sends P, 
to 1, 1]. O 


Having looked at the reduction of a point, we next turn to the problem of reducing 
a rational map modulo p. Let ¢ : P! —> P! be a rational map of degree d defined 
over K, so ¢ is given by a pair of homogeneous polynomials of degree d, 


F(X,Y),G(X,Y) € K[X,Y]. 


Note that the map (X,Y) = [F(X,Y), G(X, Y)] does not change if F and G are 
each multiplied by a nonzero constant c € K™*, since the coordinates are homoge- 
neous. 


Definition. Let ¢ : P! — P! be a rational map as above and write 
d= [F(X,Y),G(Xx,Y)] 


with homogeneous polynomials F,G € K[X,Y]. We say that the pair (F,G) is 
normalized, or that ¢ has been written in normalized form, if F,G € R[X, Y] and at 
least one coefficient of F or G is in R*. Equivalently, 6 = [F, G] is normalized if 


F(X,Y) = a9X4 4+ a,X4'Y +--- 40g .XY*! + aa¥? 
and 
G(X,Y) = byoX* +b) XT TY +--+ + bg 1 XV*? 4 be? 
satisfy 
min{v(a),v(a1),...,v(@a), v(bo), v(b1),..., v(ba)} = 0. (2.3) 
Given any representation @ = [F, G], it is clear that one can always find some c € K* 


such that [cF’,, cG] is a normalized representation. Further, the element c is unique up 
to multiplication by an element of R*. 
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Writing ¢ = [F, G] in normalized form, the reduction of ¢ modulo p is defined 
in the obvious way, 


(X,Y) = [F(X,Y), G(X, Y)] 
= [Gp X44 Gy XT TY +--+ Gg 4, by X44 5, XT TY 4... 4 bY, 


In other words, ¢ is obtained by reducing the coefficients of F and G modulo p. (If 
the prime ideal is not clear from context, we write bp or b mod p.) 

The fact that at least one coefficient of F or G is a unit ensures that at least 
one of F and G is a nonzero polynomial, so the reduction @ gives a well-defined 
map ¢@ : P!(k) > P!(k). Further, the reduced map ¢ is independent of the choice 
of F and G, a fact whose proof we leave to the reader (Exercise 2.4) since it is quite 
similar to the proof of Proposition 2.7. 


The mere existence of the reduction ¢ of a rational map ¢ does not imply that od 
has good properties, as is shown by the following simple example. 


Example 2.12. Let a € K* and consider the rational map 
ba(X,Y) = [aX4,Y4. 


Ifa € R*, then @ 4 Oand the reduced map ¢,(X, Y) = [ax ¢ Y4| is again a rational 
map of degree d. However, if (a) > 0, then @ = 0, so ¢4(X, Y) = [0, Y4] = [0,1] 


is a constant map! Similarly, if v(a) < 0, then a—! = 0, so 
da(X,Y) = [aX4, 4 = [X4,a-1¥4] = [X4,0] = [1,0] 


is again a constant map, but not to the same point!! To summarize, the reduction of 
the map ¢,(X,Y) = [aX%, Y4] separates into three cases, 


[ax?,Y4] ifv(a) =0, 
ba = ¢ (0, 1] if v(a) > 0, 
(1, 0] if v(a) <0. 


Clearly it is only in the first case that the reduced map is interesting. 

Keep in mind that our goal is to use the dynamics of é to help us understand the 
dynamics of ¢. In the above example, if v(a) = 0, then it is easy to see that for any 
PeP(K), 


(P) = ¢(P), and hence by induction, $(P) = $"(P). 


Thus the ¢ orbit of P yields valuable information about the ¢ orbit of P. However, 
if v(a) # 0, then ¢(P) is constant, independent of P, so the ¢ orbit of P contains no 
information. We formalize this notion in Section 2.5 after a preliminary discussion 
of the theory of resultants. 
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2.4 The Resultant of a Rational Map 


A rational map ¢ : P! — P! is given by a pair of homogeneous polynomials 
@ = [F(X,Y),G(X,Y)] 


having no nontrivial common roots. However, if we reduce the coefficients of F 
and G modulo some prime, they may acquire common roots in the residue field. In 
order to understand this phenomenon, it is useful to have a tool that characterizes the 
existence of common roots in terms of the coefficients of F' and G. This tool is called 
the resultant. Resultants and their generalizations are widely used, both theoretically 
and computationally, in number theory and algebraic geometry. We give in this sec- 
tion only a brief introduction to the theory of resultants. The reader desiring further 
information might consult [105, Section 3.3], [112, Chapter 3], [259, Section V.10], 
or [436, Sections 5.8, 5.9], while the reader interested in applications to dynamics 
may wish to peruse only the statements of Proposition 2.13 and Theorem 2.14 and 
return to the proofs at a later time. 


Proposition 2.13. Let 
A(X, Y) =agX" +a,X"™ lV +--+ + any XV" | + anY”, 
B(X,Y) = bo X™ +0, X™ TY +--+ dm XY" 14+ bp Y™ 


be homogeneous polynomials of degrees n and m with coefficients in a field K. There 
exists a polynomial 


Res(ao,-.-,@n,00,---,0m) € Zlao,...,@n,bo,---, bm, 


in the coefficients of A and B, called the resultant of A and B, with the following 
properties: 

(a) Res(A, B) = 0 ifand only if A and B have a common zero in P'(K). 

(b) Ifagbo 4 0 and if we factor A and B as 


A= ao le —aiY) and “i X — BY) 
then = a 
Res(A, B) = af oe TL [Tle 
t=1j=1 


(c) There exist polynomials 
F,, Gy, Fo, G2 € Zlag, see On, 00, see Om [X, Y], 


homogeneous in X and Y of degrees m — 1 and n — 1, respectively, with the 
property that 


F(X, Y)A(X,Y) + Gi(X, Y)B(X,Y) = Res(A, B)X™*"1, 
F(X, Y)A(X, Y) + G(X, Y)B(X, Y) = Res(A, Byy™tr-} 


Notice that in the first equation, the variable Y has been eliminated, and simi- 
larly X has been eliminated in the second equation. 
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(d) The resultant is equal to the (m+n) x (m+n) determinant 


ao A, ag... An 
ag Q@) QQ... an 
Ag G1 Ag... Gn m 
_ ao a, ag an 
Res(A,B)= deta bby os. Bin 
bo by bow... eee bin 
bo b1 bg .....eee- bm 
n 
bo 61 bg ......eee brn 
In particular, Res(A, B) is homogeneous of degree m in the variables ag,...,n 
and simultaneously homogeneous of degree n in the variables bo, ..., bm. 


Proof, We begin by showing that the following three conditions are equivalent. 
(i) A(X, Y) and B(X, Y) have a common zero in P!(K). 


(ii) A(X, Y) and B(X, Y) have a common (nonconstant) factor in the polynomial 
ting K[X, Y]. 


(iii) There are nonzero homogeneous polynomials C, D € K[X,Y] satisfying 


A(X, Y)O(X,Y) = B(X,Y)D(X,Y) 
with deg(C) < m—1landdeg(D)<n-—1. (2.4) 


The equivalence of (i) and (ii) follows immediately from the fact that the greatest 
common divisor of A and B in K[X, Y] vanishes at exactly the common zeros of A 
and B in P(K). (What we are really using here, of course, is the fact that the ring 
of homogeneous polynomials K [X,Y] is a principal ideal domain.) It is also clear 
that (ii) implies (iii), since if A and B have a common factor F, then we simply 
choose C' and D using the formulas A = FD and B = FC. Finally, to prove 
that (iii) implies (i), we suppose that (2.4) is true. If we factor both sides of (2.4) into 
linear factors in K[X,Y], then A(X, Y) has n factors, while D(X, Y) has at most 
n —1 factors. Therefore A(X,Y) shares at least one linear factor with B(X, Y) 
in K [X,Y], and hence they have a common zero in P!(K). 

We next multiply out equation (2.4), treating the coefficients of C and D 
as unknowns. This gives a system of m + n homogeneous linear equations in 
the m + n variables cp,...,Cm-—1;do,---,@n—1, and the matrix of this system is 
(up to changing the sign of some columns and transposing) equal to the matrix given 
in (d). For example, if deg(A) = 3 and deg(B) = 2, then equating coefficients 
in (2.4) gives the system of linear equations 
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Codo = dobo, 

Coa, + €1 a9 = dobi + dybo, 

Coa2 + c1a1 = dobg + dib, + dob, 

C983 + C1 a2 = dibp + dobi, 
C103 dobe, 


whose associated matrix 


becomes equal to the matrix in (d) if we change the sign of the last three columns 
and transpose. The general case is exactly the same. 

To recapitulate, we have shown that equation (2.4) has a nontrivial solution if and 
only if the system of homogeneous linear equations described by the matrix in (d) 
has a nontrivial solution, which is equivalent to the vanishing of the determinant of 
the associated matrix. Hence if we take the determinant in (d) as the definition of 
the resultant Res(A, B), then the equivalence of (i) and (iii) proven above shows 
that Res(A, B) = 0 if and only if A and B have a common zero in P!(K), which 
proves (a). 

In order to prove (c), we write 


Xty™ 4 for O<i<m and X9Y"!%B for 0<j<n 


as a system of homogeneous equations, 


ao a1 Gg... Gn yttm-i xm-la 
ap Q1 a2... An yntm—2y xX™-2yA 
Qo Q1 G2... An xyrtm—3y2 xm-3y7A4 
Qo Q, a2... Qn _ y"-14 
bo by bz ..-....-. bin : ~ | X""B 
bo b1 ba we ee eee. bin X"YB 
bo bt ba ........- bm X°-3y2B 
xyrtm-2 : 
. n+m-—-1 . 
bo b1 bg .... eee. bm Y y"-!B 


Notice that the matrix M appearing here is exactly the matrix in (d) whose deter- 
minant equals Res(A, B). We multiply on the left by the adjoint matrix M*4 of M. 
(Recall that the entries of M 4d) are the cofactors of the matrix M, and that the prod- 
uct M*4M is a diagonal matrix with the quantity det(M/) as its diagonal entries.) 
This yields the following matrix identity, where for convenience we write R(A, B) 
for Res(A, B): 
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R(A, B) 0 0 tee 0 yntm-i x71, 
0 R(A, B) 0 . 0 yntm—2y xnr-2y 4 
0 0 R(A, B) ste 0 xrtm—3y2 xXm-3y?4 
_ ues y™-14 
~ X”!B 
X"?YB 
X”-3y?B 
xyrtn? 
n+m—-1 . 
0 0 0 ++» R(A,B) ¥ Y""B 


Examining the top entry on each side, we find that Res(A, B)X"+™~! on the left- 
hand side is equal to an expression of the form 


F\(X,Y)A(X,Y) + Gi(X, Y)B(X,Y) 


on the righthand side, where F, and G, are homogeneous polynomials of degrees 
m—1andn—1, respectively, whose coefficients are (complicated) polynomials in the 
coefficients of A and B. Similarly, the bottom entry shows that Res(A, B)Y"+™—! 
is equal to an expression of the form 


F)(X,Y)A(X, Y) + G2(X, Y)B(X,Y). 


This completes the proof of part (c) of the proposition. 
Finally, we leave the proof of (b) as an exercise for the reader, or see [436, Sec- 
tion 5.9]. | 


We define the resultant of a rational map in terms of its defining pair of polyno- 
mials. 


Definition. Let ¢ : P! —+ P! be a rational map defined over a field K with a 
nonarchimedean absolute value | - |,. Write @ = [F, G] using a pair of normalized 
homogeneous polynomials F, G € R[X, Y]. The resultant of ¢ is the quantity 


Res(¢) = Res(F, G). 


Since the pair (F,G) is unique up to replacement by (uF, uG) for a unit u € R*, 
we see that Res(¢) is well-defined up to multiplication by the 2d"-power of a unit. 
In particular, its valuation v(Res(@)) depends only on the map ¢. 


The resultant of a rational map ¢ provides an upper bound to the extent that ¢ 
is expanding in the chordal metric. In particular, a rational map is always Lipschitz 
with respect to the chordal metric, and if its resultant is a unit, then the map is non- 
expanding. (See also Exercise 2.10.) 


Theorem 2.14. Let ¢ : P! — P? be a rational map defined over a field K with a 
nonarchimedean absolute value | - |y. Then 


pu($(P1), @(P2)) < |Res(d)|,7o.(Pi, P2) forall P,, Pz € P'(K). 
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Proof. Write @ = [F(X,Y), G(X, Y)] in normalized form. Proposition 2.13(c) says 
that there are homogeneous polynomials F\, G1, F2,G2 € R[X, Y] satisfying 
F(X, Y)F(X,Y) + Gi(X, Y)G(X,Y) = Res(¢) X27], 
F(X, Y)F(X,Y) + Go(X, Y)G(X,Y) = Res(o)¥74"1. 
Now let P = [x,y] € P'(K) be a point, which we assume written in normal- 
ized form. We substitute [X,Y] = [z, y] into the first equation and use the nonar- 
chimedean triangle inequality to compute 
| Res(4)a?*"|, = |Fi(a,y) F(a, y) + Gr (a, y)G(a, yu 
< max{|Fi(z,y)F(2,y) |v, |Gi (2, G(x, yo} 
< max{|Fi(x,y)lv,|Gi(x,y)|vf -max{|F(2,y)|v, (G(x, y)lv} 
< max{|F(2,y)lv,|G(@, y)lep- 


A similar calculation using the second equation gives the analogous estimate 


| Res()y"4"|, < max{|F(x,y)lv,|G(a, y) |v }- 


Since P is normalized, i.e., max{|z|., |ylv } = 1, we find that 


| Res(@)|. < max{|F(zx,y)|v,|G(a, ye }- (2.5) 


Notice that this estimate bounds the extent to which F(z, y) and G(x, y) can be 
simultaneously divisible by high powers of p. 

Returning to the proof of the theorem, we write P; = (11, y:], P2 = [2, yo], and 
& = [F(X, Y), G(X, Y)] in normalized form. Then the distance from P; to P2 is 


Pu( Pi, Pe) = |riyo — royile, 


while we can use the inequality (2.5) (applied to both P; and P2) to estimate 


pu((P1),6(Pa)) 
_ |F (1, y1)G(z2, y2) ~ F(x2,y2)G(1,1)|, 
7 max{|F (21, y1)|v, IG(z1, 91) |v} -max{|F (x2, y2)lv, |G(x2, y2) |v } 
|F (21, 91)G(z2, ye) 7 F(22,y2)G(a1,y1)|, 
| Res(o)|i , 


To complete the proof, we observe that the polynomial 


F(X, Yi)G(X2, Y2) — F(X, Y2)G(X1,%1) 


vanishes identically if XY. = X2Yj. It follows that it is divisible by the polynomial 
X1Y2 — X2Yj in the ring R[.X], Yi, X2, Yo), so we can write 


F(X1, Y1)G(Xo, Yo) — F( Xo, Yo)G(41,%1) = (M1 Yo- X2Vi1) A(X, Ni, Xe, Yo) 
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for some polynomial H € R[X1, Yi, Xo, Yo]. Then 


|(z1y2 — 224i) H (21, 91,22, y2)|, 
| Res(#) |i 

[z1y2 — Z2yi lv 

~ | Res(¢)|> 

_ Pu(Pi, Pe) 

~ | Res()/2 ” 


pv (Pi), @(Pa)) < 


2.5 Rational Maps with Good Reduction 


As we saw in Example 2.12, the reduction @ of a rational map ¢@ may bear little 
resemblance to the original map. Indeed, even the degree of the map may change. In 
this section we characterize maps for which deg(¢) = deg(¢). These maps are the 
dynamical analogue of varieties that have good reduction, and they share many of 
the same properties. See [410, Chapter VII], for example, and compare the results of 


this section with the properties of elliptic curves that have good reduction. 


Theorem 2.15. Let ¢ : P! — P? be a rational map defined over K and write 
@ = |F, G] in normalized form. The following are equivalent: 


(a) deg(¢) = deg(¢). 

(b) The equations F(X,Y) = G(X, Y) = 0 have no solutions [a, 8) € P*(k). 

(c) Res(¢) € R*. 

(d) Res(F, G) # 0. 
Proof. The equivalence of (b), (c), and (d) is immediate from the basic properties of 
the resultant given in Proposition 2.13, once we observe that 

Res(F, G) = Res(F, G). 

This equality follows from the fact that the resultant is simply a polynomial in the 
coefficients of F and G. 


To complete the proof, we observe that the degree of b is equal to the degree of ¢ 
minus any cancellation that occurs in F(X, Y)/G(X, Y). In other words, 


de j= deg — Number of common roots 
BO = CB of F(X,Y) = G(X,Y) =0)" 


where the roots are counted with appropriate multiplicities in P!(k). In particular, 
deg ¢@ = deg ¢ if and only if F and G have no common roots, which proves the 
equivalence of (a) and (b). O 


Definition. A rational map ¢ : P! — P! defined over K is said to have good reduc- 
tion (modulo p) if it satisfies any one (hence all) of the conditions of Theorem 2.15. 
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Remark 2.16. There is a fancier, but useful, characterization of good reduction 
in the language of schemes. The rational map ¢ is a morphism ¢:P_ — PL 
over Spec(K), so it induces a rational map P, > P) over Spec(R). Then ¢ 
has good reduction if and only if this rational map over Spec(2) extends to a 
morphism. In other words, good reduction is equivalent to the existence of an 
R-morphism dp : P — Pk whose restriction to the generic fiber is the original 
map @:P). — Px. In this setting, the reduction é is then simply the restriction 
of dp to a morphism of the special fiber ¢ : PL + P} over Spec(k). See Exer- 
cise 2.15. 


As a first application of the notion of good reduction, we use Theorem 2.14 to 
prove the somewhat surprising result that maps with good reduction have empty Ju- 
lia sets. Later, in Chapter 5, we will prove that rational maps always have nonempty 
Fatou set. This is exactly opposite to the situation that holds over the complex num- 
bers C, where the Julia set is nonempty, but the Fatou set may be empty. 


Theorem 2.17. Let ¢ : P' — P? be a rational map that has good reduction. 
(a) The map ¢ is everywhere nonexpanding, 


pv(O(Pi), O(P2)) < po(Pi,P2) forall Py, P2 € P*(K). 
(b) The map ¢ has empty Julia set. 


Proof, (a) This is immediate from Theorem 2.14 and the fact that good reduction is 
equivalent to Res(¢) € R*. 

(b) Itis clear from the definition of equicontinuity that a nonexpanding map is equi- 
continuous. Indeed, the iterates of a nonexpanding map are uniformly continuous, 
and indeed, even uniformly Lipschitz (cf. Section 5.4 and Exercise 5.9). O 


As their name suggests, rational maps with good reduction behave well when 
they are reduced. 


Theorem 2.18. Let ¢@ : Pt — P! be a rational map that has good reduction. 

(a) o(P)=¢(P) forall P € P'(K). 

(b) Let y : P! — P! be another rational map with good reduction. Then the com- 
position ¢ 0 % has good reduction, and 


gow =o. 
Proof. (a) Write ¢@ = [F(X,Y),G(X,Y)] in normalized form with homoge- 
neous polynomials F,G € R[X,Y], and write P = [a, {| in normalized form 


with a, 3 € R. The good reduction assumption tells us that at least one of F(a, 3) 
and G(q, 3) is in R*, so the point 


$(P) = [F(a, B),G(a, 8) 


is already in normalized form. Hence 
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o(P) = [F(a, 8), Gla, 8) = [E(4, 8), G(&, B)| = 6(P), 


where the second equality simply reflects the fact that the reduction map R — k isa 
homomorphism. 

(b) Write ¢ = [F(X,Y),G(X,Y)] and } = [f(X,Y),9(X, Y)] in normalized 
form with homogeneous polynomials F,G, f,g € R[X,Y]. Then the composition 
is given by 


(G0 %)(X, Y) = [A(X,Y), B(X,Y)] 


FOF(X,Y),9(4, Y)), GA(XY), (XY). 


Clearly A(X, Y) and B(X, Y) have coefficients in R. Suppose that their reductions 
A and B have a common root [a, 3] € P!(k). This means that 


F(f(a, 8), 9(a,8)) = and = G(f (a, 8), §(a, 8)) = 


so F and G have the common root [ (a, 3), g(a, B)|. But ¢ has good reduction, so F 
and G have no common root in P1(k), and hence we must have 


fla, B) = g(a, B) = 


But this contradicts the assumption that ~ has good reduction. This proves that the 
polynomials A(X, Y) and B(X,Y) have no common root in P!(k), and therefore 
~ow = [A, B] has good reduction. We have also shown that the pair (A, B) is 
normalized, so 


600 = [A,B] = [F(f.9),G(F.9)] = (FAD), G(F.9)] = 04, 


which completes the proof of the theorem. Oo 


=| 


Remark 2.19. (a) The good reduction assumption in both parts of Theorem 2.18 is 
essential. See Example 2.12 and Exercise 2.13. 

(b) For an alternative proof of Theorem 2.18(b) that uses formal properties of re- 
sultants and provides additional information about the reduction of the composition 
of two maps, see Exercise 2.12. 

(c) It turns out that the converse of Theorem 2.18(b) is false. In other words, a 
composition ¢ ow may have good reduction, while both ¢ and w have bad reduction. 
For example, let $([x,y]) = [2*, py] and o([x,y]) = [p?x?,y*]. Then ¢ = [1,0] 
and w = [0, 1] are constant maps, so ¢ and 7 have bad reduction. However, 


(0 6)([e, y]) = [p?2*,p*y*] = (24, y'], 


so yo ¢ has good reduction. 
One might object to this example by noting that there is a change of variables 
such that ¢(z) = z?/p has good reduction, and similarly for w(z) = p?z?. Thus if 


f(z) = pz, then 
f(z) = (fod f(z) =(f7' 0 b)(pz) = f 72) = 2? 
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has good reduction. However, it is not difficult to modify this example so that @ and 7 
have bad reduction for all possible changes of variable; see Exercise 2.14. 

(d) If we use the scheme-theoretic definition of good reduction as described in Re- 
mark 2.16, then both parts of Theorem 2.18 are clear. For example, if ¢ and 2 are ra- 
tional maps with good reduction, then they extend to maps ¢z and tz over Spec(R), 
and the commutativity of the diagram 


PL PR PL oR PL 
pL —Y, pl —_*., pL 


immediately gives gow = go. Similarly, a point P € P!(K) corresponds to 
a unique morphism (i.e., a section) Pr : Spec(R) — Ph, from which the equal- 
ity $(P) = 4(P) is immediate using the fact that the composition of R-morphisms 
rR © Pr behaves well when restricted to the special fiber of Ph. In other words, the 


following diagram commutes: 


An easy, but important, consequence of the theorem on good reduction is that 
periodic points behave well under reduction. 


Corollary 2.20. Let ¢ : P! -+ P! be a rational map with good reduction. Then 
the reduction map sends periodic points to periodic points and preperiodic points to 
preperiodic points: 


Per(¢) —> Per(¢) and PrePer(¢) —> PrePer(¢). 


Further, if P € Per(@) has exact period n and if P € Per(@) has exact period m, 
then m. divides n. 


Proof. Suppose first that P is periodic of exact period n, so P = $"(P). Reducing 
both sides modulo p and using Theorem 2.18 yields 


P= 9"(P)="(P), 


which shows that P is periodic. Let m be the exact period of P and writen = mk+r 
with 0 < r < m. Then 
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B= GB) =F ogmo--04™(P) =4"(P). 
rT 


The minimality of m implies that r = 0, and hence m divides n. This proves the 
assertion about periodic points. 

Similarly, if P is preperiodic, say ¢'(P) = ¢(P), then Theorem 2.18 gives 
¢'(P) = @ (P). Hence P is preperiodic. Oo 


2.6 Periodic Points and Good Reduction 


Corollary 2.20 tells us that if @ has good reduction, then its periodic points reduce 
to periodic points of ¢. In this section we analyze the reduction map Per(¢) — 
Per(¢) and use our results to study Per(#). We start with the following theorem, 
which is an amalgamation of results due to Li [266], Morton—Silverman [312, 313], 
Narkiewicz [325], Pezda [355], and Zieve [454]. 


Theorem 2.21. Let ¢ : P!(K) — P'(K) be a rational function of degree d > 2 
defined over a local field with a nonarchimedean absolute value | - |,. Assume that 
has good reduction, let P € P!(K) be a periodic point of ¢, and define the following 
quantities: 


n The exact period of P for the map $. 
m The exact period of P for the map $. 
r The order of \3(P) = (6) (P) in k*. (Setr = c if \3(P) is not a root of 
unity.) 
p The characteristic of the residue field k of K. 


Then n has one of the following forms: 
n=m or n=mr or n=mrp*. 


Remark 2.22. Let E/K be an elliptic curve defined over a local field, and assume 
that F has good reduction. Then one knows [410, VII.3.1] that the reduction map 
E(K) — E(k) is injective except possibly on p-power torsion, where p is the char- 
acteristic of the residue field k. This is very similar to the statement of Theorem 2.21. 
In the case of elliptic curves, it is also possible to bound the power of p in terms of the 
ramification index of p in K. We discuss below (Theorem 2.28) analogous bounds 
in the dynamical setting. 


Proof. We make frequent use of Theorem 2.18, which tells us that 


¢*(Q) = ¢'(Q) forall Q € P'(K) and alli > 0. 


Recall that we used this relation in Corollary 2.20 to prove that the ¢-period of P is 
divisible by the ¢-period of P, which, in our current notation, says that m divides n. 
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Replacing ¢ by ¢™ and m by 1, we are reduced to the case that P is a fixed point 
of ¢. Having done this, we note that 3(P) is equal to ¢’(P). 

If ¢(P) = P, then n = m and we are done. We thus assume that ¢(P) # P. To 
simplify notation, we use Proposition 2.11 to find a transformation f € PGL2(R) 
with f({0, 1]) = P. Replacing P and ¢ with f~!(P) and df = f-!0 go f, respec- 
tively, we may assume that P = [0, 1}. Dehomogenizing z = X/Y, we write ¢ in 
the form 
_ agz? + a,z¢-! +++++Ag-12 + ag 
oe) = boz4 + bz} +++ + bg-iz + ba 


with coefficients ag, ..., gq € Rand at least one coefficient in R*. The fact that [0, 1] 
is a fixed point of ¢ says that 


$(0) = aa/ba4 =0 (mod p), 


sO dg € p and bg € R*. (We are also using the fact that ¢ has good reduction, of 
course.) 

Multiplying numerator and denominator by b>’, we may thus write ¢(z) in the 
form 
dg + ag-12 + +++ +0124"! + ayz4 
(2) 7 1+ ba-12 tree by, 24-1 + boyz? ; 


The first couple of terms of the Taylor expansion of @ around z = 0, which in this 
case may be obtained by simple long division, look like 


A(z) 2 
= Az + 2.6 
b(z) = pt 2+ TBO (2.6) 
with 
A(z), B(z) € R{z], A= ¢'(0), and p=agep. 
A simple induction argument using (2.6) shows that 

¢'(0) =w1+A4+A?+---+A°"') (mod yi”). (2.7) 

In particular, since ¢”(0) = 0 and yu € p, we find that 
T+A+A7 +--- +A"! =O (mod p). (2.8) 


The analysis now splits into two cases. First, suppose that r > 2, or equivalently, 
A #1 (mod p). Then formula (2.8) implies that \” = 1 (mod p), so we find that r 
divides n. If n = r, the proof is complete. Otherwise, we replace ¢ by 6” and n 
by n/r. By an abuse of notation, we continue to write 


A(z) 2 


O(2) = M+ e+ By? 


with the understanding that the values of ys, A, A(z), and B(z) may have changed. 
The principal effect of replacing ¢ by ¢” is that we are now in the situation that 
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A=1 (mod p), 


i.e., the new value of r is 1, which brings us to the second case that we need to 
consider. 
To recapitulate, we have a rational function ¢ satisfying 


¢"(0)=0, w= ¢(0)=0(modp), and A= ¢'(0) =1 (mod p). 
We are further assuming that ¢(0) 4 0 (otherwise, we are done), so (2.8) becomes 
n=l+rA+N+---+A" 1 =0 (mod p). 


Thus n is divisible by p. We replace ¢ by ¢? and n by n/p. If now ¢(0) = 0, we are 
done. If not, the same argument shows that n is again divisible by p. Repeating, we 
continue dividing n by p until finally we reach n = 1. This concludes the proof that 
the original period 7 has one of the forms 


n=m or n=mr or n=mrp® 
for some e > 1. Oo 


We have seen that maps with good reduction are nonexpanding. This implies that 
their periodic points are nonrepelling. If the reduction o is separable, we can say even 
more. (Recall that ¢(z) € k(z) is separable if it is not in k(z?). See Exercise 1.10 
for details.) 


Corollary 2.23. Let ¢ : P! — P! be a rational map that has good reduction. 
(a) Every periodic point of @ is nonrepelling. 
(b) If the reduction ¢ is separable, then ¢ has only finitely many attracting periodic 
points. 


Proof. (a) Theorem 2.18 tells us that @” has good reduction. Let P be a periodic 
point of ¢ of exact period n. Using Lemma 2.5, we can make a change of coordinates 
so that P = {0, 1]. Then we can write 6" (z) in normalized form as 


g(a) = Fl) _ _miztane? +o oar! 
~ G(z) by + byz + bg22 +--+ + dgz4 


The fact that ¢” has good reduction implies that bb) € R*, since otherwise z = 0 
would be a common root of F and G. Hence 


a1 


Ap($) = (9")'(0) = % © 
so |Ap(¢)|y» < 1, which shows that P is a nonrepelling point for ¢. 
(b) Again let P be a periodic point for ¢ of exact period n, and let m be the period 
of the reduced point P. Then we have equivalences 


2.6. Periodic Points and Good Reduction 65 


<= (¢")"(P) =0 

<=> ($")'(P) =0 

<=> '(P)-d'(GP)- (PP) ---d'(G" 'P) =0 

<=> (d(P)-h (GP) - b'(PP)--- dG" B))™™ =0 
D\n/ 


<=> O3(P) contains a critical point. 


The fact that ¢ is separable implies that a version of the Riemann—Hurwitz formula 
(Theorem 1.1) is valid; see Exercise 1.10. Hence the map @ has finitely many (pre- 
cisely, at most 2d — 2) critical points, and a fortiori, the map ¢ has only finitely many 
periodic orbits containing a critical point. In particular, there is a finite list of possible 
periods for P. Further, we know that the multiplier \ glP) = (@™)' (P) of P is 0, 
so Theorem 2.21 tells us that n = m. There are thus only finitely many possibilities 
for the period of P, and since ¢ has finitely many points of any given period, we 
conclude that ¢ has only finitely many attracting periodic points. O 


Remark 2.24. The separability assumption in Proposition 2.23 is necessary, as is 
shown by the example ¢(z) = 2”, all of whose periodic points are attracting. See 
also Exercise 2.16. 


Example 2.25. Let $(z) € Ze[z] be a polynomial of degree d > 2 whose leading 
coefficient is a 2-adic unit. Then ¢ has good reduction. Let P € P'(Qs) be a periodic 
point of exact period n > 2. In the notation of Theorem 2.21, n = mr2°, where m 
is the period of P in P'(F2) and r is the order of A g(P) in F3. But P!(F2) has only 
three points, and the fact that ¢ is a polynomial means that the point at infinity is not 
in the orbit of P, so either m = 1 or m = 2. Similarly, we note that F4 has only one 
element, so r = 1. It follows that n = 2° for some s > 0. 

Similarly, if @(z) € Z3[z] is a polynomial of degree d > 2 with leading coeffi- 
cient a 3-adic unit, and if P € P!(Qs) is a periodic point of exact period n > 2, then 
we find that n = mr3¢ with 1 < _m < 3and1 <r < 2. Thusn = 2° - 3” for some 
0<t< 2and some u > 0. 

Finally, let 6(z) € Z[z] be a polynomial of degree d > 2 whose leading coeffi- 
cient is relatively prime to 6. Then ¢ has good reduction at 2 and 3, so the period n 
of a periodic point P € P!(Q) satisfies both n = 2° and n = 2' - 3" witht < 2. 
This proves that n is either 1, 2, or 4. The examples 6(z) = z? with z = 0 and 
o(z) = z? — 1 with z = 0 show that n = 1 and n = 2 are possible. Can you find an 
example with n = 4? See Exercise 2.20 for a stronger version of this example. 


The above example illustrates how the local result given in Theorem 2.21 can be 
used to derive strong bounds for the periods of periodic points defined over number 
fields by applying the theorem to two different primes. We now use the same argu- 
ment to give a general result that, although not the strongest possible bound using 
these methods, is sufficient for many applications. 
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Corollary 2.26. Let K be a number field, let 6: P' — P' be a rational map defined 
over K, and let p and q be primes of K such that @ has good reduction at both p 
and q and such that the residue characteristics of p and q are distinct. Then the 
period n of any periodic point of ¢ in P'(K) satisfies 


n < (Np* — 1)(Nq’ ~ 1), 


where Np and Nq denote the norms of p and q respectively. 

In particular, the set Per(d, K) of K-rational periodic points is finite. (For an 
alternative proof of the finiteness of Per(¢, K) using the theory of height functions, 
see Theorem 3.12.) 


Proof. Using the obvious notation, we have 


Mp = (period of 6(P) mod p) < #P!(F,) = Np +1, 


Tp = (period of \g(P) mod p) < #F, = Np — 1, 


and similarly for m, and rq. Let p and q denote the residue characteristics of p and q, 
respectively. Then Theorem 2.21 says that 


N= Mp Tp “per = ™Mq Tq Q°4. 
Since p and q are distinct primes, it follows that 
1 < Mp + Ty+ Mg Tq S (Np + 1)(Np — 1)(Nq + 1)(Nq — 1), 


which is the first part of the corollary. 

The finiteness of Per(@, K’) then follows from the fact that ¢ has good reduction 
at almost all primes of K and the fact that it has only finitely many periodic points 
of any given period n. Oo 


Remark 2.27. The bound for rational periodic points in Corollary 2.26 depends only 
weakly on ¢ in the sense that the bound is solely in terms of the two smallest primes 
of good reduction for ¢. There are many results in the literature using local and/or 
global methods that describe bounds for rational periodic points that depend in var- 
ious ways on the rational map. See for example [52, 87, 90, 91, 162, 171, 312, 
325, 326, 328, 332, 353, 355, 358, 359, 361, 454]. However, none of these arti- 
cles achieves the uniformity predicted by a conjecture that we discuss in Chapter 3 
(Conjecture 3.15). This conjecture asserts that for a number field K of degree D and 
a rational map ¢ € K(z) of degree d > 2, the number of K-rational preperiodic 
points of ¢ should be bounded solely in terms of D and d. 


If K is a discrete valuation ring of characteristic 0, then it is possible to bound 
the exponent e appearing in the formula n = mrp*® in Theorem 2.21. 


Theorem 2.28. (Zieve [454], see also Li [266] and Pezda [355]) We continue with 
the notation and assumptions from Theorem 2.21. We further assume that K has 
characteristic 0 and we let vu: K* —» Z be the normalized valuation on K. If the 
period n of P € P*(K) has the form n = mrp®, then the exponent e satisfies 
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(2.9) 


Further, if p = 2, then the upper bound may be replaced with v(p)/(p — 1). (Note 
that v(p) is the ramification index of p in K.) 


Remark 2.29. Let R be the local ring of K and let F be a formal group defined 
over R. (See, e.g., [410, chapter IV] for basic material on formal groups.) Theo- 
rem 2.28 is a close analogue of the fact [410, IV.6.1] that the torsion in the formal 
group F(R) consists entirely of p-power torsion, and that if a € F(R) has exact 
order p®, then p°-! < v(p)/(p — 1). 


Example 2.30. Let q be a power of an odd prime p, let € € Q, be a primitive q®" root 
of unity, let K = Q,(¢), and let o(z) = 1+ ¢z — z4. The maximal ideal of K is 
p = (1-6), so dé = 1+ z — 24 has good reduction. The point a = 1 isa point 
of exact period q for ¢, since o)(1) = ©, while G is clearly a fixed point of ¢. 
Further, ¢’(@) = 1. Hence in the notation of Theorem 2.21, we have n = q,m = I, 
r = 1, and ¢ is determined by q = p*. On the other hand, the extension K/Q, is 
totally ramified, so the normalized valuation v : K* — Z satisfies 


v(p) = [K : Qp] = q(1-1/p) = p*'(p— 1). 


Thus the inequality (2.9) in Theorem 2.28 becomes p®—! < 2p*—', which shows that 
the power of p cannot be improved. 


We do not give the proof of Theorem 2.28, but are content to prove the following 
special case, which serves to indicate some of the combinatorial issues that arise. 


Theorem 2.31. Let p > 5 be aprime, let K = Qp, or more generally, an unramified 
extension of Qy, let @ : P! —+ P! be a rational map defined over K with good 
reduction, and let P € P!(K) be a periodic point with the property that 


P)=P and §(P)=1. 


Then 6(P) = P. (In the notation of Theorem 2.2), this theorem asserts that ifm = 
r= 1, thene =Oandn=1.) 


Proof. As in the proof of Theorem 2.21, we begin by moving the periodic point to 
the origin and dehomogenizing ¢. Recall that during the proof of Theorem 2.21, we 
used a first-order Taylor expansion (2.6) for ¢(z) around z = 0. In order to bound 
the exponent e, we need to use the second-order expansion 


A(z) 3 


= r 24 
O(z)=ptrAz + vz + TEEBG)*? 


(2.10) 


where 


A(z), B(z)€ Riz], wep, A=G'(0)=1(modp), and VER. 
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(In general, to prove a sharp estimate for the exponent as in Theorem 2.28, one 
needs to consider a longer Taylor expansion. But for the unramified case that we are 
considering, the second-order expansion (2.10) suffices.) 

Using the results already proven, it suffices to show that if 1 4 0, 1.e., if 6(0) 4 0, 
then ¢?(0) 4 0. This will then imply by induction that ¢”° (0) 4 0 for all e > 1, con- 
tradicting the assumption that 0 is a periodic point of ¢. 

During the proof of Theorem 2.21 we gave a simple formula (2.7) for ¢*(0) 
modulo py”. In a similar manner we use (2.10) to find a formula modulo p°. To 
derive this formula, we write ¢*(0) = pa, + p2vb,, substitute into (2.10), and do 
some algebra to obtain 


Han+1 + LW vd = O(pag + p?Vd,) 
=ptrA(pay + p?vb,) + vp2az (mod p) 
= p(1+Aax) + p?v(aZ +Ab_) (mod py’). 


This yields the recurrences 
Gk+1 =1+ ax (mod py?) and de = az + Ay, (mod yp). 


Starting from a, = 1 and b; = 0, it is now a simple matter to find formulas for a, 
and b; and check them by induction. The end result is 


1=0(0) +h (ae a (») yi (mod p?). (2.11) 


We are going to apply (2.11) with k = p. Consider the sum 5~ 7. We know that 
= 1 (mod p), and we are assuming that p is unramified in K, so \ = 1+ cp for 
some c € R. Assuming that c # 0, i.e., that \ 4 1, we compute 


_ p_ P 
y= _ ~— = a -)> (") (cp)'-! =p (mod p*). (2.12) 
i=1 
Note that the final congruence is true because every binomial coefficient (? ) with 
1 <1 < pis divisible by p (and we are assuming that p # 2). We also observe 
that the congruence is true even for \ = 1, although the intermediate calculation is 
incorrect. 

We perform a similar calculation for the more complicated sum in (2.11), but this 
time we are interested only in the value modulo p, so we can replace . by 1: 


(2.13) 
Note that for the last step we are using the assumption that p > 5. 
Substituting (2.12) and (2.13) into the iteration formula (2.11) (with k = p) 
yields 
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G?(0) = (p+ ap”) + u?vbp (mod p*), 
where a and 0 are in R. The fact that p is unramified in K means in particular that p 
divides py, so 
¢?(0) =p (mod pp’). 
Now using our assumption that j, # 0, we deduce that ¢?(0) 4 0, which completes 
the proof of the theorem. O 


2.7 Periodic Points and Dynamical Units 


Let ¢ be a primitive p" root of unity. Then the expression 
p p 


Gini 
¢—1 


is a unit in the cyclotomic field Q(¢), a so-called “cyclotomic unit.” Similarly, if ¢ 
and ¢ are roots of unity of relatively prime orders, then the difference ¢, — C2 is an 
algebraic unit. The crucial fact underlying these constructions is that distinct roots 
of unity remain distinct when they are reduced modulo primes. It follows that their 
differences are not divisible by any primes, and hence that they are units. 

Theorem 2.21 can be used to deduce conditions under which distinct periodic 
points remain distinct when reduced modulo primes, so it can be used to construct 
units in a similar fashion. These constructions can be done either using different 
points in a single periodic orbit or using points of different periods. The following 
proposition provides us with the information needed to construct units of various 
kinds. In fact, since Lemma 2.8 tells us that the v-adic chordal metric satisfies 


pv(P,Q) <1 = P=Q, 


the proposition actually says something stronger than the simple assertion that certain 
pairs of points have distinct reductions. 


Proposition 2.32. Let ¢(z) € K(z) be a rational function of degree d > 2 with 
good reduction. 
(a) Let P € P'(K) be a point of period n for 6. Then 


pr(G'P, dP) = py(o'**P, Gg **P) for alli,j,k EZ, 


where for i < 0 we use the periodicity 6" P = P to define ¢' P. 
(b) Let P € P!(K) be a point of exact period n for ¢. Then 


pv(¢"P, dP) = p, (oP, P) for alli,j € Z satisfying gcd(i — j,n) = 1. 


(c) Let P,, Pp € P'(K) be periodic points for of exact periods n, and ng, re- 
spectively, Assume that ny { nz and ne { n. Then 


Py(Pi, P2) = 1. 
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Proof. (a) Proposition 2.14 and the good-reduction assumption imply that 


pr(Q,R) > po($Q,oR) forall Q,R € P'(K). 
Applying this repeatedly yields 
pr (Q, R) 2 pv(¢Q, oR) 2 p(¢°Q, oR) 
> p.($?Q, #R) > --- > po($"Q, 9" R). 


If we now make the further assumption that Q and R are points of period n, then 
pv(o"Q, dR) = p,(Q, R), so all of the inequalities must be equalities. This proves 
that if @"(Q) = Q and ¢"(R) = R, then 


pv(Q, R) = pr(o*Q, o* R) for all k € Z. 


Substituting Q = ¢'P and R = @’P for the given point P of period n completes 
the proof of (a). 

(b) We know from (a) that the distance p,(¢'P,é/P) depends only on the dif- 
ference i — 7. We use this fact and the nonarchimedean triangle inequality (Theo- 
rem 2.4(d)) to estimate 


p(P, o*P) < max{p,(P, dP), pu(OP, ¢?P),...,p(¢" "P, &*P)} 
= pr (P, $P). (2.14) 
In a similar fashion we obtain the estimate 
po(P, oP) < max{py(P, $"P), po(O*P, dP), po(d*P, HP), 
-« po(b'™ DEP, 6™ P), py (d™* P, dP)} 
= max{p,(P,¢*P), py(d"*P, P)}. (2.15) 


If we now make the further assumption that gcd(k,n) = 1, then we can find an 
integer m satisfying mk = 1 (mod n). Then ¢”* P = $P, so (2.15) becomes 


pu(P, OP) < max{py(P, ¢*P), po(bP, @P)} = pu(P, *P). (2.16) 
Combining (2.14) and (2.16) yields 
py(P, OP) = py(P,¢*P) forall k satisfying gcd(k,n) = 1. 
In particular, if ged(¢ — j,n) = 1, we can use this formula and (a) to compute 
pu($'P, oP) = po(P, oP) = po(P, oP). 


(c) Suppose that p,(P1,P2) < 1, or equivalently from Lemma 2.8, suppose that 
P,; = Po. Letm be the exact period of P, and let r be the order of its multiplier 
» gl). Then Theorem 2.21 tells us that both n; and ne are in the set 


{m,mr,mrp, mrp*, mrp?,...}. 


It follows that either n, divides ne, or that ng divides n1, contradicting the assump- 
tion on nm, and ng. Therefore p,(P,, P2) = 1. oO 
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It is a simple matter to use Proposition 2.32 to construct units from periodic 
points. We begin with the easier case of a polynomial mapping. 


Theorem 2.33. (Narkiewicz [325]) Let ¢(z) € R[z| be a polynomial of degree 
d > 2 whose leading coefficient is a unit in R. Let « € K be a periodic point of ¢ of 
exact period n (with n > 2), and leti, 7 € Z@ be integers satisfying gcd(i — j,n) = 1. 


Then 
POH OO — pw 
oa — a 


Proof. The assumption that ¢(z) is a polynomial with unit leading coefficient im- 
plies that ¢ has good reduction, since 


Res(apX@ + a,X¢1Y +---+ag¥4,¥%) = af. 


We next observe that every periodic point of ¢ is integral over R, since it is a root of 
an equation 6"({z) — z = 0. Finally, we note that the distance between integral points 
a, 8 € Ris given by 


f(a, 8) = Pr ([a, 1], (3, 1)) = lox — Bly. 


Using this formula and Proposition 2.32(b), we compute 


gia pa _ |p’ 7 Poly _ py(d'a, da) | gO 
da-a |, |da-al, Pv( Ga, @) 


We create units from periodic points of arbitrary rational maps using a cross-ratio 
construction. 


Definition. Let P,, P2, P3,P, € P'(K), and choose homogeneous coordinates 
P, = |2;, y;| for each point. The cross-ratio of P,, Pz, P3, Ps is the quantity 


(Py, Pp, Py, Ps) = 2¥8 = 2a) (ava ~ Taya) 
3£2,£3; (r1y2 _ Loy )(@sya — Lays) 


Notice that «(P,, P2, P3, P,) is independent of the choice of homogeneous coordi- 
nates for the points. 


Theorem 2.34. (Morton—Silverman [313, Theorem 6.4(a)]) Let 6 € K(z) bea 
rational map of degree d > 2 with good reduction. Let P € P'(K) be a periodic 
point for ¢ of exact period n, and let i and j be integers satisfying 


gcd(j, n) = gcd(é ~~ 1,n) - gcd(é — jin) =1. 


Then 
K(P, oP, dP, ¢! P) € R*. 
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Proof. Comparing the definition of the cross-ratio to the definition of the chordal 
metric, we see that 


pu(P1, P3) pv (Pa, Ps) 


P,, Po, Ps, P4)|,, = Se" 
|K( ly 2, P3, IL, Pv(P1, P2)py( Ps, Ps) 


The assumptions on 7 and j and Proposition 2.32(b) tel! us that 


pu(P, oP) = pu(P, ¢'P) = pu (oP, & P) = pl GP, dP). 


Hence 
ipa pul P, oP) pu (bP,  P) 
K(P, OP, ¢'P, ¢'P)|, = DB apy ab 
( M1, = p.(PdP\pu (dP. oP) 
which proves that the cross-ratio is a unit. O 


We can also construct units using periodic points of different periods. This may 
be compared with the two different types of cyclotomic units, 


G-¢ 
Ga and Cm ~~ Cn ? 


where ¢,, indicates a primitive n™ root of unity and the condition gcd(m,n) = 1 
ensures that ¢,, — Cy is a unit. 


Theorem 2.35. Let ¢ € K(z) be a rational map of degree d > 2 with good reduc- 
tion. Let n1,n2 € Z be integers with ny { nz and ng { m, let P;, Po € P'(K) be 
periodic points of exact periods n, and ng respectively, and write P; = |x;,y;] in 
normalized form. Then 

Z1Yy2 — Tayi € R*. 


Proof. Since we have taken normalized homogeneous coordinates, the chordal met- 
ric is given by 
Po( Pi, Pa) = |e1y2 — t2y1|v- 


The assumptions on n; and nz and Proposition 2.32(c) tell us that p,(Pi,P2) = 1, 
and hence 1172 — X24} is a unit. | 


Remark 2.36. For further information on the geometric and arithmetic properties of 
periodic points and the fields that they generate, see Sections 3.9, 3.11, and 4.1.6. 
In some sense, periodic and preperiodic points play a role in arithmetic dynamics 
analogous to the role played by torsion points in the arithmetic of elliptic curves or 
abelian varieties, albeit the dynamical setting has considerably less in the way of 
helpful structure. 


Example 2.37. We use the polynomial ¢(z) = z? + 1 to construct units. First we 
compute 
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dz) -z=227-241, 
b?(z) —z = 244227 -—242= (2? —241)(2? +242), 
b?(z) — z= 2% +4294 824 + 827-245 

= (27 -—24+1)(22 42° +424 +329 + 72? + 4245), 


It is not surprising that 4(z) — z divides both 7(z) — z and ¢?(z) — z, since any 
root of the former is clearly a root of the latter two; cf. Exercise 1.19(a). We have 


pest(a)= {722} and Peng (o) = {A}, 


where recall that Per>*(@) denotes the set of points of exact period n for ¢. 
Further, the six roots of the polynomial 


3(z) = 29 4.29 44244323 +727 +4245 
constitute a set of the form 


{a, $(a), °(a), 8, (3), 6°(B)}, 


since we know that the roots of ©3(z) are permuted by ¢ into two periodic cycles of 
period 3. In particular, the splitting field K(a, 3) of 63 is a Galois extension of K 
of degree at most 18. 

Applying Theorem 2.33 with 1 = 2 and j = 1 gives a unit 


_ #(a) - (0) 
o(a)—a 


We can check that uw, is a unit in Ria] by computing 


=a’ +a+1€ Rial. 


Nx(a)/K(a* +a +1) = Res(®3(z), 27 +241) =1. 


Similarly, we can apply Theorem 2.33 with i = 2 and 7 = 0 to obtain a second unit 


And replacing a with ¢(a) or with ¢*(q) in u; and uz gives four more units, 
u, = o(a)? + O(a) +1 = a4 + 3a? +3, 
uf = (a)? + P(a)+1=a4 +20? +042, 
uy = o(a)? + 6(a) +2 =a + 307 +4, 
us = ¢(a)? + ¢?(a) +2 =044+ 207 +043. 


(Note that in doing these computations, we make use of the fact that 63(a) = 0.) 
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It turns out that these six units generate a group of rank (at most) 2, since an easy 
computation yields 


ui, = —uj tue, Up = Uj, ul = Up, Uy = UUz . 
This is not surprising, since one can check that the polynomial ©3(z) is irreducible 
over Q and that all of its roots are complex. Thus the global field Q(a) is a totally 
complex extension field of degree 6, so its unit group has rank 2. 
We can use Theorem 2.35 to create more units. Taking n; = 2 and ng = 3 and 
letting y = $(-1 + V—7), we have 


ujg=o(y)-P(a)ERP,o]* for0<i<ilandO<j <2. 


The extension Q(a, y)/Q is totally complex of degree 12, so has five independent 
units. We leave as an exercise for the reader to compute the number of independent 
units in the set {w,,; }. 


Exercises 


Section 2.1. The Nonarchimedean Chordal Metric 


2.1. Let K be a field that is complete with respect to an absolute value v and let d(z) € K[z] 
be a polynomial. The filled Julia set K(¢) of ¢ is the set 


K({o) = {a eK: |e"(a)|, is bounded for n = 1,2,3,...}. 


(Note that this definition applies only to polynomials, not to more general rational maps.) 

(a) Prove that the filled Julia set (@) is a closed and bounded subset of K’. Note that if 
is locally compact, for example K = Q, or K = C, then this implies that K(d) is 
compact. However, there are cases of interest for which this is not true, e.g., the comple- 
tion C, of an algebraic closure of Qp. 

(b) Prove that the complement of K(¢) is equal to the set of all P € P” satisfying 


lim ¢"(P) = 00, (2.17) 
where the limit is in the v-adic topology. Equivalently, prove that it is the set of P sat- 
isfying lim p,(¢"(P),oo) — 0 or, writing P = [a, 1], the set of points satisfying 
\6"(a)|» — oo. The set determined by (2.17), which from (a) is an open set, is called 
the attracting basin of co. 

(c) Prove that the Julia set 7 () of ¢ is the boundary of the filled Julia set K(@). 

(d) Prove that the filled Julia set K(@) is completely invariant, i-e., prove that it satisfies 

& (K(9)) = K(#) = o(K(4)). 
Section 2.3. Reduction of Maps Modulo a Prime 
2.2. Let f = (22) € PGLe(K) with a,b,c,d € R, at least one of a,b, c,d in R*, and 
ad = be (mod p). Prove that there exist points P,Q € P'(K) satisfying 
P=Q and f(P)# f(Q). 

Thus Proposition 2.9 is false in general if f ¢ PGL2(R). 
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2.3. Generalize Proposition 2.11 to P? as follows. Let 
Qi = (1, 0,0), Qe = (0, 1, 0], Qs = (0, 0, i], Qa = (1, 1, 1). 


Suppose that P,, Po, P3, Ps € P?(K ) are points whose reductions P,, Leng Py are distinct 
and have the property that no three of them lie on a line in P?(&). Prove that there is a trans- 
formation f € PGL3(R) such that f(P:) = Q; forall 1 <i < 4. 

Formulate and prove an analogous statement for P 


2.4. Let 6 = [F,G] = [F’,G"] be two normalized representations of the rational map 
¢@: P! — P’. Prove that there is a constant u € k* such that 


uF=F' and uG=G. 


Deduce that the reduced map ¢ : P!(k) > P1(k) does not depend on the choice of normalized 
representation. 


Section 2.4. The Resultant of a Rational Map 


2.5. (a) Let A(X, Y) = aoX +a1Y bea linear polynomial and let BCX, Y) be an arbitrary 
homogeneous polynomial. Prove that Res(A, B) = B(—a1, ao). 
(b) Let A(X, Y) = aoX? +a: XY + a2Y? and B(X,Y) = bo X?2 +0: XY + bY? be 
quadratic polynomials. Prove that 


4Res(A, B) = (2aob2 — a,b) + 2a2bo)” - (4aoa2 —_ a;)(4bobe _ bi). 


(Of course, in characteristic 2 one needs to cancel 4 from both sides before using this 
formula!) 


2.6. With notation as in the statement of Proposition 2.13, prove that the resultant of A and B 
is related to the roots of A and B by 


Res(A, B) = a5'b6 | | [ [ (ai - 6;) = a0" [] Blas, 1) = (-1)""05 [] AG. 0. 
2.7. Let et = go 
A(X, Y) = aoX” + ar X™1Y +--+) + an 1 XY" |) + anY”, 
B(X,Y) =boX™ 4b) X™ TY 4-0-4 bm XY | + bn Y™, 


be homogeneous polynomials of degrees n and m and let a, 6, y,6 € K be arbitrary. 
(a) Prove that 


Res(A(aX + BY, 7X + dY), B(aX + BY, yX + 6Y)) 
= (ad — By)" Res(A(X, Y), B(X,Y)). 


(Hint. Use Proposition 2.13(b).) 
(b) Suppose that m = n = d. Prove that 


Res(aA(X,Y) + 6B(X,Y), yA(X,Y) + 6B(X,Y)) 
= (ad — By)* Res(A(X, Y), B(X,Y)). 
(Hint. Use Proposition 2.13(d).) 
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(c) Continuing with the assumption that m = n = d, define new polynomials by the formu- 


las 
A*(X,Y) = 6A(aX + BY, yX + bY) — BB(AX + BY, 7X + BY), 
B"(X,Y) = -yA(aX 4+ BY, yX + bY) + aB(aX + BY, 7X + 6Y). 
Prove that 


Res(A*, B*) = (ad — 67)" *4 Res(A, B). 


(d) Suppose that m = n = d and that Res(A, B) # 0, so ¢ = [A, B] is a rational map 
¢@: P! — P! of degree d, and suppose further that ad — Gy # 0, so the map 


f =[aX + BY, 7X 4+ 6Y] 


is a linear fractional transformation. Let ¢* = [A*, B*]. Prove that 6* = fl ogo f. 
Use (c) to prove that ¢* : P! — P? is a rational map of degree d. 


2.8. Let f € PGLo(K) bea linear fractional transformation, and write 


az+b 
cz+d 


f(2= 


in normalized form. 
(a) Prove that Res(f) = ad — be. 
(b) Prove that 


-1 
e(f(P), £(Q)) < [Res(f)| (P,Q) forall P,Q € P'(K). 
(Notice that this strengthens Theorem 2.14 for maps of degree 1.) 


2.9. Let f € PGLo(K) be a linear fractional transformation, let ¢(z) € K(z) be a rational 
map, and let df = fologof. 
(a) If Res(f) € R*, prove that Res(¢’) = Res(¢). 
(b) If Res(f) is not a unit, find a formula or an inequality relating the valuations of the three 
quantities Res(f), Res(@), and Res(¢/). 


2.10. Let ¢ : P? — P" be a rational map defined over a field K with a nonarchimedean 
absolute value | - |,, and consider the statement 


pv($(P1), 6(P2)) _ 1 
Py ,P)€P!(K) Pv(P1, P2) |Res(6)| 
Pi AP2 


v 


(2.18) 


(a) Prove that (2.18) is true for the map ¢(z) = az’, where a € R. This example shows 
that Theorem 2.14 cannot be improved in general. 
(b) Prove that (2.18) is not true for the map 


o = [pX? + XY, XY + pY?] 
over the field K = Q, by computing both sides. (You may assume that p # 2.) 


2.11. Let @: P’(C) — P?(C) bea rational map of degree d. 
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(a) Prove that there is a constant C'(d), depending only on d, such that 
pv(O(P1), 6(P2)) < C(d)|Res(¢)|5"po(Pi,P2) forall Pi, P2 € P'(C). 


(b) Find an explicit value for the constant C(d). 
Note that this exercise provides an archimedean counterpart to Theorem 2.14, whose proof 
may, mutatis mutandis, be helpful in doing this exercise. 


Section 2.5. Rational Maps with Good Reduction 


2.12. Let F(X, Y) and G(X, Y) be homogeneous polynomials of degree D, let f(X,Y) 
and g(X, Y) be homogeneous polynomials of degree d, and let 


A(X, Y) = F(F(X,Y),9({X,Y)) and B(X,Y) = GFX, Y), 9(X, Y)) 


be their compositions. 
(a) Prove that the resultants satisfy 


Res(A, B) = Res(F,G)*- Res(f,g)? . 


(b) Use (a) to give an alternative proof of Theorem 2.18(b). 
(c) For any rational map ¢ : P’ — P", define 5,(¢) = v(Res(¢))/ deg(¢), so 6y(@) isa 
kind of normalized resultant of ¢. Prove that 6, satisfies the composition formula 


5v($0 Y) = bo(b) + deg(>)bo(¥). 


2.13. Show that the good-reduction assumptions in Theorem 2.18 are necessary by construct- 
ing the following counterexamples: 
(a) Find a rational map ¢ : P' — P?, which will necessarily have bad reduction, and a point 
P € P(K) such that 6(P) 4 4(P). 
(b) Find rational maps ¢ : P! — P? and wp : P' + P! such that ¢ has good reduction and 
oops gow. 
(c) Same as (b), except now w is required to have good reduction and ¢ is allowed to have 
bad reduction. 


2.14. Let p > 5 be a prime and define rational maps 


2 3 2 2 4 
We) =e and w(e) = PEE. 
(a) Prove that / has bad reduction modulo p for all f € PGL2(Qp). (N.B. We are allow- 
ing f to have coefficients in Q, and/or the determinant of f to be divisible by p.) 
(b) Prove that y* has bad reduction modulo p for all f € PGL2(Q,). 


(c) Prove that the composition y o ¢ has good reduction at p. 


2.15. Let ¢: P? — P* bea rational map defined over K. 
(a) Prove that the map ¢ has good reduction if and only if there is an R-morphism 


én: Pr—-Pr 


whose restriction to the generic fiber is equal to the original map ¢ : PL, > Pk. 


(b) Assume that ¢ has good reduction. Prove that the reduction ¢ : Pi. —> P} is the restric- 
tion of @p to the special fiber of Ph. 
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2.16. Let K/Q, be a p-adic field. 
(a) Prove that every periodic point of the map ¢(z) = z” is attracting. 
(b) More generally, suppose that #(z) € K(z) has good reduction, and let ¢(z) = o(z?). 
Prove that every periodic point of ¢ is attracting. 
(c) Is (b) true without the assumption that 7 has good reduction? 


2.17. Let K/Qp» be a p-adic field and let 6(z) € K[z] be a polynomial with good reduction. 
Let a € K be a critical point of ¢, ie. ¢’(a) = 0, and suppose that & € Per(¢). More pre- 
cisely, suppose that the reduced point & satisfies 6” (&) = &. Prove that there is an attracting 
periodic point 3 of ¢ of period m such that 

lim 6”""(a) = 6. 


noo 
Generalize to the case of a rational map 4(z) € K(z) of good reduction. 


2.18. Let o(z) € K(z) be a rational map of degree d > 2 and suppose that there is a point 
P € P'(K) and an integer m > 1 such that the following limit exists: 

T= lim 6™"(P). (2.19) 
Prove that ¢"(T) = T,ie., T € Perm(¢). (This is true for any complete field K, so for 
example, it holds for Q,, Cp, R, C, etc.) 


Section 2.6. Periodic Points and Good Reduction 


2.19. Let a,b,c € Zand let 6(z) = (az? +bz+c)/z?. Suppose that P € P'(Q) is a periodic 
point for ¢ of exact period n. 
(a) If gcd(c, 6) = 1, prove that n = 1, 2, or 3. 
(b) Give examples to show that it is possible for n to take on each of the values 1, 2, and 3. 
(c) Show that if ¢ has a rational periodic point of exact period 3, then it has no other rational 
periodic points. 
(d) Give a similar description of possible rational periodic points under the assumption that 
gced(c, 10) = 1. 
(e) Same as (d), but under the assumption that gcd(c, 15) = 1. 


2.20. Let ¢(z) € Z[z] be a polynomial of degree d > 2 whose leading coefficient is odd 
and let P € P'(Q) be a periodic point of exact period n. Prove that n € {1,2,4}. This 
strengthens Example 2.25. 


2.21. Let d(z) € Zz] be a polynomial of degree d > 2 whose leading coefficient is relatively 
prime to 15 and let P € P’(Q) be a periodic point for ¢ of exact period n. What can you say 
about the possible values of n? 


2.22. Let. R = F,[T] be the ring of formal power series in one variable with coefficients in the 
finite field F,,. Prove that for every e > 0 there exists an element c € R withe = 1 (mod T) 
such that the polynomial ¢(z) = z? + cz has a periodic point a = 0 (mod T) of exact or- 
der p®. Thus Theorem 2.28 is false in characteristic p; there is no upper bound on the exponent 
of p for the period of a periodic point. 


2.23. Let @ € K(z) bea rational map with good reduction and let P € Per(@) be a periodic 
point. Prove that P is attracting if and only if the orbit of its reduction O;(P) contains a 


critical point of d. 
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2.24, Let c € R and consider the quadratic map ¢(z) = z? + c. Suppose that there is an 
integer m > 1 such that the limit a = limn—oo $”” (0) exists. Prove that a: is an attracting 
periodic point if and only if 0 € Per(¢), i.e., if and only if 0 is a purely periodic point of ¢. 


Section 2.7. Periodic Points and Dynamical Units 


2.25. Theorem 2.33 gives a construction of units from periodic points of polynomial maps. 
Prove the following generalization. 

Let @ € K(z) bea rational map of degree d > 2. Assume that ¢ has good reduction and 
that oo is a critical fixed point of ¢. (That is, assume that ¢(00) = 00 and that €..(¢) > 2.) 
Let [a, 1] € Per?" (¢, K) be a point of exact period n > 2. Let i, 7 € Z be integers satisfying 
gcd(i — j,n) = 1. Prove that 

gia-¢a 
oa a 


2.26. Prove the following version of Theorem 2.35, in which one of the periods divides the 
other period. Let R be a local ring with residue characteristic p and let g = #k be the order 
of the residue field. Let @ € K(z) be a rational map of degree d > 2 with good reduction. Let 
s be a positive integer with p { s and s t q — 1. Finally, let Py, P2 € P'(K) be periodic points 
of exact periods n and sn respectively, and write P; = [x;, yi] in normalized form. Prove that 


€ R*. 


T1y2— Lay € R*. 


2.27. Let Pi, P2, P3, Ps € P', and let be a permutation of the set {1, 2,3, 4}. Prove that 
the cross-ratio satisfies 


e(m) 
(P1, Po, P3, Pa) = & (Par); Pn(2); Pray, Pa(ay) 5 


where (1) = (—1)%"(*) equals 1 (respectively —1) if x is an even (respectively odd) per- 
mutation. 


2.28. Let 6(z) = 2? +1, let y be a root of z* + z + 2, and let a be a root of 
te? 442443294727 +4245. 
In Example 2.37 we explained that there are units 
uj =P (VY) -P(a) ER, a)" for0<i<itandO<j <2, 


and that the unit group R[y, a]* has rank at most 5. Find generators and relations for the group 
of units generated by the six units w;,;. 


Chapter 3 


Dynamics over Global Fields 


Just as algebraic number theory and Diophantine geometry can be studied over local 
fields and over global fields, so too does arithmetic dynamics have a local theory 
and a global theory. In this chapter we study some of the fundamental questions in 
arithmetic dynamics over global fields. Many of these constructions, theorems, and 
conjectures have direct analogues in the theory of Diophantine equations, especially 
the arithmetic theory of elliptic curves. Among the topics covered in this chapter are 
dynamical analogues of the theory of canonical heights, finiteness of integral points, 
uniformity of rational torsion points, and cyclotomic and elliptic units. 

We have attempted to keep this chapter self-contained, but the reader desiring 
further motivation and background might consult standard textbooks on arithmetic 
and Diophantine geometry, such as the following: 


E. Bombieri and W. Gubler [76], Heights in Diophantine Geometry. 

M. Hindry and J. Silverman [205], Diophantine Geometry. 

S. Lang [256], Fundamentals of Diophantine Geometry. 

J.-P. Serre [397], Lectures on the Mordell—Weil Theorem. 

J. Silverman [410], The Arithmetic of Elliptic Curves. 

J. Silverman [412], Advanced Topics in the Arithmetic of Elliptic Curves. 


3.1 Height Functions 


In order to study the arithmetic properties of points in projective space, it is important 
to have a method of measuring the size of a point. This “size” should reflect the 
complexity of the point in an arithmetic sense. In particular, it is good if there are 
only finitely many points of bounded size. 

For example, suppose that we naively define the size of a rational number a 
to be its absolute value |a|. This reflects the size of a as a real number, but there 
are infinitely many rational numbers with bounded absolute value, so it does not 
correctly measure a’s size from an arithmetic perspective. If we write a = a/b as 
a fraction in lowest terms, then the integers a and b should each contribute to the 
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complexity of a, so we might define the size of a to be the larger of |a| and |b]. With 
this definition, it is obvious that there are only finitely many rational numbers of 
bounded size, since there are only finitely many integers of bounded absolute value. 
We can easily generalize this idea to rational points in projective space. 


Example 3.1. Let P € PN (Q) and write P using homogeneous coordinates as 
P = (xo, 21,...,2N]- 


Since the coordinates are homogeneous, we can multiply through by an integer to 
clear the denominators, and we can also cancel any common factors, so we may 
assume that the homogeneous coordinates have been chosen to satisfy 


Lo,---,tNEL and gcd(zo,...,2n) = 1. 
Having done this, we define the height of P to be the quantity 
H(P) = max{|zo|,..-, |aw|}- 
It is clear that for any constant B, the set 
{P € PX(Q): H(P) < B} (3.1) 


is finite. Indeed, this set clearly has fewer than (2B + 1)%+*! elements, since each 
coordinate x; of P is an integer satisfying |x;| < B, so has at most 2B + 1 possible 
values. (See Exercise 3.2 for an asymptotic estimate for the size of the set (3.1).) 


When trying to generalize Example 3.1 to an arbitrary number field A, we run 
into the problem that the ring of integers of K may not be a principal ideal do- 
main, so there is no uniform way to normalize the homogeneous coordinates of a 
point in P’ (K). For this reason we take a different approach based on the theory of 
absolute values. We now describe the absolute values on Q, and then move on to gen- 
eral number fields. For further information about absolute values and completions of 
number fields, see any standard textbook on algebraic number theory or Diophantine 
geometry, for example (258, Section 2.1], [256, Chapters I, II], or [205, Section B.1]. 


Definition. The set of standard absolute values on Q, denoted by Mg, consists of 
the following absolute values: 


e Mg contains one archimedean absolute value that is associated to its embed- 
ding Q C R into the real numbers, 


|%|oo = usual absolute value on R = max{z, —z}. 


e Let p be a prime, and for any (nonzero) integer a, let 
ord,(a) = exponent of highest power of p dividing a. 


In other words, p°4»(*) is the highest power of p dividing a. The set Mg con- 
tains nonarchimedean (p-adic) absolute values, one for each prime p, defined 
by 

a 1 
| b = pordp(a)—ordp (6) . 
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Now let K/Q be a number field. The set of standard absolute values on K is denoted 
by Mz and consists of all absolute values on K whose restriction to Q is one of the 
absolute values in Mg. We write Mz? for the (archimedean) absolute values on K 
lying above | - |.., and M® for the (nonarchimedean) absolute values of K lying 
above the p-adic absolute values of Q. 


The archimedean absolute values of K correspond to embeddings of K into R 
or C, while the nonarchimedean absolute values correspond to prime ideals of the 
ring of integers of K. Indeed, the ring of integers of K, denoted by Rx, may be 
characterized as the set 

Re ={a€K:|al, <1 forally € MR}. 
More generally, if S C My is any (finite) set of absolute values containing M7, 
then the ring of S-integers of K is the set 
Rs ={a€K:|aly <1 forall ¢ S}. 


Definition, For any absolute value v € Mx on K, let K,, denote the completion 
of K atv. The local degree of v, denoted by ny, is the quantity 


ny = [Ky : Qi]. 


For example, if v is archimedean, then Q,, = R and n, is 1 or 2 depending on 
whether v corresponds to a real or complex embedding of K, respectively. Similarly, 
if v is nonarchimedean, then Q, = Q, is the p-adic rational numbers for some 
prime p, the absolute value v corresponds to some prime ideal p of K lying over p, 
and using standard notation, n, = e(p)f(p) is the product of the ramification index 
of p and the degree of the residue field modulo p. 


The next two results, which we quote without proof, will be used to define and 
study height functions. 


Proposition 3.2. (Extension Formula) Let L/K/Q be a tower of number fields, and 
letv € Mx be an absolute value on K. Then 


Ny = Ny. 
[E: rm Xe, 
wily 


Here the notation w\v means that the restriction of w to K is equal to v, so the sum 
is over all absolute values on L that extend the absolute value v on K. 


Proposition 3.3. (Product Formula) Let K/Q be a number field. Then 


II lalPy =1 ~—foralla € K”. 


vEeMK 
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For proofs of these two formulas, see for example [258, Section H.1 and Sec- 
tion V.1]. The astute reader will have observed that if we take K = Q and v nonar- 
chimedean, then the extension formula becomes the well-known formula 


dep) F(p) = (LQ. 
pip 
We now have all of the tools needed to define the height of algebraic points in 
projective space. 


Definition. Let K/Q be a number field, and let P €¢ P‘ (K) be a point with homo- 
geneous coordinates 


P= {ao,...,rN], Xo,.-.,tn € K. 


The height of P (relative to K) is the quantity 


Hx(P)= I] max{|zolv,-+- lzn|o}"”. 
veMK 
Notice how the height measures the size of the coordinates of P with respect to 
all of the absolute values on K’. We begin by checking that the height is well-defined 
and proving two elementary properties. 


Proposition 3.4. Let K/Q be a number field and P € PN (K) a point. 
(a) The height Hx (P) is independent of the choice of homogeneous coordinates 
for P. 
(b) Hx(P)>1. 
(c) Let L/K be a finite extension. Then 
Hy (P) = Hx (P) 1, 
Proof. (a) Any other choice of homogeneous coordinates for P = [xo,...,2N] 


has the form P = [azg,...,axy] for some a € A™*. Then the product formula 
(Proposition 3.3) yields 


[] mextlocso ye = [] lalty max{zijope = T] maxf|eilo}*. 
veMK vEMK veMxK 
(b) Choose an index j such that x; 4 0 and divide the homogeneous coordinates 
of P by x;. Then one of the homogeneous coordinates is equal to 1, so every factor 
in the product defining Hx (P) is at least 1. 
(c) We choose homogeneous coordinates for P that are in K and use the extension 


formula (Proposition 3.2) to compute 
Hy(P) = [] maxfledo} = [] [] mated} 


weMr veMxK weMy 
wiv 


TT maxt leila} = Hae. 
vEeMK 


Il 


This completes the proof of Proposition 3.4. C 
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Remark 3.5. Now that we know that the height is well-defined, we should check 
that it agrees with the naive definition of the height on P” (Q) given in Example 3.1. 
Thus let P = [xo,...,2n] € P'(Q) with homogeneous coordinates satisfying 
x; € Zand gced(x;) = 1. Then every nonarchimedean absolute value v € Mg 
gives |x;|, < 1 for all indices i and |z;|,, = 1 for at least one index 7. Hence in the 
product defining Hg(P), only the term corresponding to the archimedean absolute 
value contributes, so 


Ho(P) = max{|zZo|o0,---;|LNoo}- 
We note again that the set 
{Pe P%(Q): H(P) < B} 


is finite for any fixed bound B. Later in this section we prove an analogous result for 
arbitrary number fields. 


It is sometimes easier to work with a height function that does not depend on 
choosing a particular number field. 


Definition. Let P ¢ P’ (Q) be a point whose coordinates are algebraic numbers. 
The (absolute) height of P, denoted by H(P), is defined by choosing any number 
field K such that P € P' (K) and setting 


H(P) = He (Pp) V/lEa, 


The transformation formula in Proposition 3.4(c) tells us that H(P) is well-defined, 
independent of the choice of the field K. 


In the following, K denotes an algebraic closure of a number field K. 


Theorem 3.6. Let K/Q be a number field, let P € PN (K), andleta € Gal(K/K). 
Then 
H(o(P)) = H(P). 


In other words, the height is invariant under the action of the Galois group. 


Proof. Let L/K be a finite Galois extension such that P € P’ (L). For any absolute 
value v € Mz and any o € Gal(L/K), we can define a new absolute value o(v) 
on L by the formula 

lal) = |o(@)|p- 


Using the fact that o : L — L is a field automorphism, it is easy to verify that o(v) 
is an absolute value on L, and indeed the map v + a(v) is simply a permutation of 
the set of absolute values M,. Further, the automorphism o : K — K induces an 
isomorphism of the completions o : K, — K,,,), since the effect of o on K is to 
transform the absolute value v into the absolute value o(v). In particular, the local 
degrees 

Ny = [Ky : Qu] and No(v) = [Ko(v) : Qo(v)] 
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are equal. We now write P = [xo,..., 2] € P'(L) and compute 


H,(o(P)) = [J max{lo(2o)|v,---,lo(@x)lo}™ 


veMr, 


[[ max {Itolo(u) + lev low} 
veEeMy, 


[[ max{laole....; lawlo} 
veM, 
= H,(P). 


i! 


Taking [L : Q|" roots completes the proof that H(o(P)) = H(P). Oo 


Definition. Let P = [xo,..., 2] € P™ (K) be a point with algebraic coordinates. 
The smallest field over which P can be defined is called the field of definition of P 
over K and is denoted by K (P). It can be constructed by choosing a nonzero coor- 
dinate x; and setting 


It is easy to see that this field is independent of the choice of the index i. 


Our purpose in defining the height is to have a method of measuring the arith- 
metic size or complexity of points in projective space, analogous to the way in which 
the size of a rational number is measured by taking the larger of its numerator and 
its denominator. The following finiteness theorem is of fundamental importance. 


Theorem 3.7. Let K/Q be a number field, and let B be any constant. Then the set 
of points 
{Pe P'(K) : Hx(P) < B} 


is finite. More generally, for any constants B and D, the set of points 
{Pe PN(Q):H(P)<B and [Q(P):Q|<D} 


is finite. In other words, there are only finitely many points in PN (Q) of bounded 
height and bounded degree. 


Proof. It clearly suffices to prove the second statement, i.e., that there are only 
finitely many points 


P = [xo,...,2n] € P*(Q) satisfying H(P)<B and [Q(P):Q|)=D. 


Dividing the homogeneous coordinates of P by some nonzero coordinate, we may 
assume that some coordinate equals 1. Then 


Q(P) = Q(ao,..., an) D Q(zi) for eachO <i< N, 
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so {Q(x;) : Q| < D. Further, if we write K = Q(P) and d = [K : Q], then we can 
estimate the heights of the individual coordinates by 


1/d 
B>AH(P )=( [[ max{icole,-. . lewh}"} 
veMqP) 
1/d 
> II ((max( loo 1} ---max{|zn|v, yy") 
veMEK 
N 1/d\ 1/N 
= (II( Il mato, 1}"*) ) 
i=0 WEMxK 


= (H(20)H(e1)---H(an)) 
> H(x,;)/% forevery0 <i< N. 


Thus each coordinate of P lies in a field of degree at most D and has height at most 
BY Replacing B by B™ and taking numbers of exact degree d for each 1 < d < D, 
it suffices to prove that the set 


{a €Q: H(a) < B and [Q(a) : Q| =d} (3.2) 


is finite. 
Let a be in the set (3.2) and write the minimal polynomial of a as 


Fy(X) = X¢4+a,X014---+ a4 € Q[X]. 
Also factor F(X) over C as 


F(X) = (X —a4)(X — ay) +»: (X — ag). 


The number aj,..., @q are the conjugates of a, so Theorem 3.6 tells us that 
H(a\) =-:- = H(aa) = H(a). 
Further, the coefficients a),...,a4 of F(X) are the elementary symmetric polyno- 


mials of the roots (up to +1). For example, 
a, = —(@, +02+-:-+a@qg) and ag= (—1)4a,02 Ag. 


More generally, for any 1 < k < d we have 


a, = (—1)* > Qj, ig +1 * Hi, (3.3) 


1<t1 <ig<++-<ip Sd 


Note that there are (¢) terms in the sum (3.3). 

We can use (3.3) and the triangle inequality to estimate the absolute values of the 
coefficients a ,..., aq in terms of the absolute values of the roots a;,...,a@q. Thus 
for any v € Maiq) we compute 
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5 Ori Mig Wig 


1<11 <ig<---<ipSd uv 


d 
< max Obj, Big ++ Oj 
~ (; 1<in cineca! noe ixle 


< (") max{|a1|y, 1} max{|a2|,, 1} ---max{|aq|y, 1}. 


laxle = 


Further, if v is nonarchimedean, then we may discard the factor of (f). Taking the 
maximum over k and using the fact that (4) < 2? for all k, we find that 


max{1, lailo; laaly, sey |aalv} 
< 2¢max{|ai|», 1} max{|ag|,, 1}---max{|aalo, 1}, 


where again the 24 is needed only if v is archimedean. Now raise to the n,, power, 
multiply over all v, and take the d" root to obtain 


H((1,a1,@2,...,@a]) < 24H (a1)H(a2)--- Hag). 
Theorem 3.6 tells us that H(a;) = H(q) for every 7, and we have H(a) < B by 
assumption, so we conclude that 
A((l, @1,42,..- , aq) < (2B)%. 


In other words, the height of [1,a1,@2,...,@4] € P¢(Q) is bounded by (2B)*. How- 
ever, we already know that there are only finitely many Q rational points in projective 
space (see Example 3.1 and Remark 3.5). Hence there are only finitely many pos- 
sibilities for the minimal polynomial F(X) of a, and since each F(X) has only 
d roots, there are only finitely many possibilities for a. This proves that the set (3.2) 
is finite, which completes the proof of the theorem. Oo 


We can use Theorem 3.7 to give a very brief proof of a famous theorem of Kro- 
necker. It says that an algebraic integer whose conjugates all lie on the unit circle 
must be a root of unity. 


Theorem 3.8. Let a € Q be a nonzero algebraic number. Then 
H(a)=1 _ ifand only if a is a root of unity. 
Proof. If a is a root of unity, then |a|, = 1 for every absolute value v, so we clearly 


have H(a) = 1. Now suppose that H(a) = 1. Directly from the definition of the 
height we see that 


H(@") =H(@)" forall @ € Qandalln > 1. 
Thus H(a”) = H(a)” = 1 for all n > 1, which implies in particular that the set 
{a,a7,a°,...} 


is a set of bounded height. This set is also clearly contained in the number field Q(a), 
so Theorem 3.7 tells us that it is a finite set. Hence there are integers 1 > 7 > 0 such 
that a* = a, which shows that a is a root of unity. Oo 
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3.2 Height Functions and Geometry 


The height of a point P measures the arithmetic complexity of P. We now investigate 
how the height of P changes when we map it to some other projective space. This 
will allow us to relate geometric properties of maps to the arithmetic information 
encapsulated by the height function. 


Remark 3.9. For ease of exposition we restrict attention to heights on projective 
space, but the reader should be aware that there is a general theory of height func- 
tions on algebraic varieties due to Weil. Height functions provide a powerful tool 
for converting algebro-geometric relationships into number-theoretic relationships. 
Theorem 3.11 below provides an example; it converts the geometric information that 
a map ¢ has degree d into the arithmetic information that ¢(P) has height that is 
more-or-less the d power of the height of P. A summary of the general theory of 
heights on varieties is given in Section 7.3; see [205, Part B] or [256, Chapters 3-5] 
for further details. 


Definition. A rational map of degree d between projective spaces is a map 


¢:P% — pv 
where fo,..., fu © K[Xo,...,Xy] are homogeneous polynomials of degree d 
with no common factors. (The polynomial ring K[Xo,...,X] is a unique factor- 


ization domain, so it makes sense to talk about common factors.) The rational map @ 
is defined at P if at least one of the values fo(P),..., fx¢(P) is nonzero. The rational 
map ¢ is called a morphism if it is defined at every point of P’ (K), or equivalently, 
if the only solution to the simultaneous equations 


fo(Xo,---,- Xn) =-+ = fu(Xo,.--,Xn) =0 


is the trivial solution Xp = --- = Xn = O. If the polynomials fo,..., fn have 
coefficients in K, we say that ¢ is defined over K. 


Our goal is to relate the height of a point P to the height of its image ¢(P). To 
do this in general, we use an important theorem from algebraic geometry called the 
Nullstellensatz. Here 


Null = zero, stellen = places, satz = theorem, 


so the Nullstellensatz is a theorem that relates a function to the points at which it 
vanishes. We give a brief overview of some basic concepts from algebra and alge- 
braic geometry that are needed to understand the statement of the Nullstellensatz. 
However, we note that for rational maps 6(z) € K(z) in one variable (i.e., maps 
 : P! — P"), the Nullstellensatz may be replaced by a simple argument based on 
the fact that the ring K[z] is a principal ideal domain; see Exercise 3.8. 

An ideal J in K[Xo,..., Xv] is homogeneous if it is generated by homogeneous 
polynomials. The radical of an ideal I is the ideal 
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VI ={f © K[Xo,..., Xn]: f” € J for some n > 1}. 


(N.B. In this definition, the quantity f” is the n™ power of f, not its n" iterate.) The 
algebraic set attached to a homogeneous ideal J is the set 


V(I) ={P €PX(K) : f(P) =0 forall f € J}. 


The Hilbert basis theorem [259, Chapter VI, Theorem 2.1] implies that J is finitely 
generated, so V(I) is the set of simultaneous zeros of a finite collection of polyno- 
mials. If V cC P' (K) is an algebraic set, the ideal attached to V is the ideal 


ideal generated by all homogeneous 
I(V) = | polynomials f € K[Xo,..., Xn] 
such that f(P) = 0 forall Pe V 


It is clear that if V = W, then I(V) = I(W). The converse is not quite true, since 
the algebraic set attached to the radical VJ is the same as the algebraic set attached 
to I. . 


Theorem 3.10. (Hilbert’s Nullstellensatz) Let I and J be homogeneous ideals prop- 
erly contained in K|Xo,..., Xn]. Then 


V(1)=V(J)_ ifandonly if VI = VJ. 


Proof, Suppose that /I = VJ. Let P € V(I) and f € J. Then f” € I for some 
n > 1,80 f"(P) = 0, so f(P) = 0. This is true for every f € J, so P € V(J). 
This proves that V(I) c V(.J), and the opposite inclusion follows by interchang- 
ing the roles and J and J. Hence V(I) = V(J). This proves the trivial direction 
of the theorem. For a proof of the nontrivial converse, see [198, [.1.3A] or [259, 
Section X.2]. im 


We are now ready to prove an important result that says that up to a scalar factor, 
a morphism of degree d causes the height to be raised to the dt power. 


Theorem 3.11. Let ¢ : PN(K) — P™(K) be a morphism of degree d. Then there 
are constants C,, C2 > 0, depending on ©, such that 


C\H(P)* < H(¢(P)) <C2H(P)* forall Pe P'(K). 


(In fact, the upper bound H (¢(P)) < C2H(P)¢ is valid for rational maps provided 
we restrict attention to points P at which ¢ is defined.) 


Proof, We begin with some notation. For any point P = [zo,..., 2] with coordi- 
nates in K and any absolute value v € Mx, we write 


|Ple = max{|rolv, teey lzn|v}- 


(This assumes that we have fixed particular homogeneous coordinates for P.) Simi- 
larly, we define the absolute value of a polynomial 
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f(Xo,.--, Xn) = > Qig..iy XG XN 


40,--5tN 
to be 
lf lo = max lGig..in lus 
Wyss tN 
and if d = [fo,..., fr] is a collection of polynomials, we let 


Idle = max |fj|v- 


Notice that the height of a point P ¢ P* (K) may now be written in the compact 


form 1/[K:Q] 
a(P)=( TD ire) 


vEMrE 


We define the height of a polynomial f or a collection of polynomials ¢ similarly, 


a) =(T] yr) and me) =( TI er) G.4) 


veEMK vEMK 


We set one final piece of notation that will make our computations easier. For 
any absolute value v € My and any number m, we set 


5, (m) m ifv ¢ MP (e., ifv is archimedean), 
wl MM) = . . . : . 
1 ifv € M? (ie., ifv is nonarchimedean). 


With this notation, we can write a uniform version of the triangle inequality as 


Jay +--+ +2m|v < do(m) max{|zily,..-, |emlu}- (3.5) 


Now let P = [zo,..., an] € P’ (K) be arational point and f € K[Xo,..., Xn] 
a homogeneous polynomial of degree d. Then for any v € Mx we can estimate 


F(Pylo =] 5 aig in BE 
ipy.-sin >0 v 


iot-tin=d 
< d,(# of terms) max |Qig..in DQ oN oe 
BOs tN 


The number of terms in the sum is equal to at most the number of monomials of 
degree d in N +1 variables, which is given by the combinatorial symbol (“+4). For 
our purposes it is enough to know that it depends only on VV and d. Continuing with 
the computation, we find that 


f(P)lo < by N+d max |a;,..4 max max |az,|*etottey 
d . . 0 Niv Jlv 


ip,stN ioyytn O<GSN 


("7 4)) inlet 
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We apply this inequality with f = f, fork = 0,...,N and take the maximum 


over k to obtain 
Nid 
JP le <5 (( ; )) tates 3.6) 


Finally, we raise (3.6) to the n, power, multiply over all v € Mx, and take the 
[K : Q] root to obtain 


mot) < (Tm oyatryt 


Note that in deriving this formula, we have used the fact that 


T] ste = FP or md SS i 0 


vEME vEeMp veMr 


where the latter is a special case of Theorem 3.2. 
This completes the proof of the upper bound with the explicit constant 


Cy = (“78 \ a 


And as indicated in the statement of the theorem, we never assumed that ¢ is a 
morphism, so the upper bound holds for rational maps. 

In order to prove the opposite inequality, it is necessary to use the assumption 
that ¢ is a morphism, or equivalently, that ¢ = [fo,..., faz] for homogeneous poly- 
nomials fo,..., far having no common zero in P’ (K). This condition tells us that 
the ideals (fy,..., far) and (Xo,..., Xn) in K[Xo,..., Xn] define the same alge- 
braic set in P’ (K), namely the empty set. The Nullstellensatz (Theorem 3.10) then 
implies that these two ideals have the same radical. In particular, 


Xo,Xy,...,Xw € (fo, fis--+; fa). 
Hence we can find an integer e > 0 such that 
XG§, Xf... XN € (fo, fis---5 fu). 


(The Nullstellensatz says that there is an exponent e; for each X;, and then we take e 
to be the largest of the e;.) Writing this out explicitly, we find homogeneous polyno- 
mials g;; € K[Xo,..., Xn] such that 


X§ =g0fotgafi+--:+gimfuM foreach1 <i< N. 
We observe that each g;; is homogeneous of degree e — d, since each f; has degree d. 


We evaluate these polynomial identities at P = [ro,...,2] € P'(K) and 
estimate v-adic absolute values, 
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€ _ je 
|P\s ~~ cio xaly 


= max |gio(P)folP) + gin (P)A(P) +--+ gi(P)far(P)|, 
<6y(M +1) max |gii(P)Fi(P)I, 

O<j<M 
< 6M +1) max, 6.((" P74) ) igslotPis APD 


O<i<N 
0<j<M 


<6,(ar+n("F°7%)) (ax loile)iPIe “IOP 


O<i<N 
0<j<M 


So if we let |g|, = max;,; |gi;|, and amniae = (M+ 1) (ter? 


both sides by |P|°~@ yields the estimate 


), then dividing 


|P|2 < 5,(am,n,ae)|glvlO(P)|v- (3.7) 


Now raise this inequality to the n,, power, multiply over all v € My, and take the 
[K : Q| root to obtain 


H(P)* < an,n,aeH (g)H(G(P)), 


where H(q) is the height determined by the coefficients of all of the g,; polynomials. 
Its precise value is not important for our purposes; it is enough to note that it does 
not depend on the point P. We have thus proven that H(P)? < CH(¢(P)) fora 
constant C’ that does not depend on P, which completes the proof of Theorem 3.11. 

O 


Theorem 3.11 says that the height of ¢(P) is approximately equal to the a‘ 
power of P. This means that H is a multiplicative kind of function, similar in some 
ways to an absolute value. It is often convenient notationally to work instead with an 
additive function, which prompts the following definition. 


Definition. The /ogarithmic height (relative to K) is the function 
hy: PX(K) —R, hx (P) = log Hx (P). 
The absolute logarithmic height is the function 
h:PX(Q) >R, —A(P) = log H(P). 


Using this logarithmic notation, Theorem 3.11 says that h(¢(P)) and dh(P) 
differ by a bounded amount. The notion of functions that differ by a bounded amount 
appears so frequently in mathematics that it has its own notation. 


Definition. Let S be a set and let f, g : S — R be real-valued functions on S. The 
formula 
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f=g+O(1) 


means that the quantity 
[f(P) — 9(P)| 


is bounded as P ranges over S. More generally, if h : S — R is another function, 
the formula 
f=g+O(h) 


means that there exists a constant C’ such that 
|f(P) —9(P)| < Clh(P)| forall Pe S. 


Using the theory of heights as developed in Theorems 3.7 and 3.11, it is easy to 
prove that a morphism ¢ : PN — P% of degree at least 2 has only finitely many 
preperiodic points defined over a given number field. This result was first discovered 
by Northcott [343] and then independently rediscovered many times in varying de- 
grees of generality. It is instructive to compare this global proof with the local proof 
of finiteness of periodic points given in Corollary 2.26. 


Theorem 3.12. (Northcott [343]) Let ¢ : PN — BP be a morphism of de- 
gree d > 2 defined over a number field K. Then the set of preperiodic points 
PrePer(¢) ¢ P’(K) is a set of bounded height. In particular, 


PrePer(¢, PP (K)) = PrePer(¢) NP’ (K) 


is a finite set, and more generally, for any D > | the set 


|)  PrePer(¢,P (L)) 


[L:K]<D 
is finite. 
Proof. Theorem 3.11 tells us that there is a constant C = C(@) such that 
h(o(Q)) > dh(Q)-C forall Q € PN(R). 
Applying this with Q = R, 6(R), ¢7(R),...,6"-1(R) yields 
h(@"(R)) > d"h(R) -—C(L+d+d?+---+d"") >d°(h(R)-—C). (3.8) 


Now suppose that P is preperiodic, say ¢™+"(P) = 6™(P) with n > land m > 0. 
Setting R = ¢™”(P) and using the preperiodicity yields 


h(o™(P)) = h(o™*"(P)) = A(G"(d™(P))) = a” (h(G™(P)) — C), 


and hence 


C <2. (3.9) 
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For the last inequality we are using the fact that d > 2 and n > 1. Next we use 
inequality (3.8) with n = m and R = P, 


d™(h(P) —C) < h(e™(P)). (3.10) 


Finally, combining (3.9) and (3.10) yields 
1 1 
h(P) < qn lon (P)) 40< qm ee +0 <3C, 


which completes the proof that the height of P is bounded by a constant depending 
only on the map @. 

The remaining assertions of the theorem are immediate consequences of Theo- 
rem 3.7, which says that sets of bounded height have only finitely many points of 
bounded degree. Oo 


Remark 3.13. One may also consider preperiodic points defined over infinite ex- 
tensions. For example, we might fix an infinite extension L/Q and ask which mor- 
phisms ¢ have infinitely many periodic or preperiodic points in P’ (L). Very little is 
known about this question in general. 

We consider a special case. Let K/Q be a number field and let K°’' denote 
the maximal cyclotomic extension of K, i.e., the field obtained by adjoining to K 
all roots of unity. Now let ¢(z) € K[z] be a polynomial of degree d > 2 and sup- 
pose that the set PrePer(¢, P'(K')) has infinitely many points. Then Dvornicich 
and Zannier [146] prove that there is a Mobius transformation f € PGL2(K) such 
that f(z) has the form +z¢ or Ty(+z), where T,(z) is a Chebyshev polynomial 
(see Section 1.6.2). 

Notice that an alternative dynamical definition of K° is the field obtained by 
adjoining to K all of the points in PrePer(z“) for some d > 2. This suggests a 
natural question. 


Question 3.14. Let¢,y : PN — P% be morphisms of degree at least 2 defined over a 
number field K. Suppose that ¢ has infinitely many preperiodic points defined over 
the field K (PrePer(y)). What can one deduce about the relationship between ¢ 
and 2? 


3.3. The Uniform Boundedness Conjecture 


Northcott’s Theorem 3.12 says that a morphism ¢ : PN — P% has only finitely 
many /-rational preperiodic points. It is even effective in the sense that we can, in 
principle, find an explicit constant C'(@) in terms of the coefficients of ¢ such that 
every point P € PrePer(®) satisfies h(P) < C'(¢). This also allows us to compute 
an upper bound for # PrePer(¢, P" (K)), but the bound grows extremely rapidly 
as the coefficients of @ become large. A better bound, at least for periodic points, 
may be derived from the local estimates in Chapter 2 as described in Corollary 2.26. 
However, even that estimate depends on the coefficients of ¢, since it is in terms of 
the two smallest primes for which ¢ has good reduction. The following uniformity 
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conjecture says that there should be a bound for the size of PrePer(¢, P’ (K)) that 
depends in only a minimal fashion on ¢ and K. 


Conjecture 3.15. (Morton-Silverman [312]) Fix integers d > 2, N > 1, and 
D > 1. There is a constant C(d, N, D) such that for all number fields K /Q of degree 
at most D and all finite morphisms @ : PN — PN of degree d defined over K, 


# PrePer(¢, P’ (K)) < C(d, N, D). 


Remark 3.16. There are many results in the literature giving explicit bounds for the 
size of the sets PrePer(¢,P™ (K)) or Per($,P’ (K)) in terms of ¢, especially in 
the case N = 1. Some of these results use global methods, while others use a small 
prime of good (or at least not too bad) reduction for ¢. For example, we used local 
methods in Corollary 2.26 to give a weak bound for # Per(¢, P’(K)). For further 
results, see [52, 87, 90, 91, 92, 100, 101, 137, 162, 171, 191, 192, 193, 194, 195, 
227, 331, 265, 312, 325, 326, 328, 329, 330, 332, 353, 355, 358, 359, 361, 454]. 


Remark 3.17. Very little is known about Conjecture 3.15. Indeed, it is not known 
even in the simplest case (d, N, D) = (2,1,1), that is, for Q-rational points and 
degree-2 maps on P!. Specializing further, if we let ¢. : P! — P! denote the 
quadratic map $,(z) = 2” + c, then the conjecture implies that 


sup # Per(¢.,P1(Q)) < ©, 
cEQ 


but the best known upper bounds for # Per(¢,,P'(Q)) depend on c. 

There are one-parameter families of c-values for which ¢,(z) has a Q-rational 
periodic point of exact period 1, 2, or 3; see Exercise 3.9 and Example 4.9. And 
one can show that ¢, cannot have Q-rational periodic points of exact period 4 or 5; 
see [171, 309]. Poonen has conjectured that ¢, cannot have any Q-rational periodic 
points of period greater than 3. Assuming this conjecture, he gives a complete de- 
scription of all possible rational preperiodic structures for @,; see [361]. 


Remark 3.18. Another interesting collection of rational maps is the family 


b 
bap(Z) = az + z 


These maps have the symmetry property ¢a,,(—z) = —¢a,2(2), i-e., conjugation by 
the map f(z) = —z leaves them invariant. It is known that there are one-parameter 
families of these maps with a Q-rational periodic point of exact period 1 (in addition 
to the obvious fixed point at 00), 2, or 4, and that none of the maps ¢4,5(z) has a Q- 
rational periodic point of exact period 3. See [286] for details, and Examples 4.69 
and 4.71 and Exercises 4.1, 4.40, and 4.41 for additional properties of these maps. 


Remark 3.19. Conjecture 3.15 is an extremely strong uniformity conjecture. For 
example, if we consider only maps ¢ : P! — P! of degree 4 defined over Q, then 
the assertion that #: PrePer(¢, P!(Q)) < C for an absolute constant C’ immediately 
implies Mazur’s theorem [292] that the torsion subgroup of an elliptic curve E/Q 
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is bounded independently of F. To see this, we observe that Proposition 0.3 tells us 
that 
Evers = PrePer( [2], E), 


and hence the associated Lattés map ¢z,2 described in Section 1.6.3 satisfies 
£ (Eros) = PrePer(¢p,2, P’). 


Note that ¢z 2 has degree 4. 

In a similar manner, Conjecture 3.15 for maps of degree 4 on P! over number 
fields implies Merel’s theorem [297] that the size of the torsion subgroup of an ellip- 
tic curve over a number field is bounded solely in terms of the degree of the number 
field. Turning this argument around, Merel’s theorem implies the uniform bounded- 
ness conjecture for Lattés maps, i.e., for rational maps associated to elliptic curves; 
see Theorem 6.65. Lattés maps are the only nontrivial family of rational maps for 
which the uniform boundedness conjecture is currently known. 

In higher dimension, Fakhruddin [162] has shown that Conjecture 3.15 implies 
that there is a constant C(.NV, D) such that if K is a number field of degree at most D 
and if A/K is an abelian variety of dimension N, then 

#A(K )tors < C(N, D). 


He also shows that if Conjecture 3.15 is true over Q, then it is true for all number 
fields. 


3.4 Canonical Heights and Dynamical Systems 
It is obvious from the definition of the height that 
h(a?) = dh(a) for alla € Q. (3.11) 


Notice that Theorem 3.11 applied to the particular map $(z) = z4 gives the less- 
precise statement 
h(o(P)) = dh(P) + O(1). (3.12) 


Clearly the exact formula (3.11) is more attractive than the approximation (3.12). It 
would be nice if we could modify the height A in some way so that the general for- 
mula (3.12) from Theorem 3.11 is true without the O(1). It turns out that this can be 
done for each morphism ¢. To create these special heights, we follow a construction 
due originally to Tate. 


Theorem 3.20. Let S be a set, letd > 1 be a real number, and let 
o:S—38 and h:S—-R 
be functions satisfying 


A(¢(P)) =dh(P)+O(1) forall PES. 
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Then the limit 1 
A(P) = lim —h(¢"(P)) (3.13) 


exists and satisfies: 
(a) h(P) = h(P) + O(1). 


(b) h(d(P)) = dh(P). 
The function h: S — R is uniquely determined by the properties (a) and (b). 


Proof. We prove that the limit (3.13) exists by proving that the sequence is Cauchy. 
Let n > m > 0 be integers. We are given that there is a constant C’ such that 


|h(d(Q)) —dh(Q)| <C forallQ eS. (3.14) 


We apply inequality (3.14) with Q = ¢'~!(P) to the telescoping sum 


Hho") — MP] =| i (mo(ry ~ano-VP)) 


am i=mtl1 
| 
< Sine) - ane (P))| 
i=m4+1 
“Cc “ C C 
<b > done (3.15) 
i=m+1 i=m+1 


The inequality (3.15) clearly implies that 


FMO"(P) = FeMlO"(P))| +0 asm.n +06, 


so the sequence d~"h(¢"(P)) is Cauchy and the limit (3.13) exists. 
In order to prove (a), we take m = 0 in (3.15), which yields 


Cc 


1 Th 
Fh(O"(P)) = MP) < o- 


Next we let n — 00 to obtain 
* C 
P)- < 
|ng(P) h(P)| Ss) 


which is (a) with an explicit value for the O(1) constant. 
The proof of (b) is a simple computation using the definition of h, 


hg(O(P)) = lim —r(o"(@(P))) = lim, soz h(""(P))) = dhol P). 


noo qt 


Finally, to prove uniqueness, suppose that h’ : S — R also has properties (a) 
and (b). Then the difference g = h — h’ satisfies 
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g(P)=O(1) and = g(¢(P)) = dg(P). 
These formulas hold for all elements P € S, so 
d"g(P) =9(¢"(P))=O(1) __ foralln > 0. 


In other words, the quantity d”g(P) is bounded as n — oo, which can happen only 
if g(P) = 0. This proves that h(P) = h’(P), so h is unique. Oo 


Definition. Let ¢ : PY — P% bea morphism of degree d > 2. The canonical height 
function (associated to $) is the unique function 


hg :PX(Q) —R 
satisfying 


he(P)=h(P)+O() and hg (4(P)) = dhg(P). 
The existence and uniqueness of he follow from Theorem 3.20 applied to the maps 
¢:P%(Q) + P"(Q) and hh: PX(Q) > R, 
since Theorem 3.11 tells us that and h satisfy 
h(g(P)) =dh(P)+O(1) forall P € PY (Q). 


Remark 3.21. The definition hg(P) = limn—oo d-"h(o"(P)) is not practical for 
accurate numerical calculations. Thus even for P € P!(Q), one would need to com- 
pute the exact value of 6”(P), whose coordinates have O(d") digits. A practical 
method for the numerical computation of hg(P) to high accuracy uses the decom- 


position of he as a sum of local heights or Green functions. This decomposition 
is described in Sections 3.5 and 5.9. See in particular Exercise 5.29 for a detailed 
description of the algorithm. 


The canonical height provides a useful arithmetic characterization of the prepe- 
riodic points of ¢. 


Theorem 3.22. Leto: PN — P be a morphism of degree d > 2 defined over Q 
and let P € PN(Q). Then 


P &PrePer($) ifandonly if hg(P) =0. 


Proof. If P is preperiodic, then the quantity h(@"{P)) takes on only finitely many 
values, so it is clear that d~"h(@"(P)) > 0 as n — oo. 

Now suppose that he(P) = 0. Let K be a number field containing the coor- 
dinates of P and the coefficients of ¢, ie., P € P(K) and ¢ is defined over K. 
Theorem 3.20 and the assumption hg(P) = 0 imply that 


h(¢"(P)) = hg(o"(P)) + O(1) = d"hg(P) + O(1) = O11) forall n > 0. 
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Thus the orbit 
O4(P) = {P, 0(P), ¢°(P), ¢°(P),--.} CP*(K) 


is a set of bounded height, so it is finite from Theorem 3.7. Therefore P is a preperi- 
odic point for ¢. O 


Remark 3.23. Further material on canonical heights in dynamics may be found in 
Sections 3.5, 5.9, and 7.4, as well as [16, 20, 23, 36, 38, 39, 87, 88, 89, 147, 159, 
231, 228, 230, 232, 234, 406, 409, 446, 453]. 

Theorem 3.22 is a generalization of Kronecker’s theorem (Theorem 3.8), which 
says that h(a) = 0 if and only if @ is a root of unity. Kronecker’s theorem follows 
by applying Theorem 3.22 to the d*-power map ¢(z) = 2%, whose canonical height 
is the ordinary height h. 

The fact that only roots of unity have height 0 leads naturally to the question 
of how small a nonzero height can be. If we take the relation h(a%) = dh(q) and 
substitute in a = 2'/¢, we find that 
1 log 2 
so the height can become arbitrarily small. However, this is possible only by taking 
numbers lying in fields of higher and higher degree. For any algebraic number a, let 


D(a) = [Q(a) : Q 


denote the degree of its minimal polynomial over Q. 


h(2'/4) = 


Conjecture 3.24. (Lehmer’s Conjecture [264]) There is an absolute constant K > 0 
such that 
h(a) 2 «/D(a) 


for every nonzero algebraic number a that is not a root of unity. 


There has been a great deal of work on Lehmer’s conjecture by many mathemati- 
cians; see for example [7, 8, 75, 94, 264, 366, 421, 422, 424, 445]. (The survey [422] 
contains an extensive bibliography.) The best result currently known, which is due to 
Dobrowolski [138], says that 


& floglog D(a) 3 
Me) ray (“iepey) 


The smallest known nonzero value of D(a)h(a) is 
D(o)h(Bo) = 0.1623576 .... 


where 89 = 1.17628... is a real root of 


go 4 a9 — 2 — 7 — 2? —2t*-—e3 +4. 


Theorem 3.22 tells us that hg(P) = O if and only if P is a preperiodic point 
for d. This suggests a natural generalization of Lehmer’s conjecture to the dynamical 
setting. (See [317] for an early version of this conjecture in a special case.) 
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Conjecture 3.25. (Dynamical Lehmer Conjecture) Let ¢ : PY — PN bea 
morphism defined over a number field K, and for any point P € PN(K), let 
D(P) = [|K(P) : K]. Then there is a constant & = K(K,¢) > 0 such that 


for all P € PN (K) with P ¢ PrePer(¢). 


There has been considerable work on this conjecture for maps ¢ : P! — P! that 
are associated to groups as described in Section 1.6. For example, in the case that 6 
is attached to an elliptic curve E, it is known that 


K 
—$——___.—____ in general [291], 
D(P)3 log? D(P) general [291] 
a K ip . . 
hg(P) > DP if j(E) is nonintegral [203], 
K log log D(P) a re 
Jee? f ; 
DP) ( log D(P) if E has complex multiplication [263] 


Aside from maps associated to groups, there does not appear to be a single exam- 
ple for which it is known that hg(P) is always greater than a constant over a fixed 
power of D(P). Using trivial estimates based on the number of points of bounded 
height in projective space, it is easy to prove a lower bound that decreases faster than 
exponentially in D(P); see Exercise 3.17. 


Remark 3.26. The Lehmer conjecture involves a single map ¢ and points from num- 
ber fields of increasing size. Another natural question to ask about lower bounds for 
the canonical height involves fixing the field K and letting the map ¢ vary. For ex- 
ample, consider quadratic polynomials ¢,(z) = z? +c as c varies over Q, Is it true 
that he, (ax) is uniformly bounded away from 0 for all c € Q and all nonpreperi- 
odic a € Q? In other words, does there exist a constant « > 0 such that 


hg,(a) >« forall c,a € Q with a ¢ PrePer(¢,)? 


We might even ask that the lower bound grow as c becomes larger (in an arithmetic 
sense). Thus is there a constant k > 0 such that 


he.(a) > «h(c) forall c,a € Q with a ¢ PrePer(¢,)? 


This is a dynamical analogue of a conjecture for elliptic curves that is due to Serge 
Lang; see [202], [254, page 92], or [410, VHI.9.9]. 

For the quadratic map z? + c, the height of the parameter c provides a natural 
measure of its size, but the situation for general rational maps ¢{z) € A(z) is more 
complicated. We cannot simply use the height of the coefficients of ¢, because the 
canonical height is invariant under conjugation (see Exercise 3.11), while the height 
of the coefficients is not conjugation-invariant. We return to this question in Sec- 
tion 4.11 after we have developed a way to measure the size of the conjugacy class 
of a rational map. 
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3.5 Local Canonical Heights 


The canonical height he attached to a rational map ¢ is a useful tool in studying 
the arithmetic dynamics of ¢. For more refined analyses, it is helpful to decompose 
the canonical height as a sum of local canonical heights, one for each absolute value 
on K. In this section we briefly summarize the basic properties of local canonical 
heights, but we defer the proofs until Section 5.9. The reader wishing to proceed 
more rapidly to the main arithmetic results of this chapter may safely omit this sec- 
tion on first reading, since the material covered is not used elsewhere in this book. 

The construction of the canonical height relies on the fact that the ordinary height 
satisfies h(¢@(P)) = dh(P) + O(1), so it is “almost canonical.” The ordinary height 
of a point P = [a, 1] is equal to the sum 


h(P) = h(a) = > ny log max{|a,, 1}, 
veMxK 
so for each v € Mx it is natural to define a local height function 
Ay (a) = log max{|a],, 1}. 
We can understand \,, geometrically by observing that for v € M2, 
Av (a) = — log py(a, 00), 


where p, is the nonarchimedean chordal metric defined in Section 2.1. One says 
that ,,(@) is the logarithmic distance from a to oo. 

Unfortunately, the function A, does not transform canonically, since \,(¢(a)) is 
not equal to d\,,(a@) + O(1). To see why, note that A,((a)) is large if a is close to 
a pole of ¢, while ,,(q) is large if a is close to the point oo € P!. (Here the word 
“close” means in terms of the v-adic chordal metric p,.) Thus we can hope to find 
a canonical local height only if we allow an appropriate correction term, as in the 
following theorem. 


Theorem 3.27. Let ¢ : P! — P be a rational function of degree d > 2 defined 
over K, write $(z) = F(z)/G(z) using polynomials F,G € K|z| having no com- 
mon factors, and let v be an absolute value on K. Then there is a unique function 


Nov 1 P'(Ky) \ {co} — R 


with the following two properties: . 
(a) For all a € P'(K,) with a £ 00 and ¢(a) # %, the function 4, satisfies 


X6,u(¢(a)) = d\g,v(@) — log|G(a),,. (3.16) 


(b) The function . 
a+— Ag,v(@) — log max{|a|., 1} 


extends to a bounded continuous function on all of P'(K,). 
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The function 4,» is called a local canonical height (associated) to ¢. 
Proof. We defer the proof until Section 5.9; see Theorem 5.60. O 


Remark 3.28. The local canonical height function 4, constructed in Theorem 3.27 
depends on the choice of a decomposition of ¢ as ¢ = F/G. If we use instead cF'/cG 
for some c € K*, so G is replaced by cG, then it is easy to see that the new function 
differs from the old one by a constant, 


P “ 1 - 
ro,v,cG(@) = Agv,a(a) + qoi log|cl, for alla € P’(K,) \ {oo}. 
In the sequel, when we refer to Now without further specification, we assume that 
some particular G' has been fixed. However, we note that there are situations in which 
it may be convenient to normalize A, differently for different v; see Exercise 3.29. 
The utility of local canonical heights is that on the one hand, they are defined 
on P!(K,,) and have various nice metrical and analytic properties, while on the other 


hand, they fit together to give the global canonical height, as described in the next 
theorem. 


Theorem 3.29, Let K be a number field, and for each v € Mx, let Nov be the local 
canonical height function constructed in Theorem 3.27. Then 


hela) = So mdpe(a) forall a € P'(K) \ {oo}. (3.17) 


vEMK 
Proof. We defer the proof until Section 5.9; see Theorem 5.61. O 


Remark 3.30. If @(z) € K[z] isa polynomial, then the local height may be computed 
as the limit (Exercise 3.24) 


a 


1 
Xgo(a) = Jim + log max{|4" (a)lo; 1} 


If » is a nonarchimedean absolute value and if ¢ has good reduction at v, or more 
precisely, if 6 = F/G with | Res(F,G)|, = 1, then the local height is given by the 
simple formula (Exercise 3.30) 


do,v(@) = log max{|a|,, 1}. 


In general there is no simple limit formula to compute Nov (a). However, there is 
an algorithm that leads to a rapidly convergent series for No,v(0). Roughly, the N™ 
partial sum of the series approximates Nov(a) to within O(d~’). For details see 
Exercise 5.29, which describes an efficient algorithm to compute the Green func- 
tion Gg, and then use Theorem 5.60, which says that the local canonical height and 
the Green function are related by the formula 


gv (le, ¥]) = Go,v(@, 4) — log lylv. 
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Remark 3.31. Baker and Rumely [26, Chapter 7] give an interesting interpreta- 
tion of the local canonical height function. They construct an invariant measure on 
Berkovich space and prove that the measure is the negative Laplacian of a suitable 
extension of the local canonical height function Nov See Section 5.10 for a brief 
introduction to the geometry/topology of Berkovich space. For the more elaborate 
machinery required to do harmonic and functional analysis on Berkovich space, in- 
cluding the construction of the invariant measure, we refer the reader to [26, 29] and 
to the other references listed in Remark 5.77. 


Remark 3.32. The theory of local canonical heights began with Néron’s construction 
on abelian varieties [333], or see [256, Chapter 11]. The general theory of global 
and local canonical heights associated to morphisms on varieties with eigendivisor 
classes is described in [88]. 


3.6 Diophantine Approximation 


The theory of Diophantine approximation seeks to answer the question of how 
closely one can approximate irrational numbers by rational numbers. The subject 
now includes a large and well-developed body of knowledge, while at the same time 
there is considerable ongoing research on many deep questions. In this section we 
state a famous theorem on Diophantine approximation and show how it is applied to 
deduce finiteness results for certain Diophantine equations. In Sections 3.7 and 3.8 
we apply the theory of Diophantine approximation in a similar fashion to deduce 
integrality properties of points in orbits Og(a). 

It is clear that any irrational number a € R can be approximated arbitrarily 
closely by rational numbers, since Q is dense in R. The following elementary result 
quantifies this observation by relating the closeness of x/y and a to the arithmetic 
complexity of the rational number «/y. We leave the proof as an exercise (Exer- 
cise 3.31), or see any elementary number theory text that discusses Diophantine ap- 
proximation. 


Proposition 3.33. (Dirichlet) Let a € R \ Q be an irrational number. Then there 
are infinitely many rational numbers x /y satisfying 

x c 1 

--al<s. 

y y? 

Dirichlet’s theorem says that every irrational number can be fairly well approx- 
imated by rational numbers. Some irrational numbers can be much better approxi- 
mated, but it turns out that this is not true for algebraic numbers. A succession of 
mathematicians (Liouville, Thue, Siegel, Gel’fond, Dyson) derived ever better esti- 
mates for the approximability of algebraic numbers by rational numbers, culminat- 
ing in the following deep theorem of Roth, for which he received the Fields Medal 
in 1958. 


Theorem 3.34. (Roth) Fix « > 0 and let a € Q be an algebraic number with 
a ¢ Q. Then there exists a constant % = K(€,a) > 0 such that 
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x 
—-a 


y 


K L 
> —— forall—€Q. 

lyl?*« y 
Proof. The proof of Roth’s theorem is beyond the scope of this book. A nice expo- 


sition may be found in [393]. For more general versions, see [205, Part D] and [256, 
Chapter 7]. O 


We apply Roth’s theorem to prove an important result of Thue on the repre- 
sentability of integers by binary forms. 


Theorem 3.35. (Thue) Let G(X,Y) € Z[X,Y] be a homogeneous polynomial of 
degree d and let B € Z. Assume that G(X,Y) has at least three distinct roots 
in P1(C). Then the equation 

G(x,Y)=B (3.18) 


has only finitely many integer solutions (X,Y) € Z?. 
Proof. We begin by factoring G(X, Y) into irreducible factors in Q[X, Y], say 
G(X,Y) = Gi(X, Y)*Go(X, VY)? ---G,(X,Y)*. 


Replacing G(X, Y) by cG(X, Y) and B by cB for a sufficiently large integer c, we 
may assume without loss of generality that G,,...,G, have integer coefficients.! 

Ifr > 2, that is, if G(X,Y) has more than one irreducible factor, then any 
solution (a, b) to (3.18) has the property that G (a, b) and G2(a, b) divide B. Since B 
has only finitely many distinct factors, we are reduced in this case to showing that 
there are only finitely many solutions to the pair of simultaneous equations 


Gy(X, Y) = B, and Gy(X, Y) = Bo. 


This is clear, since the plane curves G; = B, and Gz = By have no common 
components, so they intersect in only finitely many points. 

Next suppose that r = 1, so G(X,Y) = Gi(X,Y)*. If B is not equal to BY? 
for some integer B,, then G(X, Y) = B has no solutions. Otherwise, we can take 
roots of both sides and reduce to the case that G(X, Y) is irreducible in Q[X, Y]. 
Then G(X, Y) has only simple roots, and by assumption there are at least three such 
roots. 

We factor G(X, Y) in C[X, Y], say 


G(X, Y) = al X _ ayY)\(X _ a2Y) see (X _ aaY) 


with distinct algebraic numbers a}, ..., ag. Now divide the equation G(X, Y) = b 


by Y? to obtain 
xX X X b/a 
(= -a) (F a2) --(F -aa) ee (3.19) 


"Or we can invoke Gauss’s lemma, which implies that the factorization of G(X, Y) in QLX, Y] can 
already be achieved in Z[X, Y]. 
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We observe that if (x,y) € Z? is a large solution to G(X,Y) = b, then the 
righthand side of (3.19) is small, so at least one of the factors on the lefthand side 


must also be small. However, since a1,..., @q are distinct, the rational number x/y 
can be close to at most one of a1,...,@g. Hence we can find a constant C = C(G, b) 
such that 
min |~ —a;| < C for all (x,y) € Z? satisfying G(x,y) =b. (3.20) 
1<i<d y at > lyl4 iY g zy ~™ Ms . 
In the other direction, Roth’s Theorem 3.34 applied to each of a1,..., aq tells 
us that for any « > 0 there is a constant K = K(€,01,...,@q) > 0 such that 
K x 
in |= —a;| > ——— “eQ. 
mn, 7 a;| > wie for all 7 EQ (3.21) 


Combining (3.20) and (3.21), we find that 
yl" < C/K. 


By assumption, d > 3, so this shows that there are only finitely many possible values 
for y. Finally, we observe that for each y, the equation G(x, y) = b implies that there 
are at most d possible values for x. Therefore the equation G(x, y) = b has only 
finitely many integer solutions O 


Siegel observed that Thue’s theorem can be reformulated in terms of integral 
values of rational functions. 


Theorem 3.36. (Siegel) Let é(z) € Q(z) be a rational function with at least three 
distinct poles in P'(C). Then 


{a €Q: g(a) € Z} 
is a finite set. 


Remark 3.37. Note that Theorem 3.36 need not be true if the rational function @ has 
fewer than three poles. A simple example with two poles is the function 


where D > 1 is a squarefree integer and F(z) € Z|z] is a polynomial of degree 2d. 
If we now take any solution (u,v) € Z? to the Pell equation u? — Dv? = 1, then 
o(u/v) = v?4F(u/v) € Z. The Pell equation has infinitely many solutions, so there 
are infinitely many rational numbers u/v € Q with @(u/v) € Z. 


Proof. Write 
o = [F(X,Y),G(X,Y)] 


using homogeneous polynomials F'(X,Y),G(X,Y) € ZX, Y] of degree d having 
no common factors. For any fraction a = a/b € Q written in lowest terms, we have 
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so (a) € Z if and only if G(a, b) divides F(a, b). 

Let R = Res(F,G) be the resultant of F and G, which is a nonzero integer 
since fF and G have no common factors. Proposition 2.13 says that there are homo- 
geneous polynomials f,, 91, fo, g2 € Z[X, Y] satisfying 


fi(X,Y)F(X,Y) + (XX, Y)G(X,Y) = RX?°O1, 
fo(X,Y)F(X,Y) + go(X,Y)G(X,Y) = RY?O!, 


Substituting (X,Y) = (a,b) into these equations, we see that if G(a,b) divides 
F (a,b), then G(a, b) also divides both Ra?4-1 and Rb?4-1, However, a and b are 
relatively prime, so we have proven that 


¢(a/b) € Z implies that G(a,b) divides R. 


It is important to emphasize that the resultant R depends only on F and G and that 
it is nonzero. Hence 


{5 <@:¢(F) eahe U {F €@:G(a,8) =p}. (3.22) 


DIR 


Thue’s Theorem 3.35 tells us that each set on the righthand side of (3.22) is finite, 
which completes the proof of Theorem 3.36. 0 


Remark 3.38. Roth’s Theorem 3.34 is not effective, in the sense that it does not pro- 
vide a method for computing an allowable constant «(e, a) in terms of ¢ and a. Thus 
our proofs of Thue’s and Siegel’s theorems (Theorems 3.35 and 3.36) are also inef- 
fective. Baker’s theorem on linear forms in logarithms gives an effective, although 
weak, version of Roth’s theorem, from which one can derive effective versions of 
Theorems 3.35 and 3.36. This means that our finiteness result on integral points in or- 
bits (Theorem 3.43) proven in the next section can be made effective, but the stronger 
integrality statement (Theorem 3.48) cannot, since it relies on the full strength of 
Roth’s theorem. 


Let C c P% be a smooth projective curve defined over Q and let 6: C > P! 
be a nonconstant rational function on C. If C has genus g > 1, Siegel proved that 
Cy(Z) = {P € C(Q) : oP) © Z} isa finite set. For g > 2, this is superseded by 
Faltings’ theorem that C(Q) is finite, but for elliptic curves (g = 1), the set C(Q) 
is often infinite. In this case, Siegel greatly strengthened the qualitative statement 
that C4(Z) is finite by showing that the coordinates of the points in C(Q) have 
numerators and denominators of approximately the same size. The precise theorem, 
which we generalize to the dynamical setting in Section 3.8, is as follows. 


Theorem 3.39. (Siegel [403, 404]) Let E/Q be an elliptic curve, let 6 € Q(E) be 
a nonconstant rational function on E, and for each rational point P € E(Q), write 
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$(P) = [a(P),0(P)| € P’(Q) with a(P),b(P) € Z and gcd(a(P), b(P)) = 1. 


ln O8l@CP)I _ 
in ——— = 
PEE) log|b(P)| 

h(¢(P))—00 
Proof, See [410, [X.3.3]. For a general version on curves of arbitrary genus g > 1, 
see for example [205, D.9.4], although as noted above, if g > 2, then Faltings [164, 
165] proves that C(Q) is finite. 0 


For the convenience of the reader, we conclude this section by stating general 
versions of Theorems 3.34, 3.35, and 3.36 for number fields. Proofs of these, and 
even more general, results may be found in [205, Part D] or [256, Chapter 7]. We set 
the following notation: 

K — anumber field; 
S _ afinite set of absolute values on K; 
Rg the ring of S-integers of K. 


Theorem 3.40. (Roth) Let > 0. For each v € S, extend v to K in some fashion, 
and choose an algebraic number a, € K. Then there is a constant k. > 0, depending 
on K, S, 6, and {ay}ves, such that 


min{|z — ay|y,1 my or allz eK. 
Tent -alo 2 ape 


Theorem 3.41. (Thue-Mahler) Let G(X,Y) € K[X,Y] be homogeneous of de- 
gree d with at least three distinct roots in P‘(C), and let B € K. Then there are only 
finitely many (X,Y) € R32 satisfying G(X,Y) = B. 


Theorem 3.42. (Siegel) Let 6(z) € K(z) be a rational function with at least three 
distinct poles in K. Then there are only finitely many a € K satisfying ¢(a) € Rs. 


3.7 Integral Points in Orbits 


In this section we prove that the orbit of a rational point by a rational map contains 
only finitely many integers, except in those cases in which that statement is clearly 
false. For ease of exposition, we work with Q and Z, but the result holds quite gen- 
erally for rings of S-integers in number fields; see [411] or Exercise 3.38. We begin 
with a definition. 


Definition. A wandering point for a rational map ¢ : P! — P! is a point P € P! 
whose forward orbit O(P) is an infinite set. Thus every point is either a wandering 
point or a preperiodic point.” 


2The reader should be aware that in topological dynamics, especially with respect to invertible maps, 
the standard definition says that a point is wandering if it has a wandering neighborhood. In other 
words, a point P is topologically wandering if there is a neighborhood U of P and an integer no such 
that d°(U) N ¢7(U) = @ for all i > j > no. Our definition coincides with the topological definition if 
we use the discrete topology. 
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Theorem 3.43. Let 6(z) € Q(z) be a rational map of degree d > 2 with the property 
that $?(z) € Q|z]. Let a € Q be a wandering point for ¢. Then the orbit 


Og(a) = {a, (a), ¢*(a), $°(a),--} 
contains only finitely many integer points. 


Theorem 3.43 is an immediate consequence of the following elementary geomet- 
ric result combined with Siegel’s Theorem 3.36 concerning integral values of rational 
functions. 


Proposition 3.44. Let @ € C(z) be a rational function of degree d > 2 satisfying 
$7(z) ¢ C[z], so Theorem 1.7 implies that no iterate of ¢ is a polynomial map. Then 


#6 *(00) > 3. 
If d > 3, then #6~3(00) > 3. 


Proof. We give a pictorial proof using the Riemann—Hurwitz formula. Suppose 
that ¢ is a rational map with #¢~3(0o) < 2. There are four possible pictures for 
the backward orbit of 00, as illustrated in Figure 3.1. 


o— Q— P— ow (A) 


Q—> P—> o (B) 


—_e 
_—” 


| 


__~ 
P— > © (C) 
e + gn 
e—- Q— Po 
oe (D) 
4 


e—> Q’— Pp 


Figure 3.1: Backward orbits containing few points 


The weak form of the Riemann—Hurwitz formula (Corollary 1.3) says that 
2Md-2= S° (d- #¢71(P)). (3.23) 
Pep! 


We apply (3.23) to each of the four pictures in Figure 3.1. Before computing, we 
need to determine to what extent the points in the four pictures are distinct. For (A) 
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and (B), the three points P, Q, and oo must be distinct, since P = oo would mean 
that ¢ is a polynomial and Q = oo # P would mean that ¢? is a polynomial. 
Similarly, in (C) we cannot have P = oo, so relabeling the points in (C) and (D) if 
necessary, we may assume that P, Q, and oo are distinct in all four cases. We now 
use the Riemann—Hurwitz formula to estimate 


2d — 2 > (d— #$7"(00)) + (d— #9 *(P)) + (d- #67*(Q)) 
(d~1)+(d—1)+(d—1) =3d—3 incase (A), 

_ J(d-1)+(d—1)+(d—2)=3d—4 incase (B), 

~ )(d-1) + (d-2)+ (d-1) =3d—4 incase (C), 
(d—2)+(d—1)+(d-—1) =3d—4 incase (D). 


Thus case (A) yields d < 1, a contradiction, while the other three cases give d < 2. 
This proves that if d > 3, then #6~°(0o) > 3. Finally, if d = 2, then the Riemann 
Hurwitz formula tells us that ¢ has only two ramified points, and by inspection we 
see that those points already appear in the pictures for (B), (C), and (D). Since 
#73(co) = 2 in each case, it follows that #¢~4*(co) > 3. (See Exercise 3.37 
for an explicit lower bound for #@~ (oo) in terms of d and n.) C 


Proof of Theorem 3.43. Proposition 3.44 tells us that #¢~*(00) > 3. (If d > 3, we 
could even take #—°.) The condition #¢~4(o0) > 3 can be rephrased as saying that 
the rational function ¢* has at least three distinct poles, so we may apply Siegel’s 
Theorem 3.36 to conclude that the set 


{8 <Q: (8) € Z} (3.24) 


is finite. 
Consider the set of integers n such that the n" iterate of ¢ applied to a is integral, 


Nag = {n>0: 6"(a) € Z}. 
It clearly suffices to prove that N, is finite. Ifn € Ng with n > 4, then 
¢"(a) = ¢*(6"4(a)) €Z, 


so we see that 6”~4(q) is in the finite set (3.24). However, for any fixed @ in the 
set (3.24), there is at most one iterate of a that is mapped to G (remember that a is a 
wandering point). This completes the proof that Og(a) A Z is finite. Oo 


Theorem 3.43 says that if ¢(z) is not a polynomial, then the orbit Og(a) con- 
tains only finitely many integral points. It is natural to ask how large Og(a)  Z 
can be. The answer is that it may be arbitrarily large, as shown by the following 
construction. 

Example 3.45. In order to create a rational function whose orbit contains a large 


number of integral points, we simply take a finite (reasonably random) sequence of 
integers zo, 29,-.-, 2-1 and treat the equations 
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6° (zn) = 2n41 forn=0,1,...,4k-1 


as a system of homogeneous linear equations for the 2d + 2 coefficients of ¢. If the 
degree of ¢ satisfies 2d + 1 > k, then there should be a nontrivial rational solution. 
We carry out this procedure with d = 2 to find the rational function 


(2) = 899x? — 2002% + 275 
~ 33r2 — 584 + 275 


such that the orbit of 0 contains quite a few integer points: 


6 


Q —— 1 


> 3 $ + —2 ann 5 _?_, —~7 _? 

Of course, as Theorem 3.43 predicts, the list of integer points must end, and indeed 
the next few iterates make it seem likely that there are no further integral points in 
the orbit of 0. Thus 


$2917 é 296398306 @ 1.7011876043966969359 é 
7 "299° * ~"{0198813 —* ~938619769242091763 _ 
Example 3.45 (see also Exercise 3.41) shows how to construct orbits with many 
integer points by using rational maps of large degree. The following trick, adapted 
from work of Chowla [103] and Mahler [285] on elliptic curves (see also [405]), says 
that Og (a) N Z may be arbitrarily large even for rational maps of a fixed degree. 


Proposition 3.46. For all integers N > 0 and d > 2 there exists a rational map 
o(z) € Q(z) with the following properties: 

e o°(z) ¢ Cle]. 

© 0 is a wandering point for @. 


© 0,4(0), 47(0), ¢3(0),..., 6% (0) € Z. 


Proof, Let y(z) € Q(z) be any rational map of degree d for which 0 is not a pre- 
periodic point. For each 0 < n < N, write 


v0) =F €Q 


as a fraction in lowest terms, and let B = b9b, --- by. Consider the rational function 
$(z) = By(z/B). Clearly ¢"(z) = By" (z/B), so for 0 <n < N we have 


$"(0) = Bw" (0) = bob, --: bn—-1Anbn41 ---bn €Z. 
Hence $"(0) € ZforallO<n<N. O 
Although Proposition 3.46 shows how to make O4(a)NZ arbitrarily large, it is in 
some sense a cheat. What is really happening is that we are clearing the denominators 


of rational points in an orbit. We can use the following notion of minimal resultant 
to rule out this behavior. 
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Definition. For a rational map ¢(z) € Q(z), write ¢(z) as O(z) = Fe(z)/Go(z), 
where Fy,Gy4 € Z[z] have integer coefficients and the greatest common divisor of 
all of their coefficients is 1. Then Fy and Gg are uniquely determined by ¢ up to 
multiplication by +1, and we define the resultant of ¢ to be the quantity 


Res(#) = |Res(Fy, Gg)]. 


(See Section 2.4 for the definition and basic properties of the resultant of two polyno- 
mials. See also Section 4.11 for a general discussion of minimal resultants of rational 
maps over number fields.) 


We can use the resultant to rule out the denominator-clearing trick of Proposi- 
tion 3.46, and having done so, we conjecture that the number of integer points in an 
orbit is bounded solely in terms of the degree of the map. (See Theorem 6.70 for a 
special case.) This is a dynamical analogue of a conjecture of Lang [254, page 140]; 
see also [202, 407]. 


Conjecture 3.47. Let ¢(z) € Q(z) be a rational map of degree d > 2 with ¢7(z) ¢ 
Ql[z], and let « € P!(Q) be a wandering point for o. Assume further that is affine 
minimal in the sense that 


Res(o} = ~— mi Res(@*). 
(9) = 5 Fam a Reso") 
f(z)=az+b 


(In other words, we cannot make the resultant smaller by conjugating by an affine 
linear transformation az + 0.) Then there is a constant C = C(d) depending only 
on the degree of d such that 


#(Og(a) NZ) <C. 
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Theorem 3.43 says that, except for the obvious counterexamples, an orbit Og (a) con- 
tains only finitely many integer points. In this section we prove a dynamical analogue 
of Siegel’s Theorem 3.39, which asserts that the numerators and denominators of cer- 
tain rational numbers have approximately the same number of digits. Siegel’s proof 
of Theorem 3.39 uses the existence of the multiplication-by-m maps |[m] : E > E 
on an elliptic curve. These finite unramified maps have the effect of significantly in- 
creasing the height of points while leaving distances relatively unchanged. We adapt 
Siegel’s argument to the dynamical setting, but since our maps are on P', they are 
always ramified. This causes some additional complications, since distances shrink 
significantly near ramification points. 


Theorem 3.48. (Silverman [411]) Let 6(z) € Q(z) be a rational map with the 
property that $7 (z) ¢ Q|z] and 1/¢7(1/z) ¢ Q[z]. Let a € Q be a wandering point 
for ¢, and write 
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as a fraction in lowest terms. Then 


logan} _ 


= 3.25 
rite Tos [Bal 625) 


Remark 3.49. It is clear why we must assume that ¢?(z) ¢ Q[z] in the statement of 
Theorem 3.48, but it may be less clear why we also require that 1/¢7(1/z) ¢ Q[z]. 
Letting f(z) = 1/z, we observe that 


1/o*(1/z) = (F710 @* 0 f(z) = (fF obo f(z) = (#)F(2). 


So if 1/¢?(1/z) € Zz], then (¢*)?"(z) € Z[z] for all n > 1. Now consider the 
orbit of a = 1/b for an integer b. We have 


1 
(pf )?n(b) 
The quantity (¢/)?"(b) is an integer, so azn = 1 and bon = (¢/)?"(b) € Z. Hence 


the limit in (3.25) for even values of n is 0. Thus the assertion of Theorem 3.48 is 
not true for rational maps 6(z) such that 1/¢?(1/z) is a polynomial. 


Example 3.50. To illustrate Theorem 3.48, we take 6(z) = z+ 1/z and a = 1 and 
list the first few values of 6"(1) = an/bp in Table 3.1. 


g?r(1/b) = b°"(F(b)) = F-*((6!)?"(b)) = 


n dn a log(an) 

log(bn) 
0 1 1 _ 
1 2 “T| 0.69315 
2 5 2] 1.60943 
3 29 10] 1.46239 
4 941 290/ 1.20759] 
[5] 969581 272890] 1.10128 
6 1014556267661 264588959090] 1.05110 


7|1099331737522548368039021 268440386798659418988490] 1.02613 


Table 3.1: Orbit O; (¢) for 6(z) = z + 1/z, writing @"(1) = a@n/bn. 


Notice how both the numerator and denominator of ¢"(1) grow extremely 
rapidly. Of course, the elementary height estimate (Theorem 3.11) tells us that the 
maximum of |a,,| and |b,,| grows this rapidly, but the fact that they both grow at ap- 
proximately an equal rate lies much deeper and is the content of Theorem 3.48. And 
to illustrate the speed with which the fractions grow, even for a very simple map of 


degree 2 such as (z) = z + 1/z, here is the exact value of ¢°(1), which is the last 
value that fits on one line using very small (5 point) type: 
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1726999038066943724857508638586386504281539279376091034086485112150121338989977841573308941492781 
37790870974605039248107 16096095805 27436122569261424131112048023467330784739529329885668846964890 * 


This ninth iterate has logarithmic ratio 


log(an) _ log(17269990380 .. . 492781) 


= eee eet! x 1.00690. 
log(bn)  log(37790870974.. .964890) 


Proof. The idea underlying the proof of Theorem 3.48 is fairly simple. Choose some 
€ > 0, and suppose that 


lan| > |b, |’** for infinitely many n > 0. (3.26) 


This means that ¢”(a) = a,,/b, is very large, so #"(a) is close to oo. It follows 
that a is quite close to one of the points in the inverse image ¢~"(0o), say a is 
close to 6 € ¢~"(cc). But a is in Q, so one can hope that if n is sufficiently large, 
then a and f are so close to one another that they contradict Roth’s Theorem 3.34. 
Unfortunately, this naive approach does not work, because the point 3 depends on n, 
so the constant in Roth’s theorem changes with each new value of n. 

A more sophisticated idea is to use a fixed (large) integer m and apply Roth’s 
theorem to the rational point ¢"~ (a) and a nearby point in ~ (00). Note that 


n(o?-™(a)) = —h(d"(a)) + O(1), 


so the height of ¢”~ (a) is much smaller than the height of 6" (a). 

We fix an integer m satisfying d” > 6/e (we will see later why this is a good 
choice for m) and we let @ be the point in @~™ (co) that is closest to #”" (a). How 
close is 3 to a? It turns out that this depends on the ramification index of ¢ at various 
points. If we make the (incorrect) assumption that ¢ is everywhere unramified, then ¢ 
preserves distances up to a scaling factor, which allows us to make the following 
estimates, where the constants C1, C’2,... may depend on ¢, a, and m, but they do 
not depend on n: 


> 
lan|€ ~ 
~ C1p(6"(a), 00), definition of p, since |¢"(a)| > 1, 
= Cip(¢" (a), 6(8)), since (8) = 00, 
= Cop(¢""™ (a), 8), assuming ¢ is unramified, 
= C3|¢"""™(a) — B|, _—_ definition of p, 


=|¢"(a)\"' since Jan | > |b, |4** from (3.26), 


bn 
Qn 


2 ear Roth’s Theorem 3.34 (with exponent 3), 
~ wor’ property of heights (Theorem 3.11), 
a 
Cs 


= we since |a,,| > |bnl, 
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Cs 


_ . . m 
= la, |?" since m satisfies d” > 6/e. 


Taking logarithms, we have proven that 
2 Lope . 
log |an| < - log(Cs) for all n satisfying (3.26), i-e., |an| > |b, |'*®. 


We reiterate that the constant C; depends only on ¢, a, and m; it does not depend 
on n. Hence if n satisfies (3.26), then a,,, and also b,,, are bounded. It follows that 
the ¢-orbit of a contains only finitely many points satisfying (3.26), and therefore 


log |an 
lim sup 08 |an| <lt+e. (3.27) 


noo log lbn| ~ 


Repeating the argument with the rational map 1/¢(1/z) and the initial point 1/a 
yields 


log |b, | c 


lim: sup Tog |an| 
Since (3.27) and (3.28) hold for all « > 0, we conclude that the limit in (3.25) is 1. 
This would complete the proof of Theorem 3.48 except for the unfortunate fact 
that rational maps P! — P? are always ramified. Further, our proof sketch made no 
mention of the assumption that ¢?(z) is not a polynomial, and the theorem is false 
for polynomials! In order to fix the proof, we begin by studying how ramification 
affects the distance between points. 


Ite. (3.28) 


Lemma 3.51. Let ¢ : P}(C) — P'(C) be a rational map of degree d > 2, let 
p: P(C) x P(C) = R be the chordal metric as defined in Section 1.1, and 
for Q € P!(C), let 


eq(¢) eq’ (9) (3.29) 


= max 

Q’€g-1(Q) 
be the maximum of the ramification indices of the points in the inverse image of Q. 
Then there is a constant C = C'(¢, Q), depending on ¢ and Q, such that 


min  p(P,Q')°2) < Cp(d(P),Q) forall PE P\(C). (3.30) 
Q’€¢-1(Q) 

In other words, if 6(P) is close to Q, then there is a point in the inverse image of Q 
that is close to P, but ramification affects how close. 


Proof. We dehomogenize using a parameter z such that Q #4 oo and co ¢ ¢-1(Q). 
This means that we can write Q = 6 and P = a and that we are looking for the 
B’ € ¢-+() that is closest to a. 

Writing ¢(z) = F(z)/G(z) asa ratio of polynomials, the set d~!(8) is precisely 
the set of roots of the polynomial F'(z) — GG(z). If we factor this polynomial over C 
as 


F(z) — BG(z) = b(z — Bi)" (2 — Ba)?» (2 — Br) 
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with distinct 3,,...,G,, then 8; € ~1(8) has ramification index e;. For notational 
convenience, we write 
e = eg(¢) = maxe;. 


We may assume that $(P) is quite close to Q, i-e., that p(¢(P), Q) is small, 
since otherwise, the fact that the chordal metric satisfies ¢ < 1 lets us choose a C 
for which the inequality (3.30) is true. In particular, P 4 oo, and writing a = z(P), 
we may assume that a is quite close to at least one of the points 3; in 6~'(@). For 
example, we may require that a satisfy 


i. 
Ja — Bel < 3 min [Bx — 6 and la — Be <i. 
This implies in particular that 


1 . 
ja — Bi] 2 [x — Bi| — la — Be] 2 518% ~ Bil for all i # k. 
Hence 


|F(a) ~ BG(a)| = [olla ~ 8, |**|a~ fol"? --fa— 8, | 
= [lla — dl TP lo - Bil 
i¢k 
> [plla— el TT 5 1. — Bil” 


ixk 
= Cila _ Bx|**, 


where the constant C' is positive and depends only on ¢ and (7. Further, the exponent 
satisfies e, < e, so we obtain the estimate 


|F(a) — BG(a)| = Cila — Bel’. 


The fact that 6(a) = F'(a)/G(aq) is close to 2 and the assumption that G(3) 4 0 
implies that G(@) is bounded away from 0, so dividing by G(a) yields 


|d(a) — | > Cala — B;°. 


This in turn implies the same estimate for the chordal metric, since we can estimate 
|\@(a)| using || and we can estimate |a| using |3;|. Therefore 


p(d(a), 8) > Capla, Ax)° = Cs, min. plo )°. O 


Next we show that if we stay away from totally ramified periodic points, then 
iteration of @ tends to spread out the ramification. 
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Lemma 3.52. Let ¢ : P — P! be a rational map of degree at least 2 and let Q € P! 
be a point such that Q is not a totally ramified fixed point of $7. Then 


_ eg(o™) _ 
ma (deg dy” 
(See Lemma 3.51 for the definition of eg(¢).) 


Proof. The proof of this geometric result uses the Riemann—Hurwitz Theorem 1.1] 
in a manner similar to the way that we have used it in the past. Let d = deg(¢), fix 
an integer m, and let P € @~™(Q). We use the fact that the ramification index is 
multiplicative, 


ep($™) = ep(d)e gp) ($)eg2(P)() > - €gm—1(p) (9). 
To ease notation, we write 
ei = €g(P)(9). 


We consider several cases. 


Case I. The points P, #(P), 6?(P),...,6—1(P) are distinct. 
Note that this covers the case that Q is a wandering point. The Riemann—Hurwitz 
formula allows us to estimate 


ep(@”™) = ege1€2°+*€m—i 


m 
< (2tat tent) arithmetic-geometric inequality 
m 
-1 —1)+4... m-1—1 m 
-(& ) + (er =U) +++ (Ema +1) 
m 
2d —2 ™ ; ; 
<( ml + i) Riemann—Hurwitz formula. (3.31) 


This estimate is clearly much stronger than the stated result, since the righthand side 
of (3.31) has a finite limit as m — oo. Indeed, it is an elementary exercise to verify 
that (1 + t/m)™ < et is valid for all t > 0, so 


ep($™) < e74-? for all m > 1 provided P, (P),...,¢"—1(P) are distinct. 
(N.B. ep is a ramification index, while the e in e?4—? is the number 2.71828... !) 


Case II. P is purely periodic of period k > 3, and m > k. 

The assumption that ¢*(P) = P implies that e; = €gi(p)(@) depends only on i 
modulo k. Writing m = qk + r with 0 < r < k, we use the multiplicativity of 
ramification, applied to *, to estimate 


q-l 
ep(o™) = ( I cosnimy( 8) )eauacry(6") = (ep(o*)) “gee (6"). 8.32) 
j=0 
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Note that P, #(P),...,¢*~!(P) are distinct, so we can apply Case I to each of the 
ramification indices on the righthand side of (3.32). This yields 


ep(@™) < (== 2 +1)" a + i) applying (3.31) to d* and ¢”, 


<(* 24 ri) e using (1+ t/r)” < e’, 


<(SPn) ee 


Finally, we observe that 


2d — 2 5 
_ f —— —-—— —-—-|<-— Id> > 
i( i +1)=1 -(1 ale zt) <3 for all d > 2 and k > 3. 


This proves that ep(¢™) < e?4-? (3d)™ 


Case III. P is purely periodic of period k < 2,and m > k. 
We use the assumption that Q is not a totally ramified fixed point of ¢* to deduce 
that at least one of ep(¢) and eg, p)(¢) is strictly smaller than d — 1, so 


ep(¢”) = ep(d)egpy(f) = e0e1 < @ -d. (3.33) 


Now using the fact that ¢?(P) = P, we see that em = €gmp)() is equal to €o if m 
is even and equal to e, if m is odd, so 


ep(o™) = egeé2g---e€m—1 multiplicativity of ramification index, 


(ege1)™/? if m is even, 
ege1)"-D/2e9 if mis odd, 


( 
(d? — d)™/? if m is even, 
(a2 —a)™-)/24_ if mis odd, 


[m/2] 
1 mM 
= - 3) d™. 


Case IV. P is preperiodic. 

If P is periodic, we are already done from earlier cases. Suppose that P is not peri- 
odic and let j > 1 be the smallest integer such that ¢/ (P) is periodic. Let R = ¢’(P) 
and let k be the exact period of R. Then P,¢(P),...,¢°~1(P) are distinct and 
R = @'(P) is periodic, so from Case I we have 


ep($™) = ep($?) - egi(py($™ 4) < €7* *en(O™4) < €74 eR ($™). 


We also note that R is not a totally ramified fixed point of ¢?, since 6~1(R) contains 
at least the two distinct points 6*~!(R) and ¢’—!(P). (This is where we use the as- 
sumption that P is not itself periodic.) Hence we can apply Case II or III to er(¢”), 
which gives the desired estimate for ep(¢”). 
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In all four cases we have proven estimates for ep(¢™) that imply that 
ep(¢™)/d" -0 as moo. 


This completes the proof of Lemma 3.52. More precisely, we proved that there are 
constants c, and cz, depending only on d and with cz < 1, so that 


ep(d™) <ex(ced)™ ~— forall m > 1. 


And if P is a wandering point, we have shown that ep(¢™) is bounded by a constant 
depending only on the degree of ¢. O 


We next prove an elementary lemma that relates the chordal metric p(x, y) to the 
Euclidean distance |z — y]. 


Lemma 3.53. Let p be the chordal metric on P'(C). Then for all x,y € C C P'(C), 


, p(y, 00)? 
ple,y) < 5ply.co) => pl(z,y) > |e-yl- eyes) 


Proof. Note that p(z,oo) = 1/,/|z|? + 1, so directly from the definition of p we 
have 
jz —y| 


p(x, y) = Varti peat = |x — ylp(x, 00) p(y, 00). 


Then the triangle inequality for p in the form p(x, co) + p(x, y) > p(y, co) (see (1.2) 
in Section 1.1) yields 


p(x, y) > |x — yl{oly, 00) — p(x, y)} p(y, 00). 


Making the further assumption that p(x, y) < 5 p(y, 00), we obtain the desired in- 
equality. CO 


Proof of Theorem 3.48. We now have the tools needed to complete the proof of The- 
orem 3.48. Writing ¢"(a@) = a,/b,, as usual, our initial goal is to prove that the set 


N(¢,a,€) = {n >0: Jan] > |bnl'*} 


is finite. We observe that for n € N(¢, a, €), the point ¢”(a) is close to oo, since 


bn bn 1 
A(8"(a),00) = pl Om buh (10) = pee < |] < 2. 634) 


By assumption, ¢°(z) ¢ C[z], so oo is not a totally ramified fixed point of ¢?. 
This allows us to apply Lemma 3.52, which gives us an integer m9 = mo(d, €) such 
that 

€0() < =a” for all m > mo. (3.35) 


Having fixed an m > mo, we apply Lemma 3.51 to the map 6™ and the points 
P= ¢"—™(a) and Q = co to obtain a point G,, € ¢~™ (oc) satisfying 
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p(o™™ (a), Bu) =" < Cyp(4"(a), 0), 3.36) 


where C; = C:(¢™, 00) depends only on m and ¢. Hence if we define 


N(g,05 €,8) = {rm € N(d,a,6) : p(8""™(a), Bn) =" < Crp(4"(a), 00) $, 


then N(¢, a, €) is the union of N(¢, a, €, 3) for 8 € 6 ™ (00), so it suffices to prove 
that the set N(¢, a, €, 3) is finite for each 3 € 6” ™(o0). Note that if N(¢, a, €, 3) 
is infinite, then (3.34) and (3.36) imply that 


p(o"-™(a), B) = 0. (3.37) 


lim 
né€N(¢,a,€,2) 
NICO 


In other words, ¢”~ (a) approaches 3 in P!(C) as n — ov. 
We consider first the case that 3 4 oo. The limit (3.37) tells us that 


p(”-™(a), B) < 508, oo) for all but finitely many n € N(¢,a,€, 8). (3.38) 


Note that the inequality (3.38) allows us to apply Lemma 3.53 with z = ¢"~™ (a) 

and y = 2, which yields 
n—m n—m p p »CO 2 nu 

plo" (a),8) > Jo (a) — | PB > cygrm(a)— 4], 6.39) 
where as usual C2 > 0 depends only on ¢ and m. 

We are now ready to repeat the calculation from page 114, but this time done 
rigorously to account for the fact that ¢ has ramification. As usual, all constants may 
depend on ¢ and m, but are independent of n: 

1 


Tanke > p(¢"(a), oo) from (3.34), 


> Csp(4"-"™(a), 8)" from (3.36), 
> C4|e-™(a) — B[°"") from (3.39), 


> —— Roth’s Theorem 3.34 with exponent 3, 
H(¢"-™(a))* 
s Ce from Theorem 3.11, which says that 
= n{,,\\3800(¢™)/a™ =d-“h(g™(P ; 
H(¢"(a)) A(P) = d-™h(¢™(P)) + O11) 
> — from (3.35), 
H(9"(a)) 
Ci . n 
= ing since H(¢"(a)) = H(an/bn) = lanl. 


Hence |an| < Cy’* is bounded for n € N(d,a,€,(), and the same is true 
of |b,| since |b,|'t€ < |an|, so 6”(@) takes on only finitely many values for 
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n € N(¢,a,€, 3). But by assumption, a is a wandering point for ¢, so we conclude 
that N(, a, €, 3) is finite in the case that 3 4 oo. 

Suppose now that 3 = oo. Then a similar, but elementary, argument not requiring 
Roth’s theorem yields 


1 
—~ > p(d"(a),00) from (3.34), 
lanl* 
> Crp(o-™(a), 8) from (3.36), 
C0 (¢™) 
=C7 Prem definition of p, 
Gm + On 
Cs definition of height, where note that 
> Salo) bn—-m # 0, since a is wandering and 
H(¢"-™(a)) oo is periodic, 
> Cs rye from Theorem 3.11, 
H(9"(a)) 
C 
> ——"—; from (3.35), 
H(¢"(a)) 
C ; 
= 5 since H(6"(a)) = H(an/bn) = lan. 
lan| 


As above, we conclude that a,, and b,, are bounded, and hence that N(, a, €, 00) is 
finite. 

We have now proven that V(¢, a, €, () is finite for all G € ¢~™ (oo), and hence 
that N(, a, €) is finite. The finiteness of N(@, a, €) is equivalent to the statement 
that 

log |an| 
log |bn| 


<ite for all but finitely many n > 0. (3.40) 


We now apply the same argument to the rational map ¢(z) = 1/@(1/z) and the 
point 1/a. It is easily verified that 7)” (1/a) = b,,/an, so we obtain the complemen- 
tary inequality 


log |bn . 
08 |bn <1l+e for all but finitely many n > 0. (3.41) 
log |an| 


Since (3.40) and (3.41) hold for all € > 0, it follows that 


log |an| _ 


n> 00 log |bn| 7 


which completes the proof of Theorem 3.48. O 
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3.9 Periodic Points and Galois Groups 


In this section we study the Galois groups of the field extensions generated by peri- 
odic points of a rational map. Much of the theory is valid for rational maps defined 
over an arbitrary perfect field and even for nonperfect fields, as long as ¢ is separ- 
able and one replaces the algebraic closure K of K with the separable closure K*?, 
For further material on this topic and the more general Galois theory of iterates, 
see (3, 179, 220, 222, 310, 311, 345, 346, 347, 425]. 

Let ¢(z) € K(z) be a rational function of degree d > 2 with coefficients in a 
perfect field K’. The periodic points of ¢ have coordinates in the algebraic closure 
of K, since they are solutions to equations of the form 


o"(2) = 2. 


More precisely, write @ = [F, G] using homogeneous polynomials F,G € K[X, Y]. 
Then 
ge” = [F; ns Gr] 


for homogeneous polynomials F,,,G, € K[X,Y] of degree d”, and the periodic 
points of ¢ of period n are the solutions in P!(K’) to the equation 


Y F,(X,Y) — XG,(X,Y) =0. 


Thus counted with multiplicity, there are exactly d” + 1 such points. 

In this section we study the field extensions of K generated by the coordinates 
of the periodic points. Recall that if P = [ao,..., ay] € P’ (4K), then the field of 
definition of P over K is the field K(P) obtained by choosing a nonzero a; and 


setting 
K(P) = K (29,03, o8), 
QA; AY (en, 
It is easy to see that this field is independent of the choice of the index i. 
The Galois group Gal(K /K) acts on the points of P’ (K) in the natural way, 


o(P) = [o(a0),o(a1),.--,o(an)], 
and it is not hard to verify (Exercise 3.47) that 
K (P) = Fixed field of {o € Gal(K/K) : o(P) = P}. 
Recall that the set of n-periodic points of ¢ is the set 
Per, (¢) = {P € P'(K) : $"(P) = P}. 


Some of the points in Per,,(@) may have period that is smaller than n. For example, 
Per,,(@) contains all of the fixed points of ¢. This suggests that we look at a smaller 
set consisting of the primitive n-periodic points, 


Per**(¢) = {P € P'(K): 6"(P) = Pand ¢'(P) # P foralll <i <n}. 
We begin by verifying that both Per,,(¢) and Per;*(#) are Galois-invariant. 
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Proposition 3.54. Let ¢(z) € K(z) be a rational function of degree d. The set of 
n-periodic points Per,(@) and the set of primitive n-periodic points Per," () are 
Galois-invariant sets. 


Proof. Leto € Gal(K/K). Then 
o(o(P)) = 0(¢(P)) forall points P € P'(K), 
since ¢ is a rational function with coefficients in K. Let P € Per,,(@). Then 
9" (a(P)) = o(6"(P)) = o(P), 


so o(P) € Per,,(@). This proves that Per,,(¢) is Galois-invariant. 
Similarly, we see that 


$' (o(P)) = o(P) => o(¢'(P)) = o(P) <=> 9'(P) = P, 


which proves that P is a primitive n-periodic point if and only if o( P) is a primitive 
n-periodic point. Hence Per?*(¢) is also Galois-invariant. Oo 


Proposition 3.54 tells us that the set of primitive n-periodic points generates a 
Galois extension of K. We denote this extension by 


Kno = K(P: P € Per7*(¢)). 


These fields are analogues of the fields generated by roots of unity (cyclotomic 
fields), so we call Ky, the n” dynatomic field for @. We denote the Galois group of 
the n™ dynatomic field by 


Gre = Gal(Kn,¢/K). 


Example 3.55. Consider the quadratic polynomial ¢(z) = z? + 1. The sets of prim- 
itive 2°4, 3", 4", and 6" periodic points are given, respectively, by the roots of the 
polynomials 


* P(z)—2 2 
= OO 2 
$3(z) ble) 22 a +z +2, 
3(y) — 
$2) =< GORE a oh 4 Sp det ah Te bas $5, 
4 _ 
¢3(z) = Oe) Te 12 5 G1 4 29 4 1828 4 de? 43329 4 825 
; @*(z) —2 


+ 4024 + 923 + 3027 + 6z + 13, 
(¢®(z) — z)(o(z) — 2) 
(b3(z) — z)(¢*(z) — z) 
= 7°4 — 753 4 9775? _ 95251 4... — 137502 + 45833. 


96(2) = 


As this simple example clearly shows, it is infeasible to study dynatomic fields via 
explicit equations except for very small values of n. 
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The Galois group G4 acts on the set of primitive n-periodic points Per**(), 
and it is clearly determined by this action, but except in trivial cases G,,,4 cannot 
be the full group of permutations of Per?" (¢). The reason why it cannot be the full 
group of permutations is due to the relation 


o(¢'(P)) =¢'(o(P)) for allo € Gpg and all P € Per**(¢). 


Thus the action of on points in the orbit of P is determined by its action on P. This 
suggests that we decompose the action of G,,,4 on Per;*(¢) into its action on the set 
of orbits and its action within each orbit. 

A nice way to visualize the action of G,,,¢ on the points of Per,” (¢) is to consider 
the following picture: 


O; Oz jr+*| Onna oF 
P, Pp fe) Pha P, 
o(P1) (Pe) a $(Pr—1) O(P,) 
¢?(P1) | g?(P2) |---| (Pri) | ¢?(Pr) 


o"-1( Py) |" Pa) |= "3 (Ppa)|"-(B,) 


An element of G,,4 permutes the orbits, i.e., it permutes the columns, and then 
within each column it performs a cyclical shift. 

We can write this algebraically by observing that applying o € G,,,g toa point P; 
gives a point ¢°(P,,) for a uniquely determined 0 < i < nand1 <k <r. We 
indicate the dependence of 2 and k on o and j by adopting the notation 


o(P;) = 6° (Py). 


Notice that 7, is a permutation of the set {1,2,...,7r}, so we can think of it as an 
element of the permutation group S,. This gives a map 7: Gy.g — S,. 
Similarly, if we set i, = (i,(1),i,(2),...,i,(r)), then we obtain a map 


i: Gnrig —> (Z/nZ)’. 
We perform a computation to see how i and 7 interact with one another: 


(o7)(P)) = o(r(P))) = o(6° (Pye) 
= $'° (6(P,, yy) 
= gir (gin) Po. Gy) 
_ pit Ite (7G) (Por T \Q))- 


From this equation we obtain the two formulas 
Tot = Mgt and igr =i, + igte. (3.42) 


Thus the map 7 : Gp,.g — S, is a homomorphism, but the map 
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i: Gag > (Z/nZ)" 


is not a homomorphism, since it is twisted by the permutation action of S, on 
(Z/nZ)". This is an example of the following general construction. 


Definition. Let S and H be groups, and let A be an index set on which S acts. 
For simplicity, we assume that H is an abelian group and we write its group law 
additively. The group structure on H makes the collection of maps Map(A, #2) into 
a group. Thus if i,,i2 € Map(A, H), then 


(i1 + iz) :A— H, (i1 + ig) (a) = t;(a) + tg({a). 
There is a natural action of S on the group Map(A, #) via its action on A, 
nm: Map(A, H) —> Map(A, H), m(i)(a) = t(n(a)). 


The wreath product of H and S (relative to A) is the twisted product of the 
groups Map(A, H) and S for this action. In other words, as a set the wreath product 
consists of the collection of ordered pairs 


Wreath(H, S) = Map(A, H) x S, 
and its group law is defined by twisting the natural group law on the product, 
(i1, 11) * (i2, 2) = (mali) + tg, tT). 


Theorem 3.56. Let ¢ € K(z) be a rational function of degree d. Let O,,...,O, be 
the distinct @ orbits in Per;,"(@) and choose a point P; € O, in each orbit. For each 
o € Gnig and each1 < j <1, define integers 0 < ig(j) <nand1<a,(j)<r 
by the formula 

o( Pj) = GO (Pag (5): 
Let Wreath(Z/nZ, S,) be the wreath product of the symmetric group S, and Z/nZ 
relative to the natural action of S, on the set {1,2,...,r}. Then the map 


W : Gn —> Wreath(Z/nZ, S,), or (ig,Te), 
is an injective homomorphism. 
Proof. In order to show that W is a homomorphism, we need to verify that 
Wor) = W(o)W(r). 


Writing this out in terms of the (twisted) definition of the group law on the wreath 
product, we need to prove that 


(tor, Tor) = (ig, Mo) (tr, Tr) = (17(ic) + tr, ToT) = (ig Mr +i,, ToT). 


This is precisely the formula (3.42) proven above, which shows that W is a homo- 
morphism. 
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Now suppose that W(o) = 1. This means that 7,(j) = 0 and z,(j) = 9 for all 
1<j<r,soo(P;) = P;. Hence 


o($'(P;)) = $'(o(P;)) = (Pi), 


so o fixes every point in Per?" (#). Therefore o fixes Kn,g, so 9 = 1, which proves 
that W is injective. O 


The above discussion shows that the Galois group G,,,¢ of the dynatomic exten- 
sion K,,,¢/K roughly splits up into two pieces, a permutation piece determined by a 
permutation action on the orbits, and a cyclic piece determined by the action within 
each orbit. The permutation piece can be quite complicated, but one might hope that 
the dynamics of ¢ can be used to study the cyclic piece. We now try to make these 
vague remarks more precise. 

Let 


G6 = Ker(m : Gnjg —> S,) = {0 € Gnig : 0(O;) = O; forall <j <r}, 


and let 
K} 4 = fixed field of Gg. 


nr 


Then 
G> 4 = Gal(Ky 4/Kp.g) > (Z/nZ)", o> (i5(1), t¢(2),.--,te(r)). 


More precisely, if we fix a particular primitive n-periodic point P € Per?*(@), then 
the extension K? ,(P)/K, a q is acyclic extension of order dividing n whose Galois 
group is determined by the homomorphism 


a: Gal(K?, g(P)/Kp 4) —+Z/nZ, satisfying o(P)=¢'°(P). (3.43) 


This formula gives us some control over the Galois group of the relative abelian 
extension Kp, 4(P)/K? 4. 

Remark 3.57. If L = K(qa) is any Galois extension and if o € Gal(L/K) is any 
automorphism, then o(a) can always be expressed as a polynomial in a. Thus there 
is nothing special, a priori, in the fact that the action of Galois in (3.43) is given by a 
polynomial. However, if we fix @(z) of degree d and take n very large compared to d, 
then the extension K’ n. g(P)/K n, » 18 interesting because there is an automorphism o 
described by a polynomial (or rational function) ¢ of small degree compared to the 
degree of the extension. 


3.10 Equidistribution and Preperiodic Points 


There are many theorems and conjectures concerning the distribution of torsion 
points and points of small height on elliptic curves and abelian varieties. In this 
section we describe, without proof, some dynamical analogues. For further details, 
see Zhang’s survey article [453] and the papers listed in its references. 
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We begin with the Manin-Mumford conjecture, which asserts that if X is an irre- 
ducible subvariety of an abelian variety A such that X M Ators is Zariski dense in X, 
then X is a translate by a torsion point of an abelian subvariety of A. The original 
Manin—Mumford conjecture was proven by Raynaud [367, 368]. Replacing torsion 
points by preperiodic points leads to a dynamical conjecture, where the dynamical 
analogue of a translate of an abelian subvariety of A is a preperiodic subvariety of PY 
as in the following definition. 


Definition. Let ¢ : PY — P% be a morphism. A subvariety X C P% is a periodic 
variety for if there is an integer n > 1 such that 6”(X) = X. The subvariety is a 
preperiodic variety for @ if 6™(X) is periodic for @ for some m > 0. 


Conjecture 3.58. (Dynamical Manin-Mumford Conjecture) Let ¢ : PN — P be 
a morphism defined over C and let X C PN be a subvariety. Then 


X 1 PrePer(¢) 
is Zariski dense in X if and only if the subvariety X is preperiodic for ¢. 


The set of torsion points on an elliptic curve £, or more generally an abelian 
variety, is equidistributed with respect to the natural (Haar) measure on E(C). More 
precisely, we identify E(C) = C/L as described in Section 1.6.3, and then for any 
open set U C C lying in a fundamental domain for E(C) we have 


#(E[n]| NU) 


i, En = Area(U). 


A deeper equidistribution result of an arithmetic nature says that the Galois conju- 
gates of torsion points are equidistributed. In order to state a dynamical analogue for 
morphisms ¢ : PN — PY, we need a ¢-invariant measure on P' (C) as described in 
the following proposition. 


Proposition 3.59. Let 6 : PN — P% be a morphism of degree d defined over C. 
There is a unique probability measure ug on PN (C) satisfying 

butts =tg and pg =a - pg. 
We call jig the canonical $-invariant probability measure on P’ (C). 
Proof. For a general construction that covers both archimedean and nonarchimedean 
base fields, see [453]. We also mention a standard result in dynamics (the Krylov— 


Bogolubov theorem [226, Theorem 4.1.1]), which says that any continuous map 
go: X — X ona metrizable compact topological space X admits a Borel probability 


measure jig satisfying ¢. (116) = Me, Le., 


ig(@*(A)) = 4g(A) for every Borel-measurable subset A of X. oO 
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For the remainder of this section we fix an algebraic closure Q of Q and an em- 
bedding Q — C. So when we speak of a number field K and its algebraic closure Kk, 
we assume that they come with compatible embeddings into C. 


Definition. Let K/Q be a number field. For any algebraic point P € P’(K), 
let C(P/K) denote the set of Galois conjugates of P, i.e., 


C(P/K) = {o(P) € P*(K):0 € Gal(K/K)}, 


and let dp denote the Dirac measure on P‘ (C) supported at P, 


1 ifPeU 
5p(U) = 
PU) f if P ¢ U. 


We associate to P € P" (K) the discrete probability measure 


1 


Le = > dQ 
#C(P/K) QeC(P/K) 


supported on the Galois conjugates of P. 


Definition. Let K/Q be a number field and let P,, Pz, P3,... € PN(K) be a se- 
quence of points with algebraic coordinates. Fix a probability measure yz on P-’ (C). 
We say that the sequence {P;};>1 is Galois equidistributed with respect to ys if the 
sequence of measures jup, converges weakly? to yu. 


We are now ready to state a dynamical equidistribution conjecture for Galois 
orbits of preperiodic points on P’, and more generally for points of small height. 


Conjecture 3.60. (Dynamical Galois Equidistribution Conjecture) Let K/Q be a 
number field, let 6: PN — PN be a morphism of degree d > 2 defined over K, and 
let P,, P2, P3,... € P(K) be a sequence of distinct points such that no infinite 
subsequence lies entirely within a preperiodic subvariety of P. 

(a) If P,, Po, P3,... € PrePer(¢), then the sequence {P;};>1 is Galois equidis- 
tributed in PN (C) with respect to the canonical $-invariant probability mea- 
SUYE [Lg 

(b) Ff limo. ho(P;) = 0, then the sequence {P;};>1 is Galois equidistributed 
in PN (C) with respect to the canonical $-invariant probability measure 1g. 


It is clear that Conjecture 3.60(b) implies Conjecture 3.60(a), since preperiodic 
points have canonical height equal to 0. A version of the conjecture is known pro- 
vided that the sequence of points satisfies a somewhat stronger Zariski density con- 
dition as in the following theorem. 


3Recall that a sequence of measures j; on a compact space X converges weakly to p if for every 
Borel-measurable set U’, the sequence of values jz;(U) converges to u(U) as i — 00. 


3.11. Ramification and Units in Dynatomic Fields 129 


Theorem 3.61. (Yuan [450]) Let ¢ : P” — P% be a morphism of degree d > 2 
defined over K and let P,, Po, P3,... € PN (K) be a sequence of points satisfying 
the following two conditions: 

(a) Every infinite subsequence of { P;};>1 is Zariski dense in PY. 

(b) hg(P;) > 0 asi > ox. 

(In the terminology of [453], sequences with property (a) are called generic and 
sequences with property (b) are called small.) Then the sequence {P;};>1 is Ga- 


lois equidistributed with respect to the canonical $-invariant probability measure 1g 
on PN (C). 


Proof. The proof is beyond the scope of this book. See Yuan [450] for a gen- 
eral version over archimedean and nonarchimedean base fields and algebraic dy- 
namical systems on arbitrary projective varieties. Earlier results and generalizations 
are given by Autissier [15, 16], Baker-Ih [24], Baker-Rumely [28], Chambert- 
Loir [98], Chambert-Loir—Thuillier [99], Favre—Rivera-Letelier [169] and Szpiro— 
Ullmo—Zhang [432]. O 


The classical Bogomolov conjecture, which says that sets of points of small 
height on abelian varieties lie on translates of abelian subvarieties, was proven by 
Ullmo [435] and Zhang [452]. We state a dynamical analogue. 


Conjecture 3.62. (Dynamical Bogomolov Conjecture) Let ¢ : PN — P% bea 
morphism of degree d > 2 defined over a number field K and let X Cc PN be an 
irreducible subvariety that is not preperiodic. Then there is an « > 0 such that the 
set 

{P © X(K):hg(P) <e} 
is not Zariski dense in X.. 


Notice that Conjecture 3.62 implies Conjecture 3.58, since the set of points 
with hy(P) < € includes all of the preperiodic points. 

Finally, in closing this section, we mention that canonical invariant measures 
have been constructed on Berkovich spaces; see Remark 5.77 and the references 
listed there. 
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In Section 3.9 we used periodic points to construct field extensions Kg ,, and studied 
their Galois groups. We now take up the question of the arithmetic properties of these 
algebraic number fields. In general, the three basic questions that one would like to 
answer about a given number field are these: Where is it ramified? What is its ideal 
class group? What are its units? In addition, one wants to know how the Galois group 
acts on ideal classes and on units. In this section we provide partial answers to the 
question of ramification and units for dynatomic fields. 

We first recall the classical case of cyclotomic extensions, which provide a model 
for the dynatomic theory. Let ¢ is a primitive n™ root of unity and o € Gal(Q/Q). 
Then 
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o(€)=C) fora unique j() € (Z/nZ)*. 


This defines an isomorphism 
j: Gal(Q(¢)/Q) — (Z/nZ)*, o> j(0), 


expressing the action of o on Q(¢) as a polynomial action ¢(z) = z’. Now let p bea 
prime not dividing n, let p be a prime of Q(¢) lying above p, and let 7, € Gal(Q/Q) 
be the corresponding Frobenius element. The definition of Frobenius says that 


Op(C) =CP (mod p). (3.44) 


However, the n" roots of unity remain distinct when reduced modulo p, so the con- 
gruence (3.44) implies an equality in Q(¢), 


op(¢) = ¢?. 


This exact determination of the action of Frobenius as a polynomial map on certain 
generating elements of Q(¢) is of findamental importance in the study of cyclotomic 
fields. 

To some extent, we can carry over the analysis of Q(¢) to dynatomic fields, al- 
though the final results are not as complete as in the classical case. Let p be a prime 
ideal of the ring of integers of K, ene let p be the residue characteristic of p, and 
let g be the norm of p. We assume throughout that p { n. Choose a prime ideal 8 
in K§ ,(P) lying above p. Assuming that p does not ramify in /’ 3.n(P), the associ- 
ated Frobenius element oy is determined by the condition 


dp(a) =a’? (mod P) 


for all a in the ring of integers of K bn(P). On the other hand, by construction the 
action of o, on P € Per;,"(¢) is given by by formula 


op(P) = 6° (P). 


The next proposition allows us to characterize the primes at which the extension 
Ko n(P)/K$ , may be ramified. 


Proposition 3.63. Let K be a number field, let 6 € K(z) be a rational map of 
degree d > 2, let P € Per**(¢, K) be a point in P'(K) of exact period n, and let p 
be a prime of K satisfying the following three conditions: 


@ has good reduction at p. (3.45) 
p does not divide n. (3.46) 
If \g(P) # 1, then p does not divide Xg(P) — 1. (3.47) 


Then P mod p has exact period n. In particular, the set 
{ p : P mod p has period strictly less than n} 


is a finite set of primes of K. 
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Proof. Let p be a prime of K satisfying (3.45), (3.46), and (3.47). Let m be the exact 
period of P and let r be the order of A 3(P) in F5. Theorem 2.21 tells us that either 
n= morn = mr, since (3.46) rules out powers of p appearing in n. If Ag(P) = 1, 
then also Ag(P) = 1, so r = 1 and n = m. On the other hand, if Ag(P) # 1, 
then (3.47) tells us that 


ee 


Ag(Py/™ = (a) (PY! = (9")(P) = (6")!(P) = Ao(P) # 1. 


But A3(P)" = 1 by definition of r, so n/m cannot equal r. Hence n = m in 


all cases, which shows that P mod p has exact period n for all primes p satisfy- 
ing (3.45), (3.46), and (3.47). This proves the first part of the proposition, and since 
each of the three conditions is satisfied for all but finitely many primes, the second 
part is clear. CJ 


Corollary 3.64. Let K be a number field, let 6(z) € K(z) be a rational map of 
degree d > 2, and let Ky,4 be the n dynatomic field for . Let S be the set of 
primes p of K such that either @ has bad reduction at p or p divides n or p divides 
the quantity 
T]  Qe(P) =). (3.48) 
PePer?*(¢) 
Ae (P)A1 


Then K,,¢/K is unramified outside of S. 


Proof. The field extension K,,4/K is generated by the points of Per;,"(@). Propo- 
sition 3.63 tells us that if p ¢ S, then those points remain distinct when reduced 
modulo primes lying over p. Hence the extension K,,4/K is unramified at p. CJ 


Example 3.65. We continue studying the quadratic polynomial ¢(z) = z* + 1 from 
Example 3.55 (see also Example 2.37). The polynomial ¢(z) has everywhere good 
reduction, so if we assume for the moment that none of its periodic points have 
multiplier equal to 1, then the quantity (3.48) in Corollary 3.64 is equal to 


I] Qele)-1) = J] (6) = 1) = Res($3 (2), (6")'(2) - 1). 


$7,(a)=0 7, (a)=0 


Denoting this resultant by A,,(¢), it is not hard to compute the values of A,,(@) for 
small values of n. We obtain 


Ao(¢) =7, 

A3(@) = (3° - 11)’, 

Aa(¢) = (37-11-13. 41)*, 

As(@) = (3° - 7 - 83 - 331 - 140869)°, 

Ae(¢) = (34-5 + 7-23-73 - 223 - 2251 - 347495839)°. 
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The field Kyo is generated by the roots of ¢3(z) = z? + z + 2, so we have 
explicitly Ky = K(/—7). For higher values of n, we can check the primes 
dividing A,,(¢) by computing directly the discriminant of the polynomial 47 (z), 
whose roots generate Ky,,/K. Thus for example, Disc(¢3) = —3° - 11% and 
Dise(d%) = 34-114. 139. 414. 

The local theory of units described in Section 2.7 allows us to construct units (or 
at least S-units) in dynatomic fields K’,,4 and their composita. For convenience, we 
make two definitions. 


Definition. Let S be a finite set of places of K and let L/K be a finite extension. 
We say that u € L is an S-unit if it is an S',-unit, where Sz is the set of places of L 
lying over S. 


Definition. Let ¢(z) € K(z) bea rational map. We write Sy for the set 
S¢ = Mg U {primes at which ¢ has bad reduction}. 
Thus ¢ has good reduction at all primes in the localized ring Rg. In particular, if 
b(z) = agz4 +--+ +44 


is a polynomial, then the finite primes in Sy are the primes where some a; is nonin- 
tegral together with any primes for which ag is not a unit. 


Having set this notation, we now state globalized versions of the dynamical unit 
theorems from Section 2.7. 


Theorem 3.66 (Global version of Theorem 2.33). Let ¢(z) € K[z] be a poly- 
nomial of degree d > 2, let a € Per?*($) with n > 2, and fix integers i and j 
satisfving gcd(i — j,n) = 1. Then 
g'(a) — g(a) 
o(a)—a 

is an Sy-unit in Kg.n. 

For the next result, we recall that the cross-ratio of four points P,, P:, P3, P4 
in P' is the quantity 
(1y3 — Uay1) («ay ~ Taya) 
(xiy2 — ayi)(x3ya — Lays) 


Theorem 3.67 (Global version of Theorem 2.34). Let ¢(z) € K(z) be a rational 
function of degree d > 2, let P € Per?*(¢), and fix integers i and j satisfying 


K(P,, P2, P3, Ps) = 


gcd(j,n) = ged(t — 1,n) = ged(i — 7, n) = 1. 


Then 
K(P, P, oP, ¢' P) 


is an Sg-unit in Kg n. 
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Theorem 3.68 (Global version of Theorem 2.35). Let ¢(z) € K(z) be a rational 
function of degree d > 2, let m and n be integers with m {n andn {m, and let 


P=l[a,y)€Pern(¢) and = Q=[z',y'] € Per,"(¢). 
Denote by Sp the set of places 
Sp = {v € My : u(x) > 0 and u(y) > O}U{u € My : v(x) < Dor v(y) < Of, 


and similarly for Sg. Then 
ry —a'y 


is an (Sg U Sp U Sg)-unit in the compositum Kg,mK¢@,.n- 


Theorems 3.66, 3.67, and 3.68 allow us to construct many S-units in dynatomic 
fields Ky,, and their composita Ky, mK¢,n- Further, since Gal(Kg,,/K) frequently 
contains an element 04 whose action on points P € Per},*(@) is characterized by the 
equation og(P) = ¢(P), we obtain a partial description of the action of the Galois 
group on the dynamical units. For example, the units in Theorem 3.67 transform via 


o6(K(P, oP, ¢'P, ¢' P)) = K(OP, oP, ot P, git Pp), 


We compare this to the construction of cyclotomic units in cyclotomic fields. 
Let q be a prime power and let ¢ be a primitive g™ root of unity. Then the cyclotomic 
field Q(¢) contains the units 

t_4] -1i 
— for2<i< i— with gcd(#, q). 


The Galois group Gal(Q(¢)/Q) is the set of elements 0, characterized by 
o(C)=C withO<t<qandp}{t. 


The action of the Galois group on the cyclotomic units is given by the explicit for- 


mula 
(=) _ ct] 
Ot = . 
¢-1 ci —1 
Further, the cyclotomic units generate a subgroup of finite index in the full group of 
units Z[C]*, and the index of this subgroup is related to the class number of Q(¢). 
The situation for dynatomic fields is not nearly as complete. One problem is that 
the dynatomic fields A’y,,, tend to have very large degree over K’, so the dynamical 
unit theorems cannot produce enough units to give a subgroup of finite index in the 
full unit group. Further, the Galois group Gal (K on/K ) is usually huge, and we have 
an explicit description only of the subgroup generated by the element oy. However, 
since for general number fields there is no known way to systematically produce any 
units with any explicit Galois action, the dynatomic construction might be said to fall 
under the heading of “half a loaf is better than none.” 
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Example 3.69. Consider the rational map 
b(z) = 27-4. 


After some algebra, we find that 


$°(z) Te ye _ 
3(z) m2 + 2-3, 
Pz) -2 


= (22 — 2? —6z+7)(z? + 22? — 3z —5). 


It is not hard to check that ¢(z) — z divides @"(z) —z for all n > 1 (Exercise 1.19(a)), 
but the further factorization of ¢°(z) — z into a product of cubics is less common; 
see Exercise 3.49. If we let a, 3 € C satisfy 


a—a?-6at+tT7=0 and 6°+26?-36-5=0, 


then we have 


pei) = (EAT), pag) = {=} 


Per3*(¢) = {a, 6(a), 67(a), 8, 6(8), ¢7(B)}, 


where we recall that Per>*(¢) denotes the set of points of exact period n for ¢. 

Let K = Q(a). The polynomial z? — 2? — 6z +7 is irreducible over Q, but it 
factors completely in K since its roots are a, ¢(a), and ¢7(a). Hence K is Galois 
over Q with Galois group generated by the map o determined by o(a) = ¢(a). 
Notice that the discriminant of 23 — z? — 6z+7 is 19, again confirming that its 
roots generate a cyclic cubic Galois extension. Further, Z[a] must be the full ring of 
integers Rx of K, since 


19? = Disc(Z[a}) = [R : Zfa]]” Disc(K/Q) > [Rx : Z[a}]’. 


(Note that K # Q, so Disc(K/Q) > 1.) Then the fact that 19 is prime forces 


Rx = Zia}. 
We apply Theorem 3.66 with 2 = 2 and 7 = 1 to obtain the unit 
g?(a)—4(a) . 
a —4 . 
Uy dla) na act +a € Re 


It is easy to check that Nxg(u1) = 1, confirming that u, is a unit. Similarly, taking 
i = 2 and j = 0 gives the unit 
g(a) —a 


ug = + — =a? +a-3€ Ry. 


g(a) — a 
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In this case, Njxjg(u2) = —1. 

The field / is totally real of degree 3, so its unit group Rj, has rank 2. It is not 
hard to see that the two units u; and ue are independent, so they at least generate a 
subgroup of finite index. (In fact, {—1, u1, ua} generates the full unit group R%,, but 
we leave the verification of this fact to the reader.) We can compute the action of the 
Galois group on w, and ue, 


o(u) = 0(a? +a—4) = d(a)? + d(a) —4= 04 - 7a? +8 = -a +1, 
o(uz) = o(a? +a — 3) = o(a)? + d(a) —3 = at — 70° +9 = -a 4-2. 


These new units are related to the original units by 


o(ui)=—ujpu, and = o(ug) = —uj!. 
Using points of period 2 and 3 for ¢, we can create units in larger fields. Thus let 
L = K(¥V13). Then L contains both a and the points in Per}*(@), so Theorem 3.68 
with n, = 2 and nz = 3 says that 


—1+ V13 
2 


is a unit in the ring of integers of L. If we take the norm from L down to K, we 
find that N;/% (ug) = ug is one of the units that we already discovered. Similarly, 
Ny/x(y— $(a)) = -a +2. . 

If instead we compute the norm of us from DL down to Q(+), we find using 
7? +7—-3=0 that 


u=y-a with y= 


Nijany¥-e) =P -% -6y4+7=-74+1= 


3— V13 
— 


This unit and —1 generate the unit group of the ring of integers of Q(/13). 

For additional information about cyclic cubic extensions generated by periodic 
points of polynomials, see [306], and for a general analysis of units generated by 
3-periodic points of quadratic polynomials, see [313, Section 8]. 
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Section 3.1. Height Functions 


3.1. Show that the constant C(d, N, D) in Conjecture 3.15 must depend on each of the quan- 
tities d, N, and D by giving a counterexample if any one of them is dropped. 


3.2. Let 
v(B) = #{P € PY (Q): H(P) < B}. 
(a) Find positive constants c; and c2 such that 


aBrt< p(B) < oBNt for all B > 1. 
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(b) For N = 1, prove that 


_ UB) 12 
Bike BET 
(c) More generally, prove that the limit lima... v(B)/B N+1 exists and express it in terms 
of a value of the Riemann ¢-function. 
3.3. Prove that 
#{P € PN(Q): H(P) < Band D(P) < D} < (12D) "2X0 BNP HY, 


Aside from the constant, to what extent can you improve this estimate? In particular, can the 
exponent of B be improved? 


3.4. Let F(X) = aoX? + a, X41 +--+. + aa € Q[X] be a polynomial of degree d, and 
factor F(X) as 
F(X) = ao(X _ ar)(X _ a2) soe (X _ Qa) 
over the complex numbers. Prove that 
2-4H(a1)---H(aa) < H({a0,a1,...,aa]) < 27H (a1) --- H (aa). 


(Hint. Mimic the proof of Theorem 3.7 for the upper bound. To prove the lower bound, for 

each v pull out the root with largest |a;|, and use induction on the degree of F’.) Can you 

increase the 2~% and/or decrease the 27? 

3.5. Prove that the number of (NV + 1)-tuples (io,...,in) € ZT! of integers satisfying 
io,...,1n 20 and lots: +in =d 

is given by the combinatorial symbol (* +4). Note that this is equal to the number of mono- 

mials of degree din the N + 1 variables ro,..., oN. 


Section 3.2. Height Functions and Geometry 


3.6. Let ¢ : P? — P* be the rational map (X,Y, Z) = [X?,Y?, XZ]. Although ¢ is not 
defined at {0,0, 1], we can define Per(¢, P?) to be the set of points satisfying ¢”(P) = P for 
some n > 0 and ¢'(P) + [0,0, 1] for all 0 < i < n. Prove that Theorem 3.12 is false by 
showing that Per(@, P?(Q)) is infinite. What goes wrong with the proof? Try to find a “large” 
subset S of P? such that Per(¢, S(K)) is finite for every number field K. 


3.7. Let K/Q be a number field, let P = [xo,..., 2] € P(A), and let b be the fractional 
ideal generated by xo,..., xn. Prove that 
1 n 
Ax(P) = — Lae vps 
x(P) 7) [] max{leole.---slewle} 


N. 
K/Q vEeMe 
3.8. Let K/Q be a number field and let ¢(z) € K(z) be a rational map of degree d > 2. 
Recall that the height H(@) is defined by writing 
b= (F(X, Y), G(X, Y)] = [aoX? + ai XO 1 +--+) + ag¥%, bX? +++) + baY 4] 


and setting H(¢) = H ([a0, ..+;Qd,00,---, bal). (See (3.4) on page 91.) Prove that there are 
positive constants c1(d) and c2(d) such that 


c1H(¢)-°*-) H(P)* < H(G(P)) < coH(6)H(P)* forall P € P'(K). 


Find expressions for c; and cz in terms of d. This gives an explicit version of Theorem 3.11 
for P?. 
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3.9. Let 6-(z) = 2* +6. 
(a) Prove that there are infinitely many c € Q such that @, has a Q-rational fixed point. 
(b) Prove that there are infinitely many c € Q such that ¢. has a Q-rational point of exact 
period 2. 
(c) Prove that there are infinitely many c € Q such that ¢. has a Q-rational point of exact 
period 3. 
(d) Prove that there are no c € Q such that @, has a Q-rational point of exact period 4. 


3.10. Let d > 2 and let da(z) = 2%. Prove that there is an absolute constant c such that for 
all number fields K/Q of degree n we have 


# PrePer(¢a,P*(K)) < [Kk : Q} log log ([K : Q). 


Prove that aside from the constant, this upper bound cannot be improved. (Hint. You will need 
the fact that the Euler totient function ¢ satisfies p(m) < cm/ log log m; see for example [11, 
Theorem 13.14].) 

In particular, the uniform boundedness conjecture (Conjecture 3.15) is true for dg. This 
is one of the few maps for which the conjecture is known. The others are the Chebyshev 
polynomials and Lattés maps; see Theorem 6.65. 


Section 3.4. Canonical Heights and Dynamical Systems 


3.11. Let 6 : PY — P% be a morphism defined over K, let f € PGLw41(K) be an 
automorphism of P’, and let ¢f = f-1odgo f. Prove that 


hes(P) =he(f(P)) forall Pe PX(R). 


Thus the canonical height is conjugation-invariant, i.e., it is independent of change of coordi- 
nates. 


3.12. Let ¢,7 : PY — P% be morphisms of degree at least two that commute with one 
another, i.e., o(¥(P)) = ¥(¢(P)) for all points P € P* (Q). Prove that 


hg(P) =hy(P) — forall Pe P*(Q). 


3.13. Let p: PX > P’ be a morphism of degree at least two defined over a number field K 
and let P € P’ (K) have the property that 


Os(o(P)) NO4(P) #0 forall o € Gal(K/K). 


Prove that either P is preperiodic for ¢ or else there is some point in the orbit of P satisfy- 
ing @”(P) € P’ (K). Is this result true if instead K/Q, is a p-adic field? 


3.14. In the setting of Theorem 3.20, suppose that the set S is a topological space and that the 
maps ¢: S — Sand h: S — R are continuous maps. Prove that h: S — Risalso a contin- 
uous map. (Hint. Show that the functions hm (P) = d~h(6™(P)) form = 1,2,3,... are 
continuous and converge uniformly to h.) 


3.15. Let hg be the canonical height for ¢(z) = z? + c. For any given c € Q, there is a 
minimum nonzero value for hg(z) as z ranges over nonpreperiodic points in Q. Find that 
minimum value for: 

(a) c=0. 


138 Exercises 


(b) c= —2. 

(c) c= -1. 

(d) ** arbitrary c € Z. 

(e) ** arbitrary c € Q. 
(Hint. Try to do (a), (b), and (c) directly, but we note that it is easier to do them using the 
theory of local canonical heights for polynomials; see Exercises 3.24 and 3.28. For (d) and (e) 
the goal is to describe the minimum value of hg in terms of c.) 


3.16. Let #(z) = z” — 1. Analyze the canonical height for points in the following sets. 
(a) By(oo), the attracting basin of 00, where we recall (Exercise 2.1) that the attracting basin 
of oo for a polynomial ¢ is the set 


Bg(co) = {a ec: im é"(a) = oof U {oo}. 


(b) Fe \ Bg(oo). (Note that all of the points in this set are eventually attracted to the attract- 


ing 2-cycle 0 aaa —-1,) 
(c) Jo. 


(See also Exercise 3.27.) 


3.17. Let 6 : PY — P™ be a morphism defined over a number field K’, and for any point 
P € P‘(K), let D(P) = [K(P) : Q]. Prove that there is a constant C = C(@) > 0 such 


that 
1 


on? for all P € P’(K) with P ¢ PrePer(¢). 


he(P) > 


(Hint. Use the estimate for the number of points of bounded degree and height given in Exer- 
cise 3.3.) This is a very weak version of the dynamical Lehmer Conjecture 3.25. 


3.18. ** Letc € Qwithc # 0, —2 and let ¢(z) = z? +e. Prove that there exist « = K(c) > 0 
and N = N(c) > 0 such that 


- K 


rola) 2 lay gr 


(This is not currently known for any value of c other than c = 0 and c = —2.) 


for all a € Q with a ¢ PrePer(¢). 


3.19. Let a € Q* and let 


d-1 


f(a) = aor" + aye) +---4+ 44 € Zz] 


be the minimal polynomial of «, normalized so that ag > 0 and ged(ao,...,aa) = 1. 
Factor f(z) over C as f(x) = ao | ](x — ai). Prove that 


d 1 
H(a)* = x{1, Jax = 218) ag. 
(a) co [] max{ Jail} og| f(e?""*)| 


The quantity H(a)*, or equivalently H/o, (@), is also known as the Mahler measure of a and 
denoted by M(a). Lehmer’s conjecture (Conjecture 3.24) can be stated in terms of Mahler 
measure: There is an absolute constant « > 1 such that if a € Q* is not a root of unity, then 
M(a) > kK. 
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3.20. Let 6(z) € Q(z). Write a program to estimate hy(a) directly from the definition. 
Use your program to compute the following heights to a few decimal places. (See also Exer- 
cises 3.30 and 5.31.) 
(a) é(z) = z —landa= 
(b) o(z) = 2? 4+ 1landa= 
(c) o(z) = 32? jfandas L 


(d) oe) =24+ 5 anda=1, 


NIENI- 


1 
i anda = 1. 


327 -— 

(©) $2) = | 
22 
3.21. Let o(z) = z? — z+ 1. The ¢-orbit of the point 2 is called Sy/vester’s sequence [428], 


O4(2) = {2, 3,7, 48, 1807, 3263443, 10650056950807, 
113423713055421844361000443, ... }. 


(a) Prove that Sylvester’s sequence satisfies 


o"**(2) = 1+ G°(2)9' (2)$"(2)6° (2) --- 9" (2). 


(b) A rough approximation gives hg(2) = 0.468696, so $”(2) is approximately equal to 


2 . 
e° 468696" "Prove a more accurate statement by showing that 


ae 
e” Pl) _ g"(9) = 0,1,2,..., 
is positive, strictly increasing, and converges to + (Hint. First conjugate ¢(z) to put it 


into the form z? + ¢.) 


(c) Deduce that there is a real number H such that ¢”(2) is the closest integer to H ”” for 
all n > 0. Note that this is far stronger than the general height estimate 


log #"(2) = h($"(2)) = he (o"(2)) + O(1) = 2"ho(2) + O(1). 


3.22. Let 6 > 0, let d > 2 be an integer, and let (x,,)n>o be a sequence of positive real 
numbers with the property that 


to >1+6 and |an4a — as < bxe— ' for alln > 0. 


(a) Prove that the sequence z,, is strictly increasing and that x, — oo asm — oo. 
(b) Prove that the limit 
H = lim xi/? 


exists. (Hint. Take logs and use a telescoping sum to show that the sequence is Cauchy.) 
(c) Prove that 


|z” — £n| < — for all n > 0. 


3.23. Let d > 2 and let d(z) € Z{z] be a monic polynomial of degree d, say 


o(z) = zt tart! 


Prove that for every « > 0 there is a constant C = C(¢,e) such that for all a € Z satisfy- 
ing |a| > C we have 


+. € Zz]. 


cholayn? “ —¢"(a)|<e  foralln >0. 
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Section 3.5. Local Canonical Heights 

The general theory of local canonical heights is developed in Section 5.9. However, the the- 
ory becomes much simpler if ¢ is a polynomial, because the local canonical height then has 
a simple limit definition similar to the limit used to define the global canonical height. Exer- 
cises 3.24-3.30 ask you to develop some of the theory of local canonical heights for polyno- 
mials. 


3.24. Let 6(z) € K|z] be a polynomial. Prove that the limit 
4 1 
Agu(a) = lim 5 log max{|6"(a)|v,1} (3.49) 


exists and that the resulting function has the following two properties: 
(a) Foralla € Ky, 
dow ($(a)) = dAg,(a). 
(b) The function 
ar hgv(a) — log max{|a., 1} 


is continuous on K, and has a finite limit as |a|, — 00. 
Hence the function defined by (3.49) is a local canonical height as described in Theorem 3.27. 
Prove that the (global) canonical height is equal to the sum of the local heights, 


hela) = S> nodg.o(a)- 
vEeMy 
3.25. Let o(z) € K[z] be a polynomial and let v be an absolute value on K’. Prove that the 
local height Ay,» as defined by (3.49) has the following properties. 
(a) Ag,v(a) > 0 for alla € Ky. 
(b) Xg,0(a) = 0 if and only if |¢"(a)|, is bounded, equivalently, if and only if o is in the 
u-adic filled Julia set K,(@) of @ (see Exercise 2.1). 


3.26. Let ¢(z) € C[z] be a polynomial with complex coefficients and let By(oo) be the 
attracting basin of oo for ¢. (See Exercises 2.1 and 3.16 for the definition of Bg(0o).) Prove 
that the local height 
de :C-R 

as defined by (3.49) has the following properties: 

(a) Ag is a real analytic function on Bg(0o) \ {oo}. 

(b) The function Ag is harmonic on By(oo) \ {oo}. In other words, writing z = x + iy, the 

function de is a solution to the differential equation 


om a \. 
—s + aed Ag = 9 
(ja + op ) é 
on the open set Bg(oo) \ {oo}. It satisfies the boundary conditions that \g vanishes on 
the boundary of By (co) and has a logarithmic singularity at z = oo, i.e., 


de(z) —log|z| is bounded as z > oo. 


(c) de is the unique function that has the properties described in (b). 
In classical terminology, the function Ag is the Green function for the filled Julia set K(@) = 
P(C) \ Bg(co). 
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3.27. Let ¢(z) = z? — 1. Analyze the local canonical height Ag,, for points in: 
(a) the attracting basin By (oo) of oo. 
(b) Fy \ Bs(ov). 
(c) Jo. 


(See also Exercise 3.16.) 


3.28. Let (z) € Z[z] be a monic polynomial of degree d > 2 and let a = a/b € Qbea 
rational number written in lowest terms. Prove that 


hg (a) > log |b}, 
with equality if and only if a is in the filled Julia set K(d) of ¢. 


3.29. Let K/Q be a number field and let ¢(z) € K(z) be a rational map of degree d > 2. 
For each finite place v € Mx, write ¢(z) = F,(z)/G»(z) as a ratio of polynomials that are 
normalized for v, i.e., the coefficients of F, and G,, are v-adic integers and at least one coef- 
ficient is a v-adic unit. Let Agerm be the local canonical height, as described in Theorem 3.27, 
normalized using G, in (3.16). 

(a) Prove that dgerm is well-defined, independent of the decomposition ¢(z) as a ratio of v- 
normalized polynomials. For nonarchimedean places v this serves to pin down a specific 
function Anerm that depends only on ¢ and v (cf. Remark 3.28). 

(b) Give an example to show that it may not be possible to write ¢(z) = F(z)/G(z) such 
that F and G are simultaneously normalized for all finite places v € M?.. 

(c) More generally, prove that every 6 € K(z) can be written as F(z)/G(z) with F and G 
simultaneously normalized for all finite places v € Mj if and only if K has class 
number 1. 


3.30. Suppose that @(z) € K(z) has good reduction at a finite place v € Mx. Prove that the 
function ; 
Ag,v(a) = log max{|a|y, 1} fora € Ky 


is a local canonical height by showing that it has the required properties. 
Section 3.6. Diophantine Approximation 


3.31. Prove Dirichlet’s Theorem 3.33, which says that for every a € R~ Q there are infinitely 
many x/y € Q satisfying 
p-a<3 
y ~ ye 
(Hint. Look at the numbers ya — |ya| forO0 < y < A. They all lie in the interval [0, 1]. 
Divide the interval into A equal pieces and use the pigeonhole principle.) 


3.32. Let B be a nonzero integer. 
(a) Prove that every solution (z, y) in integers to the equation 


X°4yY°=B (3.50) 


satisfies max { lz|, |y| } < /4B/3. (Hint. The polynomial X°+Y° factors in Q[X, Y].) 

(b) Try to find an explicit upper bound for max{|z], |y|} for the similar-looking equation 
X? 4 2Y? = B. The difficulty you face illustrates the fact, seen during the proof of 
Theorem 3.35, that the equation G(X, Y) = B is relatively easy to solve if G(X, Y) 
has distinct factors in Q[.X, Y], but very difficult if it does not. 
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(c) Find all solutions in integers x > y to the equation (3.50) for the following values of B: 
(i) B = 2. (ii) B = 91. (iii) B = 728. (iv) B = 1729. 


Section 3.7. Integral Points in Orbits 


3.33. Let ¢(z) = z+ 1/z and write 6"(1) = an/bn in lowest terms as in Example 3.50. 
(a) Prove by a direct computation that there are constants c, c’ > 0 such that 


e< log an 


< <c foralln > 2. 
log by, 


(b) Try to prove directly that log an /log bn — 1asn — oo. 
(c) Prove that 6” (1) — oo as n — oo. (Notice that oo is a rationally indifferent fixed point, 
since ¢'(00) = 1.) 


3.34, Let c € Z be a squarefree integer and let ¢.(z) = z + c/z. Further, let a € Qbea 
wandering point for ¢c. 
(a) If 1 — 4c is not a perfect square, prove that # (Os(a) al Z) < 2. 
(b) If 1—4c = d? is a perfect square, prove that # (Os (a)NZ) < 2unless a = (—1+d)/2, 
in which case there are three integer points in the orbit. 


3.35. Let 6(z) € Q(z) be a rational function of degree d > 2 such that ¢” is not a polyno- 
mial. Suppose that ¢ has everywhere good reduction and that ¢(co) = oo. Leta € Qbea 
wandering point for d. Prove that 


# (O(a) NZ) < 2d-1. 
Show that this is sharp for d = 2. Try to improve the bound for larger values of d. 


3.36. Let o(z) € Q(z) be a rational function of degree d > 2, let a € Q be a wandering 
point for , and write @”(a:) = an/bn € Qas a fraction in lowest terms. 
(a) Suppose that there is a nonzero integer B such that b,,|B for infinitely many n. Prove 
that 6?(z) € Qlz]. (Hint. Make a change of variables and apply Theorem 3.43.) 
(b) Suppose that there are infinitely many n such that b,|b,+1. Prove that either oo is a fixed 
point of ¢ or else 6?(z) € Q[z]. 


3.37. Let 6(z) € C(z) be a rational function of degree d. This exercise gives a quantitative 
strengthening of Proposition 3.44. 
(a) Let P be a nonperiodic point for ¢. Prove that 


#6°"(P)>d" — foralln > 0. 
(b) Let P be a fixed point of ¢ that is not totally ramified. Prove that 
#6 "(P)>d™ 742 ~— foralln >2. 


(c) Generalize (b) to the case that P is a periodic point for ¢ of exact period m under the 
assumption that 6” is not totally ramified at P. 
Use (a), (b), and (c) to deduce that if ¢ is not a polynomial map, then 


n>4 and d=2, 


-"(P)>3. ifeith 
HO “(P) 2 3 ifeither {res and d>3. 
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3.38. Let K/Q be a number field, let S C Mx be a finite set of absolute values on K’, and 
let Rg be the ring of S-integers of kK. Let ¢(z) € K(z) bea rational function of degree d > 2 
with $?(z) ¢ K[z], and let a € K be a wandering point for ¢. Prove that 


O¢(a)N Rg 
is a finite set. (This exercise generalizes Theorem 3.43.) 


3.39. Let K be a number field, let S C Mx be a finite set of absolute values on K that 
includes all the archimedean absolute values, and let Rs be the ring of S-integers of K. Let 
$(z) € K(z) be a rational function of degree d > 2 satisfying ¢?(z) ¢ K[z]. 

(a) Letn = 4 if d = 2 and let n = 3 if d > 3. Prove that the set 


{ae K: $"(a) € Rs} 


is finite. 

(b) Give an example with (n, d) = (3, 2) and co nonperiodic for @ such that the set in (a) is 
infinite. 

(c) Same question as in (b) with n = 2 and d arbitrary. 

(d) Repeat (b) and (c) with oo a fixed point of ¢. 


3.40. Let di,...,¢- € Q(z) be rational functions of degree at least 2, and let © be the col- 
lection of rational functions obtained by composing an arbitrary finite number of ¢1,..., dr. 
Note that each @; may be used many times. For example, if r = 1, then ® is simply the collec- 
tion of iterates {67}. Also note that in general, composition of functions is not commutative, 
so ifr > 2, then ® is likely to be a very large set. 

(a) A rational map ¢ € K(z) is said to be of polynomial type if it has a totally ram- 
ified fixed point. Prove that for such a map, there is a linear fractional transforma- 
tion f € PGL2(K) such that ¢ € K[z]. Further, if ¢ is not conjugate to z%, prove 
that one can take f to be in PGL2(K). 

(b) Assume that ® contains no maps of polynomial type. Prove that there are finite sub- 
sets ®, and ®2 of ® satisfying 


$= 8,U U ob and #6 '(cc) >3 forall d € o. 
PER2 


(Here ¢® denotes the composition of ¢ with every map in ®.) 

(c) Leta € Q. The ©-orbit of a is the set Os(a) = { o(a) 1 GE 6}. Continuing with 
the assumption that ® contains no maps of polynomial type, prove that the ©-orbit of a 
contains only finitely many integers, i.e., prove that 


Oa(a) M Zis a finite set. 
3.41. Define the (logarithmic) height of a rational map ¢(z) € Q(z) by writing 


$(z) = F(z) _ agp tarzt:++aqz4 
G(z) bo + byz+---+ bgzt 


with F(z), G(z) € Q[z] and setting 
h(@) = h{[ao, a1, oe ., Qa, bo, b1, tee ba]). 


Prove the following quantitative version of Proposition 3.46. 
For all d > 2 there is a constant C = C'(d) such that for all integers N > 0 there exists a 
rational map ¢(z) € Q(z) of degree d with the following properties: 
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° o°(z) ¢ Clz. 

e 0 is a wandering point for ¢. 

© 0,4(0), 67(0), d7(0),...,6%(0) EZ. 

0 h(¢) <C-d". 
Try to do quantitatively better than this, for example, replace the height estimate with one of 
the form h(¢) < C- 6% for some 6 < d. 


3.42. Recall that a rational map ¢(z) € Q(z) is affine minimal if its resultant Res(d) cannot 
be made smaller via conjugation by an affine linear map f(z) = az + b. If ¢ is affine minimal 
and ¢” is not a polynomial, we have conjectured (Conjecture 3.47) that the size of O(a) NZ 
is bounded solely in terms of the degree of @. For each integer d > 2, let 


$(z) € Q(z), o(z) ¢ Qe], ! 
C(d) = sup < # (O(a) n Z) : @ is affine minimal, and . 
a € PX (Q) \ PrePer(¢) 


Thus Conjecture 3.47 says that C'(d) is finite. 
(a) Prove that for every integer N > 0 there exists an affine minimal rational map ¢(z) € 
Q(z) such that ¢°(z) ¢ Q[z], such that 0 is not a preperiodic point for ¢, and such that 


0, (0), 6°(0), ¢°(0),..., 6 (0) 


are all integers. In particular, C(d) — oo as d — oo. 

(b) Prove that the function d(z) in (a) can be chosen to have degree |(N — 1)/2]. Hence 
C(d) > 2d + 2. 

(c) Let #(z) be the function 


b(2) = 4812z° — 256524 + 93852z° — 1495527 + 12094z — 3720 
~ 28 — 46524 + 218523 — 69752? + 8254z — 3720 


Trace the orbit of 0. How many integers do you find? 

(d) Find a rational function as in (a) of degree 2 and with the property that 4’ (0) is an integer 
for all 0 <i < 6. Hence C(2) > 7, which improves the bound from (b). Can you find 
infinitely many such functions? Can you prove that C'(2) > 8? 

(ec) Find a rational function as in (a) of degree 3 and with the property that ¢‘(0) is an integer 
for all 0 < i < 8. Hence C(3) > 9, which improves the bound from (b). Can you find 
infinitely many such functions? Can you prove that C'(3) > 10? 


Section 3.8. Integrality Estimates for Points in Orbits 


3.43. Let K, be a field complete with respect to the absolute value v, let ¢ : P’ — P* be 
a rational map of degree d > 2 defined over Ky, and let p, : P'(K.) x P’(K,) — R 
be the associated chordal metric. (See Sections 1.1 and 2.1 for the definition of the chordal 
metric when v is archimedean and nonarchimedean, respectively.) Generalize Lemma 3.51 by 
showing that for every Q € P'(K.,) there is a constant C, = Cy(@, Q) such that 


min py(P,Q’)°? < Cupy (¢(P),Q) forall Pe P' (Ky). 
Q’eg-1(Q) 


Here eg(¢) is as defined in Lemma 3.51. 
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3.44. Let K be a number field and let ¢ : P' — P' be a rational map of degree d > 2 defined 
over K. Prove that there is a finite set of absolute values S C Mx such that for all v ¢ S and 
all Q € P'(K), the constant C,(¢, Q) in Exercise 3.43 may be taken equal to 1. 


3.45. Let ¢(z) € Q(z) be a rational map of degree d > 2 with ¢?(z) ¢ Q[z], let a € Q, and 
write 6" (a) = an/bn € Q as a fraction in lowest terms as usual. Prove that 


log |bn 


. logla . 
lim log |an| = lim 
n—-00 nm noo «6d” 


= hg(a). 


3.46. Let K/Q be a number field, let v € Mx be an absolute value on K, and let 
o(z) € K(z) be a rational function of degree d > 2. Suppose that a € P'(K) is a wan- 
dering point for ¢ and that y € P’(K) is any point that is not a totally ramified fixed point 
of ¢”. Prove that 
_ —log p»(¢"(a),7) 

in ————--— 

noo h($"(a)) 
Taking first ~ = oo and then -y = 0, explain how to use this result to generalize Theorem 3.48 
to number fields. 


= 0. 


Section 3.9. Periodic Points and Galois Groups 


3.47. Let P ¢ P‘(K) be a point in projective space and let K(P) be its field of definition. 
Prove that 

K(P) = fixed field of {0 € Gal(K/K) : o(P) = P}. 
In mathematical terminology, this says that the field of moduli of P is a field of definition 
for P. We discuss fields of moduli and fields of definition for (equivalence classes of) rational 
maps in Chapter 4. 


Section 3.11. Ramification and Units in Dynatomic Fields 
3.48. Let 6(z) = 2? + cand let 


$'(2) = 2 
o(z) —2 


be the polynomial whose roots are periodic points of period 3. 
(a) Prove that ®3(z) € Z[c, z] is a polynomial in the variables c and z and that it has integer 
coefficients. 
(b) Let @ be a root of 3(z) and assume that the field Q(c, a) is an extension of Q(c) of 
degree 6 (i.e., &3(z) is irreducible in Q(c)[z]). Theorem 2.33 implies that 


_ (a) ~ oa) mae O=2 
m= o(a) -a and ? é(a)—a 


are units. Compute these units explicitly as elements of QJc, a]. 

(c) Prove that there is a field automorphism o : Q(c,a) — Q(c,@) characterized by the 
fact that it fixes Q(c) and satisfies o(a) = 6(a) = a* +c. (Note that in general, Q(c, «) 
will not be a Galois extension of Q(c).) Prove that o° is the identity map. 

(d) Compute the units o(u1) and o(u2). 

(e) Compute the units o?(u1) and o? (uz). 

(f) Express o(u1), o(u2), o?(u1), and o?(ug) in the form tujud. 


3(z) = 
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3.49. Let o(z) = z” + cand let 63(z) be as in the previous exercise. 

(a) Prove that 63(z) factors into a product of two cubic polynomials in the ring Q(c)|z] if 
and only if c has the form c = —-(e” + 7)/4 for some e € Q(c). 

(b) Suppose that c = —(e? + 7)/4. Show that there is a polynomial ge(z) € Qle, 2] 
such that the factorization $3(z) has the form ge(z)g—e(z). Compute the discriminant 
of ge(z) and verify that it is a perfect square in Q[e]. Conclude that if g-(z) is irreducible 
over Q(e), then its roots generate a cyclic Galois extension K’, of Q(e). 

(c) Let @ be a root of g-(z). Use the results of the previous exercise to construct units 
in Q(e)(a). Analyze these units for some small values of e, say e = 1, 5, 7, 9. (Note that 
we investigated the case e = 3 in Example 3.69.) 


3.50. ** Let 6(z) be a generic monic polynomial of degree d > 2, i.e., 6(z) is a polynomial 


of the form z? + a1z771 +---+ aa, where ai,...,@¢ are indeterminates. Let p be a prime 
and let a € Pers” (¢). Theorem 3.66 says that the elements 
$' (a) — 97 (a) . 
j=, 0<j< ; 
Uij d(a) —a Sj<t<p 


are units. What is the rank of the group that they generate? Is the answer the same for the 
polynomial $(z) = z? + c? 


3.51. ** Let (z) be a generic rational function of degree d > 2, let p be a prime, and let 
P € Pers*(¢). Theorem 3.67 describes how to construct units «(P, @P, 6’ P, ¢’ P). What 
is the rank of the group that they generate? Is the answer the same for the rational func- 
tion 6(z) = (2? +b)/(bz? +1)? 


Chapter 4 


Families of Dynamical Systems 


Most of our work in previous chapters has focused on a single rational map ¢(z) 
and the effect its iterates have on different initial values. We now shift focus and 
consider the effect of varying the rational map ¢(z). In order to do this, we study the 
set of all rational maps. This set turns out to have a natural structure as an algebraic 
variety, as does the set of rational maps modulo the equivalence relation defined 
by PGL» conjugation. There are many threads to this story. The specific topics that 
we touch upon in this chapter include: 


. Dynatomic polynomials and fields generated by periodic points. 

. The space of quadratic polynomials (the simplest nontrivial case). 

. Rational maps that are PGL2-equivalent over K, but not over K (twists). 
. Field of defintion versus field of moduli for rational maps. 

. Minimal models for rational maps. 

. Moduli spaces of rational maps (with marked periodic points). 


Dr hh WN 


All of these topics have close analogues in the geometric and arithmetic theory 
of elliptic curves and abelian varieties. For purposes of comparison, we list the cor- 
respondences: 


1. Division polynomials and fields generated by torsion points. 

2. The space of elliptic curves (the simplest abelian varieties). 

3. Abelian varieties isomorphic over K, but not over K (twists). 

. Field of definition versus field of moduli for an abelian variety. 
. Minimal Weierstrass equations and Néron models. 

. Elliptic modular curves and moduli spaces of abelian varieties. 


Nn 


In this chapter, we let K be a perfect field and fix an algebraic closure K of K, 
although much of what we do is also valid for nonperfect fields if we use instead a 
separable closure of K. We write Gal(K /K) for the absolute Galois group of K. It 
is convenient to use the profinite group Gal(K/K), but we observe that it generally 
suffices to work with finite extensions and finite Galois groups, since the coefficients 
of any particular rational map $(z) € K(z) lie in a finite extension of K. 
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4.1 Dynatomic Polynomials 


Let ¢(z) € K[z] be a polynomial. Then the fixed points of ¢ are the roots of ¢(z) — z 
(plus the point at oo), and more generally, the points of period n for ¢ are the roots 
of ¢"(z) — z. However, the polynomial ¢”(z) — z may have roots of period smaller 
than n, since if ¢*(a) = a and k|n, then also ¢"(a) =a. It is natural to try to 
eliminate these points of strictly smaller period and focus on the points of exact 
period n. 


Example 4.1. We recall an analogous situation. The roots of the polynomial z” — 1 
include all n™ roots of unity, not only the primitive ones. The n™ cyclotomic poly- 
nomial is defined using an inclusion—exclusion product, 


n cyclotomic polynomial = [fe — 1)e(r/k), (4.1) 
k|n 


It is the polynomial whose roots are the primitive n™ roots of unity. Here su: is the 
MObius function pz defined by (1) = 1 and 


(-1)" ife; =---=e,=1, 


. (4.2) 
0 if any e; > 2. 


u(py' ++ pe") -{ 


See [216, Section 2.2] or [11, Chapter 2] for basic properties of the Mébius function 
and the Mobius inversion formula. It is easy to check that the product (4.1) is a 
polynomial, using the fact that the (complex) roots of z” — 1 are distinct and the 
following basic property of the jz function (Exercise 4.2): 


n 1 ifn=1, 
a (F) ~ ‘ ifn >1. (4-3) 


Taking our cue from the example provided by the cyclotomic polynomials, we 
might define the n" dynatomic polynomial by the formula 


6,(2) =[](o(@)- ae. 


k|n 


However, it is not clear that ®,,(z) is a polynomial, since ¢"(z) may have multiple 
roots, as shown by the following example. 


Example 4.2. Let $(z) be the polynomial 


Then 
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Thus ¢?(z) — z vanishes with multiplicity 3 at the point z = —4, and although it is 
2 
true that the ratio aa= is a polynomial, it is somewhat distressing to observe that 


its root is a fixed point of ¢, not a point of primitive period 2. 


For simplicity, the preceding discussion dealt with polynomial maps ¢(z). We 
now turn to general rational maps ¢(z) € K(z) and develop tools that are useful for 
studying their periodic points. Let 6(z) be a rational function of degree d and write 
@ = [F(X,Y), G(X, Y)] using homogeneous polynomials F' and G. Then the roots 
of the polynomial 

YF(X,Y) -— XG(X,Y) 


in P? are precisely the fixed points of ¢. If we count each fixed point according to 
the multiplicity of the root, then ¢ has exactly d + 1 fixed points. More generally, 
we can apply the same reasoning to an iterate ” of ¢ and assign multiplicities to 
the n-periodic points. 


Definition. Let ¢(z) € K(z) bea rational function of degree d, and for any n > 0, 
write 
ov = [Fin (X, Y), G(X, Y)| 
with homogeneous polynomials F;,,G,, € K [X,Y] of degree d”. (See Exercise 4.9 
for a formal inductive definition of F,, and G,,.) The n-period polynomial of ¢ is the 
polynomial 
By n(X,Y) =YF,(X,Y) -XG,(X,Y). 

Notice that 6g ,,(P) = 0 if and only if ¢"(P) = P, which justifies the name as- 
signed to the polynomial ®, ,,. 

The n™ dynatomic polynomial of ¢ is the polynomial! 


®4 A(X, Y) = [or (X, Y) —~ XG, (X, yt’) _ I O54(X, yen /k) 
kln k|n 


where yu: is the Mébius function. If ¢ is fixed, we write ®,, and ®*. If ¢(z) € K[z] 
is a polynomial, then we generally dehomogenize [X,Y] = [z, 1] and write ©,,(z) 
and ®* (z). 


All of the roots P of ®% |, (X,Y) satisfy 6"(P) = P, but we saw in Example 4.2 
that ®% ,,(X, Y) may have roots whose periods are strictly smaller than n. Following 
Milnor [302], we make the following definitions. 


'See Theorem 4.5 for the proof that 6* n iS indeed a polynomial. 
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Definition. Let ¢(z) € K(z) be a rational map and let P € P! be a periodic point 
for ¢. 


e Phas period n if ®,,(P) = 0. 
e P has primitive (or exact) period n if ®,(P) = 0 and ©,,(P) # 0 for all 
m<n. 


e Phas formal period n if ®*(P) = 0. 
We set the notation 


Per,(¢) = {P€P' : ®,(P) = 0}, 
Per*(¢) = {P€ P) : ®*(P) =0}, 
Per**(¢) = {PE P’: ©,(P) =Oand ©,,(P) # 0 foralll <m<n}. 


Thus Per,(#) is the set of points of period n, Per? (¢) is the set of points of 
formal period n, and Per**(d) is the set of points of primitive (or exact) pe- 
riod n. Sometimes we treat these as sets of points with assigned multiplicities, e.g., 
if P € Per? (¢), the multiplicity of P is the order of vanishing of ®* at P. 

It is clear that 


primitive periodn = > formal periodn = >  periodn, 
but neither of the reverse implications is true in general. 


Remark 4.3. The polynomial ®4,,, is homogeneous of degree d” + 1, so counted 
with multiplicity, the map @ has exactly d” + 1 points of period n. And if we let 


va(n) = deg(®%,,,(X,Y)) Ee )(@ +1), (4.4) 


then counted with multiplicity, the map ¢ has exactly vg(n) points of formal pe- 
riod n. The number vg(n) grows very rapidly as d or n increases. See Exercise 4.3. 


The first few period and dynatomic polynomials for ¢(z) = z? + ¢ are listed 
in Table 4.1 on page 156. Notice how complicated ®,, and ®* are, even for small 
values of n. For example, ®§ has degree 54 as a polynomial in z and degree 27 as a 
polynomial in c. 


Remark 4.4. Rather than using the homogeneous polynomials ®,, and ©*,, it is some- 
times more natural and convenient to consider instead the associated divisors in P?, 
especially in generalizing the theory to higher-dimensional situations. This is the 
approach taken in [313], where for any (nondegenerate) morphism ¢: V — V of 
smooth algebraic varieties, the 0-cycle ®y , is defined as the pullback of the graph 
of ¢” by the diagonal map A : V — V x V. See Exercise 4.8. 


We now prove the important fact that the dynatomic polynomial ®% (X,Y) is 
indeed a polynomial. 
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Theorem 4.5. Let 6(z) € K(z) be arational function of degree d > 2. For each P € 
P'(K), let 


ap(n) = ordp(®4,n(X, Y)) and ap(n) = ordp(®%,,,(X,Y)), 


or, in terms of divisors in Div(P’), 


div(®n)= So ap(n)(P) and —div(®},,,) = }) ab(n)(P). 
P P 


(a) 3, € K[X,Y], or equivalently, 
ai(n)>0 foralln >1andall Pe P'. 


(b) Let P be a point of primitive period m and let (P) = (¢™)'(P) be the multi- 
plier of P. Then P has formal period n, i.e., a(n) > 0, if and only if one of 
the following three conditions is true: 

(i) n=™. 
(ii) n = mr and \(P) is a primitive r” root of unity. 
(iii) n = mrp®, A(P) is a primitive r root of unity, K has characteristic p, 
ande > 1. 
In particular, if K has characteristic 0, then a}>(n) is nonzero for at most two values 


ofn. 
Proof. By the definition of &* , we have the relation 
a(n) = > u(n/m)ap(m). 
min 
We begin with a lemma that describes the value of ap(n) for fixed points. 


Lemma 4.6. Let w(z) € K(z) be a rational function of degree d > 2, let P € 
P!(K) be a fixed point of y), let X = Ap() = W'(P) be the multiplier of at P, 
and let 

ap(N) = ordp(®y,n(X, Y)) 


be as in Theorem 4.5. Then for any N > 2, 


NW A1 => ap(N) =ap(1) =1, (4.5) 

\#land\N =1 => ap(N)>ap(1)=1, (4.6) 
A=landN#0inK => ap(N) =ap(l) > 2, (4.7) 
A\=landN=OinK => ap(N)>ap(1)>2 (4.8) 


Proof. Making a change of variables, we may assume that P = 0, and then the 
assumption that P is a fixed point of w means that ¥(z) has the form 


w(z) = Az +.az® + O(2**4), (4.9) 
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where a # 0, e > 2, and O(z*t') is shorthand for a function that vanishes to order 
at least e + 1 at 0. Note that 


ap(1) = ord(#(z) — z) = 


1 if #1, 
e>2 ifl=1. 


We consider first the case that \ + 1. Using the weaker form )(z) = Az + O(z?) 
of (4.9) and iterating gives 


so 
ap(N) = ord(v" (2) — 2) ; 
= =1 if\Y 1, 
= ord ((A" — 1)z + O(2”)) 4 >2 if\N =1, 


This completes the proof of the lemma in this case. 
Next we consider the case \ = 1. Then ap(1) = ord,o(¥(z) — z) =e, and 
iteration of (4.9) yields 


WN (z) = 2+ Naz® + O(2°*'). (4.10) 


2z=0 : . 
=e=ap(l ifN 40in kK, 

= ord(Naz® + O(z**")) e() . - 
>e=ap(l) ifN=0inkK. 


This completes the proof of Lemma 4.6 Oo 


Resuming the proof of Theorem 4.5, we observe that if the primitive period m 
does not divide n, then ap(n) = 0, and hence also a(n) = 0. We may thus assume 
that m|n. Since we will deal with several different maps, we write ap(¢,n) and 
a>(¢, 7) to indicate the dependence on the map. Let 


y=o™ and N=—. 
m 


Using the fact that ap(¢, k) = 0 unless m|k, we find that 


r= Ding) an )=Du( 7) pl @, km) 


k|N 


=u (Z) avo, 8) = a), 


k|N 
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We further observe that P is a fixed point of y, so Lemma 4.6 applies to w and P. 
We consider several cases, the first two of which may done simultaneously. 


Case I(a). A(P)N £1. 

Case I(b). A(P) = land N 4 Oin Kk. 

In Case I(a) we have \(P)* 4 1 for all k|.N, so we can apply (4.5) of Lemma 4.6 
to conclude that ap(),k) = ap(w,1) for all k|.N. Similarly, in Case I(b) we can 


apply (4.7) of Lemma 4.6 to conclude that ap(q), k) = ap(y, 1) for all k|N. Hence 
in both cases we find that 


1-Ea( foo (Eo(¥) oon 


_ fap >1 ifN=1, 
(10 ifN>1, 


Using the equality ap(w),1) = ap(¢™”,1) = ap(¢,m), this shows in Case I(a,b) 


that 
. _ jap(¢,n) 21 ifn=m, 
ap(d,n) = ‘ ifn >m. 


Case I. A(P) = land N = 0in K. 

Let p be the characteristic of K and write N = p°M with p{ M. We observe that 
if k|M and 0 <i<e, thenk £0 in K and Ap(w’) = Ap()? = 1, so (4.7) of 
Lemma 4.6 applied to yp tells us that 


ap(, p'k) = ap(W ,k) = ap(y?, 1) = ap(w,p'). 
This allows us to compute 


N= Sa (Z) anced = (oe Le (,p'k) 


k|M i=0 


- ( (Z)) ( uo *an(d.0')) 


_ )ap(,p*) — app") 21 ifM =1, 
0 ifM>1. 


The fact that the value is positive when Mf = 1 follows from applying condition (4.8) 
of Lemma 4.6 to the difference a p(y ,p)—a pyr, 1). Hence in Case II, we 
have shown that a}(¢,n) > 0, and further, a}(¢,n) > 1 if and only ifn = mp’. 
Since Case II includes the assumption that \(P) = 1, this proves Theorem 4.5 in 
this case. 


Case IIL. \(P) # land A(P)% = 1. 
Let r be the exact order of \(P) in K*, sor|N andr > 1. Then (4.5) of Lemma 4.6 
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tells us that if r{k, then ap(q,k) = ap(y,1). This allows us to write the sum 
defining a}(w, N) as 


(EE )a(Soow 


aki 
aa we ) an a) 
rth rlk 
= (Eu (F) ont .1)) + (HE \ (ap(,k) — ap(}, 1 )) 


rik 


-Su (*F) (ap(w, kr) — ap(,1)) 


ifN=r 


= a's (W", N/r) — we fN Zr. (4.11) 


If N = r,son = mr, then we have 
ap(¢, n) = ap(?, N) = ap(y”, 1) ~~ ap(y, 1) = ap(p,r) _ ap(y, 1) 2 1 


from (4.6) of Lemma 4.6. 
We may thus assume that NV > r, so (4.11) says that 


ap(?,n) = ab(¥, N) = ap(y", N/r). 


We now observe that Ap(w)") = Ap(w)” = 1. Hence if N 4 0 in K, then we can 
apply Case I(b) to a%5(w", N/r), and if N = 0 in K, then we can apply Case II 
to a(~", N/r). This completes the proof of Theorem 4.5. Oo 


As an easy application of Theorem 4.5, we now prove that a rational map 
o(z) € K(z) possesses periodic points of infinitely many distinct periods, i.e., the 
set of primitive-n periodic points Per;*(@) is nonempty for infinitely many n. 


Corollary 4.7. Let ¢(z) € K(z) be a rational map of degree d > 2. Then for 
all prime numbers £ except possibly for d + 2 exceptions, the map ¢ has a point of 
primitive period ¢. 


Proof. We begin by discarding the finitely many primes ¢ satisfying either of the 
following conditions: 


e K has characteristic @. 
e There is some Q € Fix(¢) with \(Q) # 1 and \(Q)* = 
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The set Fix(¢) contains at most d + 1 points, so these conditions eliminate at 
most d + 2 primes. 

For any of the remaining primes @, take a point P € Per,(@). If P does not 
have primitive period @, then it must be a fixed point of @, since its period certainly 
divides £. Then our assumptions on imply that either \(P) = 1 or A(P)* 4 1, and 
further that 24 0 in K. It follows from (4.5) and (4.7) of Lemma 4.6 that in both 
cases we have ap(£) = ap(1). Hence 


ap(f) = > ap(l)< > ap(l)=d+1. 
PePere($)NFix(¢) PéPerg(d)NFix(¢) PE€Fix(¢) 
Thus the total multiplicity of all of the fixed points of ¢ in the ¢-period polynomial 
Og (X,Y) = Y F(X, Y) — XG X,Y) 


is at most d+ 1. However, the degree of ®y »¢ is dé +1, so we conclude that Oo.2 
has at least one root that is not fixed by ¢. Hence there exists at least one primitive £- 
periodic point. Oo 


For many applications, Corollary 4.7 is sufficient, but a more detailed analysis 
yields a much stronger result. We state the full theorem in characteristic 0 and refer 
the reader to Pezda’s two papers [354, 357] for the more complicated description 
required in characteristic p. See also [161, 172, 173, 174] for higher-dimensional 
results of a similar nature. 


Theorem 4.8. (I.N. Baker [19]) Let 6(z) € K(z) be arational map of degree d > 2 
defined over a field K of characteristic 0. Suppose that b has no primitive n-periodic 
points. Then (n, d) is one of the pairs 


(2, 2), (2,3), (3, 2), (4, 2). 
If ¢ is a polynomial, then only (2, 2) is possible. 


Proof: For the proof, which is function-theoretic in nature, see [19] or [43, § 6.8]. 
Oo 


4.2 Quadratic Polynomials and Dynatomic 
Modular Curves 


In this section we expand on the material from the previous section in the special 
case of the quadratic polynomial 


(2) =¢e(2)=2 te. 


For further material on the iteration of quadratic polynomials, see for example [17, 
18, 113, 115, 171, 220, 221, 222, 305, 309, 350, 361, 388]. 
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[ @,(c,z)=27 —z+e 
@o(c,z) =z 4+2cz2?-z4+(P +c) 
@3(c, z) = 2° + 4ez® + (6c? + 2c)24 + (4c? + 4c?)2? — 2 4+ (8 4208 +? +0) 
@4(c,z) = 216 + 8ez"4 + (280? + 4e)z + (56% + 2407) 2"° 


+ (70c* + 60c? + 6c? + 2c)z* + (56c° + 80c* + 24c* + 8c7)2° 
+ (28¢° + 60c° + 36c* + 16c* + 4c”)z* 

+ (807 + 24c® + 24c° + 164 + 8c) 2? 

—z+(cP + 4c? + 6c° + 6c? + Sct + 202 +c? +c) 


@i(c,z)=2? -—z+e 
®3(c,z) = 2? +24 (c+) 
®3(c,z) = 2° +.2° + (Bc + 1)z* + (2e4 1)z? + (Bc? + 8¢ + 1)2” 
+(e? +24 1)z4+ (ce? + 2c? +¢41) 
®3(c,z) = 21? + 6ez"? + 2° + (15c? + 3c)z° + 4ez” + (20c? + 12c? + 1)2° 
+ (6c? + 2c)2® + (15c* + 18c% + 3c? + 4c)2* + (4c8 + 4c? +: 1)2? 
+ (6c + 12c* + 6c? 4+ Be? + c)z* + (48 4+ 20? +c? + 2c)z 
+ (8 + 3c° + 3c? + 3c8 + 2c? +1) 
P3(c,z) = 24 — 23 4 2702? + (—26c + 1)2°! + (351e? + 18¢ — 1)2°° 
+ (—325c? + 12c)z** + (2925¢? + 325¢7 — 24e + 1)2*8 
+ (—2600c? — 12c? + 12c)z*7 + --- 
+ (—c76 — 127° — 66c74 — 226c7? — --- 4+ 2c? +c? + 2c — 1)z 
+ (c77 + 1307 + 78c?> + 293c%4 + 79207? + --- 4 3c2 +e? —c+ 1) 


Table 4.1: Period and dynatomic polynomials for 6(z) = z? +c. 


4.2.1 Dynatomic Curves for Quadratic Polynomials 


Note that as long as the field K does not have characteristic 2, then any quadratic 
polynomial 
o(z) = Az? + Bz+C 


can be put into the form z? + c by a simple change of variables working entirely 
within the field K. More precisely, if we let f(z) = (2z — B)/(2A), then 


bf (z)=(folo@of)(z)=27 4+ (4c 8? +58). (4.12) 


The roots of the period polynomials ®,,(z) = $?(z) — z and associated dy- 
natomic polynomials ®*(z) are periodic points of the map ¢,(z) = z? +c. In or- 
der to investigate how the periodic points of ¢,{z) vary as a function of c, we ob- 
serve that ®*(z) is a polynomial in the two variables z and c. Thus in studying 
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quadratic polynomial maps, it is natural to write ®*(c,z) and treat ®* as a poly- 
nomial in Z[c, z]. (Table 4.1 lists the first few period and dynatomic polynomials 
for -(z).) Treating ®* (c, z) as a polynomial in two variables leads to a natural 
association 


polynomial ¢(z) € K[z] of 
degree 2 with a point — {(ca)eKxK: ®%(c,a)= O}. 
P € K of formal period n 


Thus given a polynomial ¢(z) € K[z] of degree 2 and a point P of formal pe- 
riod n, we make a change of variables as in (4.12) so that ¢/(z) = 2? + ¢ and 
set a = f~1(P). Note that this entire procedure takes place within the field K 
(which we assume has characteristic different from 2). Thus the solutions to the 
equation &* (y, z) = 0 parameterize pairs (¢, P), where ¢ is a conjugacy class of 
quadratic polynomials and P is a point of formal period n for ¢. Further, the solution 
is K-rational if and only if ¢ and P are K-rational. 


Definition. The dynatomic modular curve Y,;(n) C A? is the affine curve defined 
by the equation 
OF (y, z) = 0. 


The normalization of the projective closure of Y|(n) is denoted by Xj (n). 


Example 4.9. It is easy to see that X,(1) and X (2) are rational curves. Indeed, the 
projective closures of Y;(1) and Y| (2) are smooth conics, 


Xi(1):22-zwtyw=0 and = =-X4 (2): 22+ 2ewt+yw+w? =0. 


It turns out that X, (3) is also rational, but this is less clear from the equation in 
Table 4.1. In order to parameterize X1(3), suppose that ¢(z) = Az? + Bz4+C is 
any quadratic polynomial with a periodic point of primitive period 3. Conjugating 
by a linear map z + az + (, we may assume that the given 3-cycle has the form 
0 > 1—t— 0 for some ¢. This gives the equations 


do(0)=C=1, o(1I)=A+B+C=t, ot) = At? +Bt+C=0. 
Solving for A, B,C in terms of t yields 


P-t+1, 8-41 


02) = aa 


z+. 


Now we apply the linear change of variables (4.12) to put ¢ into the form z? + c. 
Thus letting f(z) = (22 — B)/(2A), we find that 


t® — 4t5 + 9¢4 — 843 + 4¢2 —2t41 
—4t4 + 8¢3 — 412 , 


_ B+ -1 


f — 52 -1 
o(2)=2+ f"0) = a 


Our computation shows that for every value of t ¢ {0, 1}, the point 
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é® — 4¢5 + ot — 819 + 4¢? -2¢41 -t+4+0?-1 
—At4 + 8t3 — 4t? "24? + Qt 
is a solution to the equation 
D3 (y,z) = 29 + 2° + (By + Lzt + (2y + 1)z9 + (By? + 3y + 1)2? 
+ (y? + 2yt+1)z+ (y? + 2y?+y41) =0. 
(You may check this directly using a computer algebra system.) We have thus con- 
structed a nonconstant rational map 
#6 — at? + ott — 8t3 4 40? —- 241 8-1? 41 
—4t?(t — 1)? " 2t(t-1) J > 
(4.13) 


Pp! — X,(3), tr ( 


General principles (Liiroth’s theorem [198, IV.2.5.5]) tell us that X) (3) is birational 
to P?. 

More concretely, we can prove that the map (4.13) has degree 1 by constructing 
its inverse. Thus let (c,b) be a root of ®%. We set g(z) = (b? +c—b)z +b, so g 
sends 0 to b and 1 to (b). Thus the 3-cycle b — 4(b) — ¢7(b) — 0 becomes the 
following 3-cycle for $9: 

eres ae P+b+1lt+e —* 20. 
This gives the map 
X,(3) — P’, (c,b)- > bh +b+1+4+¢, 


which is inverse to (4.13), a fact that can also be checked directly with a computer 
algebra system. 


4.2.2 Dynatomic Curves as Modular Curves 


The curve Y;(n) and its completion X,(n) are modular curves in the sense that their 
points are solutions to the moduli problem of describing the isomorphism classes of 
pairs (¢, a), where ¢ is a polynomial of degree 2 and a € A’ is a point of formal 
period n for @. Here two pairs (¢1, a1) and (¢2, a2) are PGL2-isomorphic if there 
is a linear fractional transformation f € PGLz satisfying 


$=¢{ and a= f(a). 
In order to state this more carefully, we define 


{(ésa): ¢€ K{z], deg(¢) = 2, an, 


* ahas formal period n for ¢ 


Formal(n) = : ; 
(n) PGL»-isomorphism 

We have demonstrated that the elements of Formal(n) are in one-to-one correspon- 

dence with the points of Y;(n). But much more is true: the correspondence is alge- 

braic in an appropriate sense. Before stating this important result, we must define 

what it means for a family of maps and points to be algebraic. 
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Definition. Let V be an algebraic variety. An algebraic family of quadratic polyno- 
mials over V with a marked point of formal period n consists of a quadratic polyno- 
mial 

W(z)=Az*+Bz+C, A,B,CEKIV], 
whose coefficients A, B,C are regular functions on V and such that A does not 
vanish on V(K), and a morphism A : V — A! such that for all P € V(K), the 
point A(P) is a point of formal period n for the quadratic polynonomial 


wp(z) = A(P)z? + B(P)z+ C(P) € K[z]. 


The family is defined over K if the variety V and morphism 4 are defined over 
and the functions A, B,C are in K[V]. 


Example 4.10. The pair 
Wiz)=2+(t+t'-lz and At)=t-1 


is an algebraic family of quadratic polynomials over P! \ {0,00} with a marked 
point of formal period 2. 


Theorem 4.11. Let K be a field of characteristic different from 2. 
(a) The map 
Y,(n) — Formal(n), (c,a) > (27 +¢,0), (4.14) 
is a bijection of sets. 
(b) Let V be a variety and suppose that the points of V algebraically parameterize 


a family of quadratic polynomials ~ together with a marked point of formal 
period n. Then there is a unique morphism of varieties 


ni V —> Y,(n) 


with the property that 


n(P) = (dp(z),A(P)) € Formal(n) forall P € V(K), (4.15) 


where we use (4.14) to identify Formal(n) with Y,(n). 
(c) If the family is defined over the field K, then the morphism n is also defined 
over K, 


Proof. (a) We have shown this earlier in this section. 
(b) By definition 7 has the form 


v(z)=Az?+Bz+C, A,B,CeEKIV], 


with A not vanishing on V and \ a morphism \ : V — A! such that for all P € 


V (4), the point \(P) is a point of formal period n for the quadratic polynonomial 


wp(z) = A(P)z? + B(P)z + C(P) € K[z]. 
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For any point P € V(K), let fp(z) be the linear fractional transformation 


_ 2z— B(P) 
fr(z) = SAP) 


Note that fp is well-defined for every P € V(K), since we have assumed that A is 
nonvanishing on V. We define a map 7 from V to A? by the formula 


7 cp = A(P)C(P) — 4 B(P)? + $B(P), 
n(P) = (cp,ap) with io ~ A(P)\P) + 1B(P) (4.16) 


Note that 7 : V > A? isa morphism, i.e., it is given by everywhere-defined algebraic 
functions on V. We are now going to verify that the image of 7 is the curve Y,(n). 
The computation that we performed in deriving formula (4.12) shows that 


pl (z) = 27 +p. 


To ease notation, we let dp(z) = z? + cp. We also let ®,,p, BF, p, Un,p, and Vip 
be the period and dynatomic polynomials for ¢@p and wp, respectively. Note that the 
period polynomials are related by 


Wi(2) = fp o(WR(2)—z)ofp = (fp obpfp)"(2)—z = $p(z)—z = n,p(2)- 
Hence the dynatomic polynomials also satisfy 
(UF p)iP = ©, p. (4.17) 


We are given that A(P) € Per?,(wp), which is equivalent to saying that A(P) is a 
root of UW, p. It follows from (4.17) that 


fp*((P)) = A(P)A(P) + ZB(P) 


is a root of &* ,, and thus is in Per? (gp). This proves that the image of the map 7) 
defined by (4.16) is contained in Y; (n), so 7 is a morphism from V to Yj (n). Further, 
this map 7 respects the identification of Y,(n) with Formal(n) from (a), since it 
takes P to a pair (cp, ap) that is isomorphic to the pair (wp(z),A(P)) via the 
conjugation fp € PGL2(K). 

Finally, it is clear from the construction that the map 7 is uniquely determined as 
a map (of sets) from V (K) to Formal(n), so it is the unique morphism V -+ Y;(n) 
satisfying (4.15). 
(c) The definition (4.16) of 7 shows immediately that 7 is defined over K, since all 
of A, B, C, and are assumed to be defined over K. O 


Remark 4.12. In the language of algebraic geometry, Theorem 4.11 says that Yj (n) 
is a coarse moduli space. In fact, the curve Yj (n) is actually a fine moduli space for 
all n > 1; see Exercise 4.18. The underlying reason is that there are no nontrivial 
elements of PGL» that fix a quadratic polynomial and its points of formal period n, 
i.e., the moduli problem has no nontrivial automorphisms. 
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4.2.3. The Dynatomic Modular Curves X,(n) and Xo(n) 


The curve Yj (7), and by extension X1(n), has the interesting property that the ratio- 
nal map ¢ acts on the points of Y|(n) via the map 


G: V(r) Vln), (yz) (ye? +) = by(2))- (4.18) 


By abuse of notation, we will also use ¢ to denote the map (4.18). This map is well- 
defined, since if a is a point of formal period n for the polynomial ¢,,(z), then dy (a) 
is also a point of formal period n for ¢,. Further, the n" iterate ¢” is the identity map 
on Y;(n) and X,(n), so Aut(Y;(n)) and Aut(X1(n)) contain subgroups of order n 
generated by ¢. 

In general if V is any algebraic variety and if G C Aut(V) is any finite group of 
automorphisms of V, then there exist a quotient variety W = V/G and a projection 
map 7 : V — W with the property that 7(y) = a(x) if and only if there isa g € G 
such that y = g(x). (See, for example, [321, IT §7].) Further, if V is defined over a 
field K and if G is K-invariant,” then V/G is defined over K. 

The construction of V/G when V is a nonsingular curve is particularly simple. 
Each g € G induces an automorphism of the function field 


g : K(V) > K(V) 


fixing K, so we may view G as a subgroup of Aut(K(V)/K). Then one shows 
that the fixed field K(V)© of G has transcendence degree 1 over K,, so there exists 
a unique nonsingular projective curve W/K with function field K(W) = K(V)°. 
The inclusion K(W) C K(V) defines the projection 7: V > W making W into 
the quotient of V by G. Finally, if G is K-invariant, one shows that W has a model 
defined over K’. 


Remark 4.13. We note that taking the quotient of a variety by an infinite group of 
automorphisms, as we will need to do in Section 4.4, is considerably more difficult 
than taking the quotient by a finite group of automorphisms. Indeed, in the infinite 
case it often happens that the quotient does not exist at all in the category of varieties. 


Definition. With notation as above, we let Yo(n) be the quotient of Y;(n) by the 
finite subgroup of Aut(Yi(n)) generated by ¢. Similarly, Xo(n) is the quotient 
of X; (7) by the finite subgroup of Aut(X(m)) generated by ¢. 


By construction, the points of Yo(n) classify isomorphism classes of pairs (¢, O), 
where ¢ is a quadratic polynomial and © is the orbit of a point of formal period n. 
The moduli-theoretic interpretation of the projection map from Y;(n) to Yo(n) is 


Yi (n) _ Yo(n), (be, a) > (ge, 03. (a)). 


>The elements in G are morphisms V — V that are defined over some extension of K. The Galois 
group Gal(/K) acts on G by acting on the coefficients of the polynomials defining the maps in G. We 
say that G is K-invariant if each element of Gal(K /K) maps G to itself. 
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Example 4.14. We have seen in Example 4.9 that X,(2) and X,(3) are rational 
curves, i.e., they are isomorphic to P', so their quotient curves X9(2) and X9(3) 
must also be rational curves. However, it is still of interest to make the quotient maps 
explicit. We do this for X; (2) and leave X1(3) as Exercise 4.19. 

The affine curve Y; (2) has equation 


Y,(2): 27 +2+y+1=0, 


where a point (c, a) € Y;(2) corresponds to the quadratic map ¢,.(z) = 2? + c and 
point a € Per3(¢,). The automorphism ¢ of Yj (2) is given by (y, z) > (y, 27 +). 
From general principles we know that @ maps Y(2) to itself, or we can see this 
explicitly by the formula 

(Pty? + (P+y)tyt a(S tztyt (2 —zt+yt). 


The affine coordinate ring of Y; (2) is 


Cz, 
el — 2c, 
(224+z+y41) 
since we can express y in terms of z as y = —z” — z — 1. In terms of z alone, the 


automorphism ¢ of Y,(2) corresponds to the map on C[z] given by 


zeeety=24(-2-2-lh=-z-1. 


So the affine coordinate ring of the quotient curve Yo(2) is the subring of C[z] that is 
fixed by the automorphism z +> —z — 1. Since the map Y)(2) — Yo(2) has degree 2, 
we look for an invariant quadratic polynomial in z. Setting 
Az? + Bz+C = A(-z-1)?+ B(-z-1)+C 

and equating coefficients, we find that A = 8B. Hence the invariant subring is 
C[z? + z], which is the affine coordinate ring of Yo(2). 

Suppose now that (¢, {a, 3}) is a quadratic polynomial and an orbit consisting 
of two points. How does this correspond to a point on Yo(2) whose coordinate ring 


is C[z? + 2]? First, we use a PGL2 conjugation as in (4.12) to put ¢ into the standard 
form $,(z) = z* +c. Then a and (3 are related by 


B = ¢-(a) =a*+e and a=¢,(8) =p? +e. 
Notice that this implies that 
e+a=(B-c) +(P+o=8 +8. 


Letting c = —a? — a — 1 and using the isomorphisms Y;(2) = A! and Yo(2) = A 
given earlier, we have the following commutative diagram: 


1 


¥i (2) S22, at 


(c,a) a 
| | | i 
(c,{a,a? +c}) a +a 


c{a,Z8 marta 
Yo(2) —aietbra te 
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Remark 4.15. Morton [307] describes an alternative method for finding an equation 
for the curve Yo(n) and the map Y;(n) — Yo(n). The roots of ®* (c, z) = 0 can be 
grouped into orbits, say a1,..., @, are representatives for the different orbits, so 


Pery,(¢) = Og(a1) U Og(a2) U-+-U Og(ar). 


The points in each orbit all have the same multiplier, and we define a polynomial 


r 


6n(¢, 2) = [It — dg (ai). 


i=1 
Then one can show that 4,,(c, 2) € Z[c, x] and that the equation 
bn(y, x) = 0 


gives a (possibly singular) model for Yo(n). Using this model, the natural map 
from Y;(n) to Yo(n) is 


Yi(n) — Yo(n), (y,z) > (y, (o9)'(z)). 


See Morton’s paper [307] and Exercise 4.13. 


Remark 4.16. The dynatomic modular curves Y;(n) and Yo(n) defined in this section 
are analogous to the modular curves that appear in the classical theory of elliptic 
curves. Briefly, the elliptic modular curve Y;!'(n) classifies isomorphism classes of 
pairs (E, P), where E is an elliptic curve and P € E is a point of exact order n. 
Similarly, the elliptic modular curve Y¢"(n) classifies pairs (E,C), where E is an 
elliptic curve and CC E is a cyclic subgroup of order n. The group (Z/nZ)* acts 
on Ye"(n) via 


m *(E, P) = (E,(m|P) for m€ (Z/nZ)*, 


and the quotient of Y¢"'(n) by this action is Y¢"(n). 
The reader should be aware that standard terminology is to write 


Yo(n), Yi (n), Xo(n), X1(n) 


for elliptic modular curves. But since in this book we deal exclusively with dy- 
natomic modular curves, there should be no cause for confusion. In situations in 
which both kinds of modular curves appear, it might be advisable to use identifying 
superscripts such as Y,°"(n) and Y¢"'(n) to distinguish them. 


We showed earlier that X1(1), X1(2), and X(3) are all (irreducible) curves of 
genus 0, and similar explicit computations show that X)(4) has genus 2 and X(5) 
has genus 14. See [171, 305, 309] and Exercise 4.20. The geometry of X,(n) 
and Xo(n) for general n is described in the following theorem, which is an amal- 
gamation of results due to Bousch and Morton. 
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Theorem 4.17. (a) The affine curve Y,(n) defined by the equation 
Vi(n) + ®%,g(y,2) =0 


is nonsingular. 
(b) The dynatomic modular curves X\(n) and Xo(n) are irreducible. 
(c) The projection map 


X,(n) — FP’, (z, ¢) 7, 
exhibits X,(n) as a Galois cover of P*. The Galois group is maximal in the 
sense that it is the appropriate wreath product, cf. Section 3.9. 


(d) Let y denote the Euler totient function (not to be confused with the rational 
map @), let , be the Mébius function, and let x. be the function 


c= E0() 


(This is essentially half the degree of %, ,,; of: Remark 4.3.) Then the genera 
of X1(n) and Xo(n) are given by the formulas 


n-3 1 n 
genus X;(n) =1+ 5 K(n) — 3 | 2 mr(m)p (=) , 


m|n, m<n 
1 
Fw) 2". 


min, m odd 
n/m even 


(fn is odd, then the final sum in the formula for the genus of Xo(n) is empty.) 


Proof. The properties of Y;(n) and X1(n) were originally proven by Bousch [83], 
with subsequent proofs by Lau and Schleicher [261] using analytic methods and 
Morton [307] via algebraic arguments. The latter two papers give various general- 
izations, including results for the dynatomic modular curves associated to maps of 
the form z¢ + c. The formula for the genus of X(n) is due to Morton [307]. oO 


Remark 4.18. The genera of X,(n) and X9(n) grow rapidly; see Table 4.2. 


n 
genus X, (7) 


| genus Xo(n) 


7 [8 19 | 10 
124 | 285 | 745 | 1690 


16 | 32 | 79 | 162 


Table 4.2: The genera of the dynatomic modular curves X;(n) and Xo(n) for z7 +c. 
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Res(®}, ®3) = 4c+ 3 

Res(®7, 63) = —16c? — 4c -7 

Res(*, 64) = —16c” + 8c —5 

Res(®}, &£) = —256c* — 64c? — 16c? + 36c — 31 
Res(®7, 64) = —16c? + 12-3 

Res(®3, 63) = —(4c +5)? 

Res(®3, 6%) = —(16c? + 36c + 21)” 

Res(3, 62) = —(64c? + 128c? + 72c + 81)? 


Table 4.3: The first few bifurcation polynomials for z? + ¢. 


4.2.4 Bifurcation, Misiurewicz Points, and the Mandelbrot Set 


When does the polynomial ¢(z) = z? + c have a point of formal period n whose 
exact period m is strictly less than n? This will occur if and only if ®* (z) and ®*, (z) 
have a common root, so if and only if c is a root of the resultant equation 


Res(®F (z), ®7, (z)) = 0. 


Note that this is a polynomial equation for the parameter c. We list the first few 
examples in Table 4.3. Thus the polynomial ¢(z) = 2? — 3 given in the last section 
is the only example with a fixed point of formal period 2. Similarly, the polynomial 
o(z) = 2* — $ has a point of formal period 4 whose exact period is 2. 

One pattern that is apparent from even the small list in Table 4.3 is the fact that 
if m|n, then Res(®* (z), 6*,(z)) is the m™ power of a polynomial in Z[c]. See Ex- 
ercises 4.7 and 4.12 for a description of the m' root of Res(®* (z), ®*,(z)). 

The roots of Res(®* (z), &*, (z)) are special points in the Mandelbrot set, which 
we recall is the subset of the c-plane given by 


M = {c€ C: "(0) is bounded as n — oo}. 


Alternatively, the Mandelbrot set M is the set of c for which the Julia set .7(@,) is 
connected. See Remark 1.34 and the picture of the Mandelbrot set (Figure 1.2) on 
page 27. 


The solutions to the equation 


Res(®,, (z), ®,,(2))(¢) = 0 


166 4. Families of Dynamical Systems 


are called bifurcation points.? They connect the components of M’s interior (the 
bulbs of M). For example, the point c = -3 connects the main cardioid of M to the 
disk to its left. It is clear that the bifurcation points are algebraic numbers. Beyond 
that, little is known about their arithmetic properties, although Morton and Vivaldi 
conjecture that the bifurcation points of type (m,n) are all Galois conjugate to one 
another. (See Exercise 4.12.) 

An elementary property of the Mandelbrot set 1, which we now prove, is that it 
is contained in a disk of radius 2. Note that M is not contained in any smaller disk, 


since 


g-2 


0 9 g-2 o-2 


2 —— 2 
shows that —2 € M. 


Proposition 4.19. The Mandelbrot set is contained in the disk of radius 2, 
Mc {cEC: |e] < 2}. 
Proof. Suppose that |c| > 2 and let z, = ¢"(0). Then 
lentil > [e21—lel=lenl-(lenl—1) + (lanl —lel). 419) 


We have |z| = |c| > 2 by assumption, so (4.19) and induction tell us first that |z,| 
is an increasing sequence, and indeed that 


lzne1l > leil( eal 1)" = lel(lel — 1)”. 
Hence |z,,| — 00, so cis not in. M. Oo 


The set of quadratic maps whose critical points are preperiodic, but not periodic, 
defines an important subset of the Mandelbrot set. 


Definition. A point c € C is called a Misiurewicz point if 0 is strictly preperiodic 
for 6-(z) = z? +c. We say that c € C is a Misiurewicz point of type (m,n) if 

e m > 1is the smallest integer such that ¢7"(0) is periodic, and 

e nis the primitive period of #7" (0). 


Example 4.20. Examples of Misiurewicz points include c = —2 and c = 1. Thus 
for c= —2 we have 0 — -2 — 2 — 2, s0c = —2 has type (2,1). Similarly 
for c = i we have 0 — i > i—-1— -i ~i-—1,soc = has type (2, 2). 

Remark 4.21. If cis a Misiurewicz point, then the map ¢, is subhyperbolic without 
being hyperbolic, ¢, has no neutral cycles, and the orbit Og, (0) is repelling. The 
Misiurewicz points are all contained in the boundary OM of the Mandelbrot set, and 
they are dense in 0M. For proofs of these analytic properties of Misiurewicz points, 
see for example [95, §VIII.1,6] or [143]. 


3Bifurcation point is a general term for a point in moduli space whose polynomial ¢ satis- 
fies Res(®* (4), oF o(2)) = 0, They are points (polynomials) at which periodic points of different 
orders merge and break apart. For the quadratic polynomial #(z) = z* + c, whose moduli space is the c- 
plane, the bifurcation points are also known as the roots of the hyperbolic components of the Mandelbrot 
set M. 
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It is clear that every Misiurewicz point is contained in the Mandelbrot set M, 
since preperiodic points certainly have bounded orbit. This suffices to prove an arith- 
metic result. 


Proposition 4.22. The set of Misiurewicz points is a set of bounded (absolute) height 
in Q. More precisely, the height of a Misiurewicz point + satisfies H(y) < 2. Hence 
there are only finitely many Misiurewicz points defined over any given number field. 


Proof. A Misiurewicz point c = + ts the root of a polynomial of the form 
Mr n(e) = 627" (0) — o2(0) 


for some m > 1 and n > 1. These are monic polynomials with coefficients in Z, 
so not only is y an algebraic number, it is an algebraic integer. Further, the minimal 
polynomial of y is a factor of M,,,,(c). On the other hand, every root of Myn(c) is 
in the Mandelbrot set M, since if c is a root of M7, »(c), then 0 is preperiodic for ¢., 
so it certainly has bounded orbit. It follows from Proposition 4.19 that every Galois 
conjugate of y has absolute value at most 2. Let K = Q(y) and let y;,..., 7 be the 
full set of Galois conjugates of -y. Then 


Hx(y) = I] max {1, lle }"” = [[ max{1, lvl} <2". 
veMxK i=l 
Taking the r™ root yields H(y) < 2. Oo 


We now describe an analytic characterization of Misiurewicz points. It depends 
on the following deep result giving an analytic uniformization of the complement of 
the Mandelbrot set. 


Theorem 4.23. (Douady—Hubbard) There is a conformal isomorphism from the ex- 
terior of the unit disk to the complement of the Mandelbrot set, 


0: {weC: |w| > 1} —>Cv\ mM. 


Proof: It is not hard to show that for all sufficiently large z (depending on c) there is 
a consistent way to choose square roots so that the limit 


converges and defines a holomorphic function 7, on some region |z| > R.. (See 
Exercise 4.15.) If c ¢ M, then one can prove that ~, has an analytic continuation 
to C \ M. The isomorphism @ in the theorem is the inverse of the map 


C\M— {weC:|w|> 1}, cr w-(c). 
See [142, 143, 141], [43, §9.10], or [95, VIII §§3,4] for details. oO 


Remark 4.24. An immediate consequence of Theorem 4.23 is the connectivity of the 
Mandelbrot set, since the theorem implies that P!(C) . M is simply connected. 
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The uniformization map 6 from Theorem 4.23 can be used to give an analytic 
description of the Misiurewicz points. 


Theorem 4.25, Let 0 be the isomorphism {w € C : |w| > 1} + C\ M described 
in Theorem 4.23. Consider the doubling map x > 2x on Q/Z. Lett € Q/Z be 
preperiodic, but not periodic, for the doubling map. Let m and n be the smallest 
positive integers for which we can write t in the form 


t= a 

~ Qm(gn — 1)" 
(The fraction need not be in lowest terms. See Exercise 4.16.) 

Then the limit 
_ 4 Qrit 
C= Jim, 6(re*™’) 

exists and is a Misiurewicz point of type (m,n) in M, although distinct values of 
t € Q/Z may yield the same Misiurewicz point. 


Remark 4.26. Fora givent € Q/Z, the “spider algorithm” [213] can be used to com- 
pute c; numerically. The spider algorithm is mainly topological and combinatorial in 
nature, although the limiting process that yields c, € C is analytic. 


4.3 The Space Rat, of Rational Functions 


The set of quadratic polynomials {Az* + Bz-+C} has dimension three, since it may 
be identified with the set of triples (A, B,C) with A # 0. In fancier language, the 
space of quadratic polynomials is equal to the algebraic variety 


{(A, B,C) € A®?: A #0}. 


We have seen in Section 4.2.1 that every quadratic polynomial can be conjugated 
to a polynomial of the form z? + ¢, and that polynomials with different c values 
are not conjugate to one another. Thus the space of conjugacy classes of quadratic 
polynomials has dimension 1. It may be identified with the variety A?. 

In the next few sections we study analogous parameter spaces for more general 
rational maps and their conjugacy classes. We begin in this section by explaining 
how the set Rat, of rational maps of degree d has a natural structure as an algebraic 
variety and how the natural action of the algebraic group PGL2 on Ratz, is an alge- 
braic action. Then in Section 4.4 we discuss (mostly without proof) how to take the 
quotient of Rat, to construct the moduli space M, of conjugacy classes of rational 
maps of degree d. We continue in Section 4.5 by describing a natural collection of 
algebraic functions on M , that are created using symmetric functions of multipliers 
of periodic points. These functions can be used to map M, into affine space. Finally, 
in Section 4.6 we use these functions to prove that Mz is isomorphic to A?. 

A rational map ¢ : P! -—+ P! of degree d is specified by two homogeneous 
polynomials 
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o = [F,G] = [apX* + ay X41Y +--+ ag¥%, baX4 4 XTVY +--+ bY] 


such that F’ and G have no common factors, or equivalently from Proposition 2.13, 

such that the resultant Res(F’, G’) does not vanish. Thus a rational map of degree d 

is determined by the 2d + 2 parameters ap, a1,...,Qg,00,61,..., 0g. However, if u 

is any nonzero number, then [uF wG] = [F, G], so the 2d + 2 parameters that deter- 

mine ¢ are really well-defined only up to homogeneity. This allows us to identify in 

a natural way the set of rational maps of degree d with a subset of projective space. 
To ease notation, for any (d + 1)-tuple a = (ao,..., aq), let 


Fa(X,Y) =agX4 +a, X*1Y +---+aa¥? 


be the associated homogeneous polynomial. Similarly, if a and b are (d + 1)-tuples, 
we write [a, b] ¢ P?¢+! for the point in projective space whose homogeneous coor- 
dinates are [a9,...,@a,bo,..., bal. 


Definition. The set of rational functions ¢ : P! — P! of degree d is denoted 
by Ratz. It is naturally identified with an open subset of P?¢+! via the map 


{[a, b] € P?**1 : Res(Fa, Fh) #0} —> Rata, 
[a, b] -— [F., Py]. 


The collection of rational maps Rata, which a priori is merely a set, thus has the 
structure of a quasiprojective variety. In fact, Rat, is an affine variety, since it is the 
complement of the hypersurface Res(F,, F,) = 0 in the projective space P24+?, 


Proposition 4.27. The variety Rat, is an affine variety defined over Q. The ring of 
regular functions Q{Rata| of Rata is given explicitly by 


to ,i1 ta}J0pI1 Jd 
ag ay ++ agi by by! ++ by . 


Q[Ratz] = Q Res( Fa, Fh) to t+: +tat+jot+--++ ja = 2d 


Equivalently, Q|Ratg] is the ring of rational functions of degree 0 in the localization 
of Qiao, @1,...,@a, bo, b1,..., ba} at the multiplicatively closed set consisting of the 
nonnegative powers of Res( Fa, Fy). 


Proof: We remind the reader that in general, if F € K[Xo,...,X;,] is a homoge- 
neous polynomial of degree n, then the complement of the zero set of F’, 


V=P’\ {F =0}, 
is an affine variety of dimension r. (See [198, Exercise 1.3.5].) Explicitly, each ratio- 
nal function 


to ay ty 
Xo Xj eae Xt 


Fioinnin = BOXG,X) withig9 +2, +--:+7,=7 


is a regular (1.e., everywhere well-defined) function on V. There are (rt) such 
functions, and together they define an embedding 
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("") 


(fiois...ir ig iy te-tigen :Ve>A 


of V into affine space. The affine coordinate ring of V is the ring of polynomials in 
these fig...i,s 


KIV] =K [figir.irlig big to-tipen * 


In the language of commutative algebra, 


K[V] = K[Xo,..-,Xn,1/F)© 


is the set of rational functions of degree 0 in the localization of K[Xo,..., Xn] at 
the multiplicatively closed set (F*);>9. Applying this general construction to 


Ratg = P*4*! \ {Res(Fa, Fy) = 0} 
gives the results stated in the proposition. O 


Remark 4.28. The geometry of Rata(C), especially near its boundary, presents many 
interesting problems. See [121, 122, 369, 370]. 


Example 4.29. Let 
pla, b) = aabe — 4, Agbpb; + gab? + az bobs — 2agagbob2 — aga,b1b2 + arby 


be the resultant of agX? + a,XY + agY? and bpX? +b; XY + b2Y?. Then the 
collection of 84 functions 


to ,21 ,22 290 pJ1 p32 
(“ ay" ay’ by’ by" bs 


a,b 
A , ) iot+t +i2tjotjitja=4 


gives an embedding of Ratz into A®*. Of course, this is not the smallest affine 
space into which Ratg can be embedded. Projecting onto appropriately chosen hy- 
perplanes, there is certainly an affine embedding of the 5-dimensional space Rat 
into Al; see [198, Exercise IV.3.11]. 


Example 4.30. The set of rational functions of degree 1 is exactly the set of linear 
fractional transformations, 


Rat; = PGL2 = {[aX + BY, yX + bY]: ad - By 40} CP. 


We note that PGLg is not merely a variety, it is a group variety, which means that 
the maps 


PGL2 x PGL» — PGLog, and PGL2 — PGL2, 
(fi, fo) fife, fot, 


defining the group structure are morphisms. 
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Each point of Rata determines a rational map P! — P!. Further, as we vary 
the chosen point in Rat,, the rational maps “vary algebraically.’ We can make this 
vague statement precise by saying that the natural map 


¢@:P x Ratz —> P' x Rata, 


([X,Y], [a,b]) —> ([Fa(X,Y), Ao(X,Y)], fa, b)), (4.20) 


is a morphism of varieties. The following definition is useful for describing families 

that vary algebraically. 

Definition. Let V be an algebraic variety. The projective line over V is the product 
Py =P’ xv. 


A morphism w : Pi, — Pt, over V is a morphism that respects the projection to V, 
i.e., the following diagram commutes, where the diagonal arrows are projection onto 
the second factor: 


pL —* , pL 


x Lf 
V 


Then w can be written in the form 
w = [F(X,Y),G(X,Y)], 


where F',G € K(V)[X, Y] are homogeneous polynomials with coefficients that are 
rational functions on V. The degree of = is the degree of the homogeneous polyno- 
mials F and G4 

Any morphism A : V — W of varieties induces a natural morphism P}, — Pt,,, 
which, by abuse of notation, we also denote by A. Thus 


AP, t) = (P,A(t)) for (P, t) € Py. 
With this notation, the map (4.20) says that there is a natural morphism 
@ : Prat _ Phats 


over Rata. The next proposition says that this ¢ is a universal family of rational maps 
of degree d. 


Proposition 4.31. Let V be an algebraic variety and let 
vB) — PL 


be a morphism over V of degree d. Then there is a unique morphism 


“More generally, ify : PY — PY is a morphism of S-schemes, then 7/* Opn (1) © Opn (a) and d 
is the degree of 4). s 8 
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A: V — Ratg 
such that the induced map : Pi, > Phatg fits into the commutative diagram 


pt —. pl 


[a b (4.21) 


1 a 1 
PRata PRata 


Remark 4.32. The commutative diagram (4.21) in Proposition 4.31 says that any 
algebraic family of degree d rational maps WV : P}, — P}, factors through the Rata 
family. Thus ¢ : Phata => Phatg is a universal family of rational maps of degree d. 
It is an example of a fine moduli space. See [322, 323, 335] for further information 
about moduli spaces. 


Proof, Let U c V be an affine open subset and write A’[U] for its affine coordi- 
nate ring. The fact that 2 is a morphism over V implies that it restricts to give a 
morphism 7 : P}, + P, over U. This restriction of y to Pj, has the form 


wb =[aoXt tay XP 1Y +---+ aa, BoX? 4+ Bi Xe 1Y +-+-+ BaY), 
with ao,..., Q@¢, Go,---, Ba € KU]. 


In other words, the coefficients of the polynomials defining 7) are regular functions 
on the affine open set U. In particular, if there is a map A: V — Ratg making (4.21) 
commute, then it must be given by A = [ao,..., Qa, 8o,-.-, Gal at any points of V 
at which the «; and 3; are defined and the homogeneous polynomials in (4.21) have 
no common roots. 

Now given any point in V, we can find a neighborhood U of that point and 
a;, 8; € K[U] as above such that 7) : Pj, + Pt, is given by 


v([x, y), t) = [ao(t)a4 treet aa(t)y®, Bo(t)x4 feet Balt)y"| 
for ([z,y],t) € Py. (4.22) 
Using a natural notation, we abbreviate this by writing 
W(P,t) = [Facey (P); Fay (P)]- 


In order to make the diagram (4.21) commute on Phy Cc PL, we are forced to define » 
on U by 


A(t) = fao(t), ar(t),..., a(t), Bolt), A(t), .., Ba(t)] € pet (4.23) 


Further, this \ will have the desired properties provided that its image lies in Ratg. 
However, the fact that 7) is given by (4.22) for every point in Pj, implies that for 
every t € U, the homogeneous polynomials FQ,) and Fig) have no common root 
in P!. It follows from Proposition 2.13(a) that their resultant 
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Res(Fy, Fis) € K[U] 


is nonzero at every point in U. Hence the image of the map = [a,b] defined 
by (4.23) is in Ratg. 

We have now proven that every point in V has a neighborhood U for which 
there is amap A : U — Ratg making (4.21) commute. Further, the maps on dif- 
ferent U must agree on the intersection by the uniqueness discussed earlier. Fitting 
them together, we find that there is a unique map A : V — Ratg making (4.21) 
commute. O 


An ongoing theme of this text has been the observation that a pair of rational 
maps ¢1, 62 € Raty determine (arithmetically) equivalent dynamical systems if they 
are PGL2-conjugate, i.e., if there is a linear fractional transformation f € PGL» 
such that 2 = oo = fof. The conjugation action of PGL2 on Rat, is algebraic 
in the following sense. 


Proposition 4.33. The map 
PGL2 x Rata — Rata,  (f,d) + df = fo'of, (4.24) 


is an algebraic group action of PGL2 on Ratg and is defined over Q. This means 
that the map (4.24) is both a morphism defined over Q and a group action. 


Proof. The proof is mostly a matter of unsorting the definitions. Let 
f = [aX + BY,yX + bY] € PGL2 CP* and ¢= (Fa, Fh] € Ratg c P?4t, 
Then 


o! ([X,Y]) = [6Fa(aX + BY, yX + bY) — BFy(aX + BY, 7X + 6Y), 


~ yFa(aX + BY, yX + bY) + aFy(aX + BY, 7X + 6Y)]. 
(4.25) 


The homogeneity of F, and Fy, shows that (4.24) at least gives a well-defined rational 
map 


P x p24t1 —> pedtl (f, 6) > of. 


Further, an elementary resultant calculation (Exercise 2.7) shows that the resultant 
of the two polynomials appearing in the righthand side of (4.25) is equal to 


(ad — By)" +4 Res(Fa, Fb). 
It follows that if f € PGL2 and ¢ € Ratz, then df is a well-defined point in Ratg. 


This proves that the map (4.24) is a morphism. The fact that it is a group action is 
then a straightforward, albeit tedious, calculation. O 
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Example 4.34. In principle it is possible to explicitly write down the action of PGL2 
on Rata, but in practice the expressions become hopelessly unwieldy for even mod- 
erate values of d. As illustration, we describe the action for d = 2. Let 
f =|aX + BY, yX + 6Y] and = = [Fa, Fpl € Rata, 
and set 
o! = (Fy, Fo’. 


Multiplying out both sides of (4.25) and equating the coefficients of X°, XY, and Y? 
yields the following formulas for the coefficients of F., and Fy: 

ab = a7 bag + ayba, + y*5a2 — a Bby — aByb; — By7b2, 

a, = 2a8d5aq + (ad + By)day + 2767 a2 — 287g — (ad + BY) 8b, — 28-75bo, 
a, = 86a + 86a, + Fay — Bby — 875d, — 847bp, 

by = —a* ya9 — arya — Y2a2 + 03bp + 0? yb1 + aye, 

bi = —2afyao — (By + ad)ya1 — 2775a2 + 207 Bb + (ad + By)ab; + 2aydbo, 
bL = —B? yao — Byday — 67a + a87bp + add; + a67bo. 


4.4 The Moduli Space M, of Dynamical Systems 


The intrinsic properties of the dynamical system associated to a rational map ¢ de- 
pend only on the PGL2-conjugacy class of ¢, so it is natural to take the quotient of 
the space Ratg by the conjugation action of PGLg. 


Definition. The moduli space of rational maps of degree d on P' is the quotient 
space 
Mg = Rata / PGLg, 


where PGLz acts on Ratg via conjugation ¢6f = f—!¢f as described in Proposi- 
tion 4.33. For the moment, the quotient space Mz, is merely a set, in the sense that 
for any algebraically closed field K, 


M4(K) = Ratg(K)/ PGL2 (K). 
We denote the natural map from Raty to Mg by 
(+) : Ratg —> Mg. 


In order to endow M, with the structure of a variety, we observe that the action 
of PGLz on Rat, induces in the usual way an action of PGL, on the ring of regular 
functions Q[Ratg] on Ratg. Thus an element R € Q{Rat4g] is a function whose 
domain is the set {¢ : P' — P'} of rational functions on FP’, and for f € PGLe we 
define Rf € Q{Rat.,] by the formula 


RI(¢) = R(¢*). 
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In this way we obtain a map 
PGL, — Aut (Q[Ratal), 


so it makes sense to talk about functions in Q[Rat,] that are invariant under the 
action of PGLo. We write 


Q\Raty|°C'? = {R € Q[Rata] : R/ = R forall f € PGL2} 


for the ring of PGL2-invariant functions on Ratg. 


Remark 4.35. For technical reasons, it is sometimes advantageous to replace PGL2 
by a slightly different group. The special linear group is the subgroup of GLz defined 


by 
sts ={(*5) sad py =i}, 


and the projective special linear group PSL is the image of SL2 in PGL3. The 
groups SL2 and PSL2 act on Rat, via conjugation in the usual way. Geometrically, 
the actions of PSL2 and PGLz2 on Ratzg are identical, since it is easy to see that the 
natural inclusion SL2 C GL induces an isomorphism 


PSL2(K) —> PGL2(K). 
However, if K is not an algebraically closed field, then the map 
PSLo(K) — PGLe(K) 


need not be an isomorphism; see Exercise 4.22. 


The following theorem provides the abstract quotient Ratg /PSL2 with the 
structure of an algebraic variety. 


Theorem 4.36. There is an algebraic variety M4 defined over Q and a morphism 
(-):Ratg —> Mg (4.26) 


defined over Q with the following properties: 
(a) The map (4.26) is PSL2-invariant, i.e., the following diagram is commutative: 


et 
PSL x Rat, Fre, Rata 


(f,9) 
| t | 
d 


Rata 


In terms of elements, (¢4) = (¢) for all @ € Ratg and all f € PGLe. 
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(b) The map on complex points 
(-) : Ratg(C) — Ma(C) 


is surjective and each fiber is the full PSL2(C)-orbit of a single rational map. 
Thus there is a bijection of sets 


(-) : Ratg(C)/ PSL2(C) + M,(C). 


(c) The variety M4 is a connected, integral (i.e., reduced and irreducible), affine 
variety of dimension 2d — 2 whose ring of regular functions is the ring of PSL2- 
invariant functions on Rata, 


Q(M,] = Q[Ratg]PS™. 


(d) Let V/C be a variety and let T : Ratg — V be a morphism with the property 
that T(¢4) = T() for all @ € Rata(C) and all f € PGL2(C). Then there is 
a unique morphism T : Ma — V satisfying T ((¢)) = T(¢). 


Proof Sketch. A full proof of Theorem 4.36 (see [416]) uses the machinery of geo- 
metric invariant theory [322] and is thus unfortunately beyond the scope of this book. 
Geometric invariant theory tells us that there is a certain subset of P?¢+!, called the 
stable locus, on which the conjugation action of PSL2 is well behaved. The main 
part of the proof is to use the PSL»-invariance of the resultant to verify that 


Rata = {[a,b] € P?4*" : Res(Fa, Fy) #0} 


is a PSL»-invariant subset of the stable locus of P?¢+!. Then the existence of the 
quotient variety Mq with affine coordinate ring equal to the ring of invariant func- 
tions in Q[Ratg] follows from general theorems of geometric invariant theory [322, 
Chapter 1]. Further, the fact that Ma is connected, integral, and affine follows im- 
mediately from the corresponding property of Rat, [322, Section 2, Remark 2]. The 
dimension of M4 is computed as 


dim M, = dim Rat, — dim PSL2 = (2d +1) — 3 = 2d — 2. 


This proves (a), (b), and (c). Finally, (d) follows directly from the description of Ma 
and Q{Mg] in (c), since the morphism T induces a map T* : Oy — C[Ratg], and 
the assumption that T satisfies T(¢/) = T(@) implies that the image of T* lies in 
the ring C[Ratg]PSl2© = C[Mg]. Oo 


Remark 4.37. Theorem 4.36 says that the quotient Ratg / PSL2 is an algebraic va- 
riety. Milnor [301, 302] shows that Ratg(C)/ PGL2(C) has a natural structure as a 
complex orbifold, which roughly means that locally it looks like the quotient of a 
complex manifold by the action of a finite group. Thus its singularities are of a fairly 
moderate type, although they can still be quite complicated. However, for rational 
maps of degree 2, we will see in Section 4.6 that not only is Mz nonsingular, it has 
a particularly simple structure. 
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Remark 4.38. According to Theorem 4.36(c), the affine coordinate ring of M4 is the 
ring of PSL2-invariant functions Q[Rat4]PS"2. However, this is the same as the ring 
of PGL -invariant functions, since it suffices to check for invariance by the action 
of PGL2(C) = PSL2(C) on an element of Q[Ratg]. 


Remark 4.39. The moduli space Mg is the quotient of Rata by the conjugation ac- 
tion of the group PSL». In particular, if K is any algebraically closed field, then the 
set of points Mq(K) is exactly the collection of cosets of Ratg(K) by the conju- 
gation action of PSLo(K) = PGL2(K). However, if K is not algebraically closed, 
then the natural map 


Rata(K)/PSLo(K) —> Ma(K) 


is generally neither injective nor surjective. The correct description of M,4(K), at 
least if K is a perfect field, is 


Ma(K) = {\¢) €Ma(K): "revery7 € Gal(K/K) there is an 


fr € PGL2(K) such that 7(¢) = o/ 


The field of moduli of a rational map ¢ € Ratg(K) is the smallest field L such 
that (6) € Ma(L). Fields of moduli and related questions are studied in detail in 
Section 4.10. In particular, see Example 4.85 for a map ¢ whose field of moduli is Q, 
yet ¢ is not PGL2(C)-conjugate to any map in Rat,(Q). 

The moduli space Mg classifies rational maps up to conjugation equivalence, 
just as we want, but it has the defect that it is an affine variety. It is well known that if 
possible, it is generally preferable to work with projective varieties. How might we 
naturally complete M4 by filling in extra points “at infinity”? Note that we should 
not do this in an arbitrary fashion. Instead, we would like these extra points to corre- 
spond naturally to degenerate maps of degree d. 

One possibility is simply to start with all of P?¢++ and take the quotient by the 
conjugation action of PSL2. Unfortunately, there is no natural way to give the quo- 
tient P?4+1 / PSL» any kind of reasonable structure. For example, it is not a variety. 
So P24+! ig too large. Ideally, we would like to find a subset S c P2¢+! with the 
following properties: 


1. S contains Ratg. 
2. PSLg acts on S via conjugation. 


3. There is a variety T and a morphism S — T that induces a bijection 
S(C)/ PSL2(C) —— T(C). 


4. The quotient variety T is projective. 


Geometric invariant theory gives us two candidates for S. The smaller candidate 
is the largest variety satisfying (3), but its quotient T may fail to be projective. The 
larger candidate has a projective quotient, but the map S(C)/PSL2(C) — T(C) 
in (4) may fail to be injective. The following somewhat lengthy theorem describes the 
application of geometric invariant theory to our situation, that is, to the conjugation 
action of PSL on P24+1, 
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Theorem 4.40. There are algebraic sets 
Ratg © Rat§ C Rat§* c P?4t? 


with the following properties: 
(a) The conjugation action of PSL2 on Ratg extends to an action of PSL2 on RatZ 
and Rat;’. 


(b) There are varieties M* and M** and morphisms 
(-):Ratg — M4 and ({-): Rat? — MP (4.27) 


that are invariant for the action of PSL2 on Rat and Rat’. The varieties M* 
and M°** and morphisms (4.27) are defined over Q. 

(c) Two points [a,b] and [a’, b’] in Rat§(C) have the same image in M3(C) ifand 
only if there is an f € PSLo(C) satisfying 


[a’, b’] = [a, b]’. 


Thus as a set, M3(C) is equal to the quotient of Rata(C) by PSL2(C). 
(d) Two points |a, b] and [a’,b’] in Rat§°(C) have the same image in M3 (C) if 
and only if the Zariski closures of their PSL2(C)-orbits have a point in common, 


{[a,b]/: f € PSL2(C)} M {[a’, bf: f € PSL2(C)} £0. 


Equivalently, they have the same image if and only if there is a holomorphic 
map f :{t €C:0< |t| < 1} - SLe(C) such that 


li bj) = [a’, b’). 
lim (a, bl = [al,b'] 
(e) M6& is a quasiprojective variety and M7’ is a projective variety. 


(f) (Numerical Criterion) A point [a,b] € P?4*1(C) is not in Rat% if and only if 
there is an f € PSL9(C) such that |a’, b'] = [a,b] satisfies 


4 1 
da) and b, =O foralli< aes (4.28) 


a, = 0 for alli < 


Similarly, [a, b] is not in Rat§ if and only if there is an f € PSL2(C) such that 
[a’, b’] = [a, b]/ satisfies 


- d 
a; = 0 foralli < = and 6; =0foralli < oat (4.29) 


(g) M§ is isomorphic to M3 if and only if d is even. 


Proof. The proof of this theorem is beyond the scope of this book. However, we note 
that half of (g), namely M3 = M5 for even d, follows directly from the numerical 
criterion in (f), since for even d the criteria (4.28) and (4.29) are the same. See [416] 
for a proof of a general version of Theorem 4.40 over Z. See also [301, 302] for a 
similar construction over C. O 
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Remark 4.41. In Theorem 4.40, the set denoted by Rat3 is called the set of stable 
rational maps, and the set denoted by Rat,’ is called the set of semistable rational 
maps. Note that points in these sets need not represent actual rational maps of de- 
gree d on P’. The intuition is that points in Rat§ and Rat@° that are not in Rata 
correspond to maps that want to be of degree d but have degenerated in some rea- 
sonably nice way into maps of lower degree. 


Remark 4.42. Theorem 4.40(c) says that the stable quotient M3(C) has the nat- 
ural quotient property, since its points correspond exactly to the PSL2(C)-orbits of 
points in Rat3(C). Quotient varieties with this agreeable property are called geomet- 
ric quotients. The semistable quotient M%°(C) has a much subtler quotient property. 
According to Theorem 4.40(d), points in Rat3°(C) with distinct PSL2(C)-orbits 
give the same point in M4°(C) if their orbits approach one another in the limit. 
Quotients of this kind are called categorical quotients. As compensation for the less- 
intuitive notion of categorical quotient, Theorem 4.40(e) tells us that 4° is projec- 
tive, so. M%°(C) is compact. Finally, Theorem 4.40(g) says that if d is even, then M4 
and M°° coincide, so in this case, the moduli space M4 has a projective closure with 
a natural (geometric) quotient structure. 


Remark 4.43. Applying the full machinery of geometric invariant theory to the action 
of PSL2 /Z on pattt it is possible to prove versions of Theorems 4.36 and 4.40 
over Z. In other words, there is a filtration of schemes over Z, 


Raty /Z C Rat§ /Z Cc Rat§* c P24*?, 


such that the group scheme PSL, /Z acts on each of these schemes and such that 
the quotient schemes Mg C M3 C M”® exist in a suitable sense. In particular, 
Theorems 4.36 and 4.40 are true with Q replaced by the finite field F,. The proof 
is similar to the proof over Q, but requires Sheshadri’s theorem that reductive group 
schemes are geometricallly reductive. See [416] for details. 


4.5 Periodic Points, Multipliers, and Multiplier 
Spectra 


The moduli space M4 of rational functions modulo PSL2-equivalence is an affine 
variety whose ring of regular functions 


Q|Ma] = Q[Rata]PS 


consists of all regular functions on Rat, that are invariant under the action of PSL2, 
or equivalently under the action of PGL2(C); see Remark 4.38. Abstract invariant 
theory, as described in the proof sketch of Theorem 4.36, says that there are many 
such functions. In this section we use periodic points to explicitly construct a large 
class of regular functions on M4. 
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Example 4.44. Let @ € Ratg(C) be a rational function of degree d defined over 
the complex numbers. Associated to each fixed point P € Fix(@) is its mul- 
tiplier Ap(¢) € C*. A simple calculation (Proposition 1.9) shows that p(¢) 
is PGL2-invariant in the sense that if f €¢ PGL2(C), then 


Fix(!) = f7'(Fix(¢)) and Ay-1(p)($/) = Ap() forall P € Fix(¢). 


Thus in some sense the function ¢ +> Ag(P) is a function on Mg, where P is a fixed 
point of ¢. Unfortunately, this is not quite correct, since there is no way to pick out a 
particular fixed point P for a given map @. 

Recall that a rational map ¢ of degree d has d+ 1 fixed points counted with 
appropriate multiplicities, say 


Fix(¢) = {P, Po, wees Pati}. 


The points in Fix(¢) do not come in any particular order, so the set of multipliers for 
the fixed points, 


{Ap, (9), AP, (9), tee P14, ()}, 


is an unordered set of numbers, but as a set, it depends only on (@), the PGL2- 
equivalence class of ¢. Hence if we take any symmetric function of the elements in 
this set of multipliers, we get a number that depends only on (¢). 

The elementary symmetric polynomials generate the ring of all symmetric func- 
tions, so we define numbers 


1 = 00(¢), o1(9), sey oat1(¢) 


by the formula 


d+i 
I] (T + Ap($)) = So oiler. 
PEFix(¢) i=0 


In other words, the quantity 7;(¢) is the i elementary symmetric polynomial of the 
multipliers Ap, (¢),...,AP,4,(@). 

From this construction, it is clear that o;(¢/) = o;(¢) for all f € PGLo. Further, 
if we treat the coefficients of 6 = [F,, Fy] as indeterminates, then the fixed points P; 
and the multipliers Ap,(¢) of ¢ are algebraic over Q(ao,..., bg) and form a com- 
plete set of Galois conjugates, from which it follows that symmetric expressions in 
the Ap,(¢), for example the functions o;(¢), are in the field Q(ao,..., ba). With a 
bit more work, which we describe in greater generality later in this section, one can 
show that the multipliers Xp, (¢) are integral over the ring 


Q [ao,..., ba, Res(Fa, Fb) *] = Q[Ratal, 


and hence that o;(¢) € Q[Ma]. Thus symmetric polynomials in the multipliers of 
the fixed points of ¢ are regular functions on the moduli space Mq. 
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Example 4.45. We illustrate the construction of Example 4.44 for rational maps of 
degree 2. As usual, we write 


@ = [Fa, Fo] = [ao X? + a XY + a2¥”, by X? +d, XY + oY]. 


The map ¢ has three fixed points P,, P2, P2, and after much algebraic manipulation 
one finds that the first elementary symmetric function of the multipliers, 


o1(¢) = Ap, ($) + Ap, (6) + AP.(9), 
is given explicitly by the horrendous-looking formula 
a2by ~4daga, ayby—6a3b3 —ayazb, +4aza, b, +4a,a,b)b, —2agagb? +a, b3 


(9) _ ~2a7b,b t4aga byb.—40..b)b, b,—a, b7b, +208 b5+4a, bb? 
O71 ~ a3b2—a, 0.556, +a,a,67 +a7b,b, —2a,44b,b, aya, b, 6, +a2b2 ‘ 


Notice that the denominator of 0; (¢) is Res(Pa, Fb), so o1(¢) is in Q/Ratg]. It is far 
less obvious that this expression for a; (¢) is PGL-invariant. One can verify directly 
that o(¢) = 0;(¢*) by checking that o,(¢) does not change when ag,..., by are 
replaced by the expressions aj,...,b5 described in Example 4.34. We leave this 
task to the interested reader who has, we hope, access to a suitably robust computer 
algebra system. 


We have used the set of multipliers of the fixed points of a rational map ¢ to 
create PGL»-invariant functions on Rat,. More generally, we can use the multipliers 
associated to periodic points of any order to create such functions. 

Recall from Section 4.1 (page 149) that for any ¢ € Ratg we write 


’” = [Fon(X,Y), Gon(X,Y)| 


with homogeneous polynomials Fy.n,Ggn € K(X, Y] of degree d”. (See also Exer- 
cise 4.9.) Then the set Per,,(@) of n-periodic points of ¢ are the roots of the n-period 
polynomial 


Oy (X,Y) = VF on(X,Y) — XGon(X,Y), 


and the set Per* (d) of formal n-periodic points of ¢ are the roots of the n"dynatomic 
polynomial of ¢, 


* n/k n 
5 (X,Y) =] (VFoa(XY)—XG50(X, Yr = TT] boul X, YO, 
kin k|n 


where we proved in Theorem 4.5 that ©% ., is a polynomial. 

The polynomial ®4 ,, is homogeneous of degree d” + 1. For the purposes of this 
section, it is convenient to let Per,,(@) be a “set with multiplicity” in the sense that 
a point appears in Per,,() according to its multiplicity as a root of ®, ,. Similarly, 
we denote the degree of 6% in bY va(n) (see Remark 4.3) and we assume that points 
appear in Per,,(d) according to their multiplicity as roots of ©% ,,.. 
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Definition. Let ¢ € Ratg. The n-multiplier spectrum of ¢ is the collection of values 


An() = {AP(o) : P € Pern($)}- 

The formal n-multiplier spectrum of ¢ is the analogous set of values 
Aa(#) = {Ar(@) : P € Pern (9)}. 

In both sets, the multipliers are taken with the appropriate multiplicity. 


Example 4.46. Let ¢(z) = z? with d > 2. Then Per,(¢) = {0,00} U pgn_y 
consists of the points 0, oo, and the (d” — 1)" roots of unity. It is easy to check 
that Ao(¢) = Aco(@) = 0, and for ¢ € prgn_, we have 


Ac($) = (6")'(Q) = aC = a". 
d” —1 copies 
(ovement armen, 
An($) = {0,0,d",d",...,d™}. 
And if n > 2, then A*(@) consists of y(d” — 1) copies of d", where y(m) is the 
Euler totient function (not to be confused with the rational function ¢(z)). 
Example 4.47. Let 6(z) = z? + bz. Then 


Hence 


Per;(¢) = {0,1-b,oo} and = Ai ($) = {0,2 - 6, 0}. 


Next we compute 


P(z) -z 2 
Oo. . = oO et (04 Dz tb 1. 
$2 o(z) _2 ( ) 
The two points of formal period 2 are the roots of ®% », 
—(b+1)+/(64+ 1)? —4(641 
pag) = | Oe veer +3) e+ ya 4o+ } (4.30) 


Letting a and @ denote these two values, we substitute them into 
(¢")'(z) = 423 + 6bz? + 2b(b +. 1)z 4b? 
to compute their multipliers, which turn out to be identical, 
Na(¢) = Ap(d) = 4 + 20-8. 


Thus 
A3($) = {4+ 2b — b?,4+ 2b—b°}. 


The multiplier spectra A,,(¢) and A*(@) depend only on the PGL»2-equivalence 
class of ¢, so we can use them to define functions on Mg. 
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Definition. Let ¢ € Rat, and n > 1. Define quantities o”)(¢) forO<<i<d"+1 
by the relation 


d™4+1 
I] @+)= Vora. 
AEAn(O) i=0 


Similarly, define quantities o!”)(4) for 0 <i < vg(n) by 


va(n)} 
I] @+\= VaM@re 
AE AX (¢) i=0 


Example 4.48. Continuing with Example 4.46, let ¢(z) = z¢. Then 


I] @+yaerrsay? and J] (ta area, 
AEAn($) AEA (4) 


Example 4.49. Continuing with Example 4.47, let ¢(z) = 22 + bz. We computed 
Ai (¢) = {b, 2 — b, O}, so 


I] (+) =( 407 4+2-6)T =7* + 27? + (2b -b)T, 
AEAi(¢) 


which gives 
oY) =2, of = 2-8, os) =0. 


Similarly, using the set A3(¢) computed in (4.30), we find that 


[I] @+\)=@ 4442-0), 
AECAZ(¢) 


so 
6) =20?-4b-8 and 5) = (4420-82). 


Theorem 4.50. For ¢ € Rata, n > 1, andi in the appropriate range, let o(")(g) 
and o(”) (@) be the symmetric polynomials of the n-multiplier spectra of ¢. 


(a) The functions 
bof) and gp (9) (4.31) 


are in Q{Ratzg], i.e. they are rational functions in the coefficients ag,..., 6a of 
the map = |Fa, Fy] with denominators that are a power of Res( Fa, Fp). 

(b) The functions (4.31) are PGLe-invariant, and hence are in the ring of regular 
functions Q(|Ma] of the dynamical moduli space Ma. 


Proof. We sketch the proof for o!”)(4) and leave a") (4) as an exercise for the 
reader (Exercise 4.26). 
(a) We write 


184 4. Families of Dynamical Systems 


go = [Fan(X, Y), Fo n(X, Y)] 


using homogeneous polynomials of degree d”. Formal properties of the resultant and 
an easy induction imply that 


Res(Fan, Fon) = Res(Fa, Gp) ena 
(See Exercise 4.9.) Thus the rings 


Qlao,..-, ba, Res(Fan; Fb.n) | = Qlao,.--, ba, Res(Fa, Fb)77] 


are equal. This allows us to replace ¢ by ¢” and consider the quantities o!"'(4) 


a 
associated to the fixed points of ¢. To ease notation, for the remainder of this proof 
we write o;(d) instead of of (9). 

Let L denote the field Q(ao,...,54), where we treat ag,...,5g as indetermi- 
nates. The fixed points of d = [F, Fy] are the roots of a polynomial with coeffi- 
cients in L, so they are defined over an algebraic extension of L. It follows that the 
fixed points Fix(¢) and their set of multipliers A,(¢) are Gal(L/L)-invariant sets, 
so the symmetric polynomials 7;(¢) of the fixed points of ¢ are Gal(L/L)-invariant 
elements of L. This proves that each o;(¢) is in L. Further, it is clear from the con- 
struction that o;(¢) is homogeneous in a and b, in the sense that o;(@) gives the 
same value for [Fia, Feb} for any nonzero constant c. Thus the o;(¢) are in L©), 
where the 0 denotes rational functions of ag,...,6g whose numerator and denomi- 
nator are homogeneous of the same degree. 

Our next task is to prove that they are regular functions on Ratz, i-e., that they 
are well-defined at every point of Ratg. In order to do this, we must show that their 
only poles occur when Res( Fa, Fp) = 0. Let 


A = Qlag,a1,...,@a, bo, b1,.--, bal 


be the ring of polynomials in the indeterminates ao, ... , bg, and to simplify notation, 
let 
r = Res(Fa, fb) € A 


denote the resultant of /, and F,. With this notation, Theorem 4.27 says that the 
coordinate ring of Ratg is Q[Raty], which equals A[r~']), where again the 0 indi- 
cates that we take rational functions of degree 0. We also note that the polynomial r 
is irreducible in A.° 

We are first going to prove that ;(¢) is in the ring Alby’, r—1}. We dehomoge- 
nize by setting [X, Y] = [z, 1] and write ¢(z) = Fa(z)/Fp(z). The fixed points of ¢ 
are the roots of the polynomial ¢(z) — z, or equivalently, the roots of the polynomial 


zy (z)—Fa(z) = baztt 4 (bg-1 —ag)24+(ba_2—aa_1) 241 +4- --+(bo—@1 )z+ao. 
(4.32) 


3Indeed, the resultant polynomial is geometrically irreducible, which means that it is irreducible 
in K[ao,..., ba] for any field K, see [436, §5.9]. 
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The roots a7,..., +1 of this polynomial in L are integral over the ring A[bj']. For 
any such root a, the corresponding multiplier is 
_ Fy(a) Fala) — Fa(o) F(a) 

F(a)? , 


$'(a) 


Let B be the integral closure of A[b;"] in the field L(a). It is clear that the numerator 
of ¢’(a) is in B. We claim that its denominator is a unit in B[r~+]. Suppose not. Then 
we can find a maximal ideal BC B[r—'] with Fy(a) € P. But a is a root of (4.32), 
sO 

F(a) = aFy(a) € B. 


Thus z = a is a simultaneous root of 
Fa(z) = F(z) =0 (mod §), 
so a standard property of resultants (Proposition 2.13(a)) implies that 
r = Res(Fy, Fy) € . 


But this is a contradiction, since r is a unit in B[r—+], so it cannot be an element of a 
maximal ideal. Hence Fy,(q) is a unit in B[r—1], and therefore the multiplier ¢’ (a) 
is in B[r"]. 

We have now shown that each of the multipliers ¢’(a1),...,¢/(aa41) € L is 
integral over the ring Alby’, r—'). Hence the symmetric polynomials in these quan- 
tities, i.e., 71(),...,0a41(@), are in L©) and are integral over A[b;',r~*]. It fol- 
lows that they are in A[b7’,r~1]), since the ring A[b7',r~"] is integrally closed 
in its fraction field L. 

A similar argument dehomogenizing |X, Y] = [1, w] shows that the o; are in the 
ring A[az*,r—1]. Therefore 


o1(4),...,¢a41(@) € Alay! r 71 9 Afoz? eNO = Afr] = QiRatg]. 


(b) Our earlier calculation (Proposition 1.9) showed that for every complex point 
[a,b] € P?¢*1(C) with Res(Fa, Fp) # 0, the set of multipliers of 6 = [Fa, Fy] 
is PGL2(C)-invariant. Hence the same is true for the quantities o;(¢) for all i. This 
invariance says the following: Let f(z) = (az + )/(yz + 6) be a linear fractional 
transformation with indeterminate coefficients a, 3,y, 6 and consider the difference 


oi(¢") —o;(¢). (4.33) 


Clearly (4.33) is a rational function in Q(ao,..., ba, a, 8, y, 6), and the PGL2(C)- 
invariance of s;(@) says that (4.33) vanishes for all choices of (: B ) € GLo(C). It 
follows that (4.33) is identically zero. 

Finally, Theorem 4.36(c) says that Q[M q| is the subring of PGL2-invariant func- 
tions in Q[Rat,] (see also Remark 4.38), so in particular the functions (4.31) are 
in Q/Ma). 
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Remark 4.51. As noted earlier in Remark 4.43, the moduli space Mz, exists as a 
scheme over Z. Theorem 4.50 is also valid over Z, so in particular the affine co- 
ordinate ring Z[M4] is the ring of PSL2-invariant functions in Z[Ratg]. See [416, 
Theorems 4.2 and 4.5]. 


The functions o”) and a”) constructed in Theorem 4.50 are regular functions 


on Mg, so they can be used to map M, to affine space. For example, in the next 
section we show that 
* * 
(6%, 6? ) >My, > A? 


is an isomorphism. In general, M4, is not isomorphic to A?¢-?, but we might ask 


{”) or 6") gives an embedding of Mq 


whether using a sufficient number of the o 
into affine space. 

In particular, do the values of all ol” or a!” (¢) determine the PGL2(C)- 
conjugacy class of ¢? The answer is no. The Lattés maps that we studied in Sec- 
tion 1.6.3 provide nontrivial families of rational maps whose multiplier spectra, and 


{) and o°” values, are all the same. 


Example 4.52. For each t € C* with t  — ar consider the rational map 


hence whose c 


o4(0) x’ — 2ta? ~ 8tr + t? 
0) = eo 
‘ 473 + 4tx + 4t 


It is the Lattés map associated to multiplication-by-2 on the elliptic curve 
Ey: y? =a +tae+t; 


see Section 1.6.3. Following standard notation, we write E;,[m] for the points of E; 
of order m. Then the n-periodic points of ¢ are given by 


Pern (6) = 2(E:(2 — 1]) Ue(Eil2" +1), 
and it is not hard to compute the multipliers at these points, 


2” ifa € x(E,[2” — 1]) anda # ~, 
Aa(Ge) = 4-2” ifa € x(E;,[2” + 1]) and a # 0, 
27" ifa=o. 


(For proofs of these statements, see Proposition 6.52 in Section 6.5.) 

For any m, the set E[m] of m-torsion points has order m?, and for odd m the 
map xz : E|m] — P? is exactly 2-to-1 except at z~!(0o), so we can use the listed 
values of A..(¢;) to compute 


g2n-1l_gn 


I] (+) = +2") (F— 2ny "4" (T+ 2"), 


AEAn (Ot) 


n 
a 


In particular, we see that every map ¢; has the same set of multipliers, so a”) (d+) 
does not depend on ¢. (A similar statement holds for oi”) ().) Hence no matter how 
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many functions of” we use, the resulting map M4 — A* always compresses all of 


the maps ¢; down to a single point. On the other hand, we will later prove that the ¢; 
are not PGL2-conjugate to one another (see Theorem 6.46). Hence the image of the 
map 

C*\{-f}— Ma, — tr (4), 


is a curve in M, that is compressed to a single point in A*. An important theorem 


says that aside from Lattés examples of this kind, the map on M4 defined by the o(” 
is finite-to-one. 


Theorem 4.53. (McMullen [294, §2]) Fix d > 2, and for each N > 1 let 
oan: Ma — A* (4.34) 


be the map defined using all of the functions of” withl <n < N.IfN is sufficiently 
large, then the map o4,n is finite-to-one on M4(C) except for certain families of 
Lattés maps that it compresses down to a single point. In particular, it is finite-to-one 
if d is not a perfect square. 

Further, the same statement is true for the map 


oy: Ma— At 


defined using all of the functions oi”) with 1 <n < N. (The flexible Lattés maps for 
which oa,n and O4,n+ are not finite-to-one are discussed in detail in Section 6.5.) 


McMullen’s theorem says that aside from the flexible Lattés maps, the maps og, 
and o4,n~ are finite-to-one onto their image. One might hope that they are actually 
injective if we avoid the flexible Lattés maps, but it turns out that this is far from true. 


Theorem 4.54. Define the degree of o4,n to be the number of points in oan (P) for 
a generic point P in the image oa,~(Mza). One can show that the degree of o4,n 
stabilizes as N — oo. We write deg(@ a) for this value. Then for every € > 0 there is 
a constant C, such that 


deg(aqg) > C.d?~* forall d. 


In particular, the multipliers of a rational function @ € Ratg determine the conju- 
gacy class of @ only up to O,(d2~*) possibilities. 


Proof. We will prove this in Chapter 6 using Lattes maps associated to elliptic curves 
with complex multiplication; see Theorem 6.62. 


Definition. Following Milnor [300], we define the multiplier spectrum of a rational 
map ¢ to be the function A(¢@) that to each positive integer n assigns the set A,,(@). 
In other words, A(@) is the set-valued function 


A(@) : N — Sets with Multiplicities, nt— An(¢). 
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Two rational maps are said to be isospectral if they have the same multiplier spec- 
trum. Then another way to state McMullen’s Theorem 4.53 is to say that aside from 
the flexible Lattés maps, the multiplier spectrum determines the rational map @ up 
to finitely many possibilities. The fact that the flexible Lattés maps form nontrivial 
isospectral families is proven in Section 6.5. 


Remark 4.55. We show in the next section that the map 
02,1 : Moe —_ A3 


is an injection, and in fact it maps Mz, isomorphically to the plane z = x — 2, 
so My & A?. On the other hand, the existence of the Lattés maps described in 
Example 4.52 shows that o4,) cannot be finite-to-one on M4. The degree of the 
map 

O3,.N : M3 — A 


does not appear to be known. 


4.6 The Moduli Space M, of Dynamical Systems of 
Degree 2 


Theorem 4.50 tells us that symmetric combinations of the numbers in the multiplier 
spectra give well-defined functions on the moduli space M4 of degree d dynamical 
systems on P?. In this section we describe Milnor’s explicit identification of Mz 
with A? using two of these functions. 


Theorem 4.56. (Milnor [301], see also [416]) Let oj, 02,03 € Q[Ratg| be the three 
functions constructed from the fixed points of a rational map of degree 2, i.e., 


3 


[] (@+Ar@)) = Soe). 


PE€Fix(¢) i=0 


(In the notation from page 183, we have o; = o() for0<i<3) 
(a) 0, = 0342. 
(b) The morphism 

o = (01,02) : Ratz —> A? 


has the following three properties: 
(i) o(¢/) = o(¢) for all ¢ € Rat2(C) and all f € PGL2(C). 
(ii) Let ¢1,¢2 € Rate(C). If o(d1) = o(¢2), then there exists a Mobius 
transformation f € PGLe(C) such that dy = of . 
(iii) Let (81,82) € A?(C). Then there exists a rational map ¢ € Rat2(C) such 
that o(@) = (8, 82). 


Hence a induces a bijection @ : Mz(C) ——> A?(C). 
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(c) The functions 0, and o are in Q|Mzg] and the map 
o = (01,02): Mz — A? 
is an isomorphism of algebraic varieties defined over Q. Equivalently, the in- 
duced map 
a* : Q(X, Y}] —— QiMg], o(F(X,Y)) = F(o1, 02), 
is an isomorphism of rings. 


(d) All of the functions o!”) and oi”) can be expressed as polynomials in 01 and a2 
with rational coefficients. 

(e) For any field extension K/Q, the map o : Mz — A? in (c) induces a bijection 
M2(K) @ A?(K). (Note that Mq(K) is not the same as Rata(K)/ PSLe(K); 
see Remark 4.39 and Section 4.10.) 


Remark 4.57. For some applications it is useful to have an explicit description of the 
map 
o = (01,02) : Ratz — A? 
described in Theorem 4.56(b). Let 
pla, b) = a3bp — ay abby + agagb] + a[byby — 2agaghgb, — a9a1b1by + aGd5 
denote the resultant of F,, and Fi,. Then, after some algebraic manipulation, one 
finds that 7, and 2 are given by the expressions 
p(a, b)o1(¢) = afby — 4090, 4b) — 6a5bZ — agazb, + 4a;a.b, + 4a, aybyd, 
~ 2agab? + agb} — 2azbgby + 4agagbyby — 4aybyb1 bo 
— a,b2b, + 2a2b3 + 4a, byb3, 
pla, b)oo(¢) = —aa? + dagag — 2a2by + 10aga,agby + 1203b2 — 4azayd, 
— 74, Abb, — afb? + 5agagb? — 2a,b} + 2a2a,by + Sazbyby 
~ dag dgbgby — ag01b,by + 10agbyb, by — 4a,b9b3 + 2agd, dF 
— bibs + 4byb3. 
Remark 4.58. According to Theorem 4.56(c), every function oi") E Q|Mg] is a 


polynomial in co, and a2. In practice, it can be quite challenging to find explicit 
expressions. Milnor [301] gives the examples 


o@) = 201 + 02, 


go?) = 0,(20) + 02) + 30; +3, 
a8) _ (o4 4+ 02)? (204 + 02) _ or(oy + 202) + 120, + 28. 


Notice that these expressions are in Z[o1, 02], rather than merely in Q(o1, a2]. This 
reflects the fact that the map o : Mz — A? is actually an isomorphism of schemes 
over Z as described in Remarks 4.43 and 4.51. The functions oi") are regular func- 
tions on the scheme Mp /Z, so they are in Z[o;, a2]. See [416] for details. 
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Proof of Theorem 4.56. (a) Let @ € Ratg(C) and let 41, Az, 3 be the multipliers of 
the fixed points of ¢. If we assume that none of Aj, A2, Ag is equal to 1, then we can 
apply Theorem 1.14 to deduce that 


1 in 1 + 1 4 
1—-; 1-A. 1-A3 


After some algebraic manipulation this becomes 
Ay A2A3 — Ay — Ag — Ag +2 = 0, 


which completes the proof that o)(¢) = o3(@) + 2 for all 6 € Rate(C) whose 
multipliers are not equal to 1. It is not hard to see that such ¢ are dense in Rat2(C) 
(see Exercise 4.21), from which it follows that the function 


0, —-03-2€ C[Ratz2] = Cao, a1, A2, bo, b1, be, Res( Fa, Fp) "| 


is identically zero. 
(b) The first property 7(¢/) = o(¢) is a special case of Theorem 4.50, or more 
directly it is an immediate consequence of our earlier calculation (Proposition 1.9) 
showing that the multipliers of a rational map are PGL-invariant. 

In order to prove the second property, it is convenient to show that every rational 
map of degree 2 is PGL2-equivalent to a map of a particular shape. 


Lemma 4.59. (Normal Forms Lemma) Let d € Rato(C) be a rational map of 
degree 2 and let 1, A2, A3 be the multipliers of its fixed points. 
(a) fA, A2 #1, then there is an f € PGLe(C) such that 

_ z+ hiz 


_ oz+1/ (4.35) 


o* (2) 


Further, Res(z? + Azz, A2z +: 1) = 1— AyAz. 
(b) HfAyA2 = L, then Ay = 2 = 1 and there is an f € PGL2(C) such that 


ol (z) = 2+ Tay +5. (4.36) 


Proof. We recall that if a € Fix(¢) has multiplier 4,, then the Taylor expansion 
of ¢ around a looks like 


$(z) = o(a) + ¢'(a)(z — a) + O(z — a)? =a + Ag(z - a) + O(z — a)’. 


Hence 
Oo1(z) = $(z) — 2 = (Aa — D(z - a) + O(z — a)’, 


so ¢ has multiplicity 1 at the fixed point a if and only if A, 4 1. 
We also note the formal identity 


(X —1)? — (XY -1)(XZ-1)=X(X4+Y+2Z-2-XYZ) 
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and apply it using the relation 
Ay + Aq + A3 = 01 = 0342 = AjAQA3 + 2 
from (a). This yields the useful formulas 


(Ar — 1)? = (Ag — 1)13 — 1), 
(A2 — 1)? = (Agar = 1)(A2A3 — 1), (4.37) 
(A3 — 1)? = (AsA1 — 1)(A3A2 — 1). 


We now start with a rational map 


(2) agz” +.a,z + a2 
Aa se 
boz? + biz + ba 


and change coordinates in order to put ¢ into the desired form. 

(a) For this part we assume that A;A2 # 1, so (4.37) tells us that A, 4 1 and 
Ag # 1. Thus the fixed points associated to A, and A> have multiplicity 1, so in 
particular they are distinct and we can find an element of PGL2(C) that moves them 
to 0 and oo, respectively. After this change of variables has been made, the rational 
map ¢ satisfies ¢(0) = 0 and ¢(co) = oo, so it has the form 


az? + a,Z 


= ith . 
o(z) bea by wi agbe # 0 


Since ag # 0, we can dehomogenize by setting ag = 1, and then a simple calculation 
yields 


= 7 =), and (co) =b) =o. 
2 


¢'(0) 
Thus f has the form 


o(z) = ———— with «= & £0. 


Finally, replacing ¢(z) by b; '¢(b2z) yields the desired form (4.35), and we calculate 


1 A, 0 
Res(z? + Azz, A2z +1) = det |A2 1 0) = 1—AtAd, 
0 21 


which completes the proof of (a). 
(b) The proof of this part is similar. We begin by moving the fixed point associated 
to A; to oo, so the map @ has the form 


az? +412 + A2 


o(2) 7 biz + be ~ a9 


with a> #0 and 1 =r~(¢) a 
0 


The assumption that 4,2 = 1 combined with (4.37) tells us that Ay = A2 = 1, so 
we have b; = ago. Dehomogenizing ag = 1 puts ¢ into the form 
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2tayz+ae 


(2) = 
Next we replace $(z) by ¢(z — bz) + ba, so now $(z) looks like 


27 +a,2z4+ a2 
z& 


(z) with a, 40. 


(Of course, the values of a; and ag have changed.) Finally, replacing ¢(z) by 
(./a2 z) /./a2 gives $(z) the desired form 


— 2 t+ayztl 
7 Zz 


1 
$(z) =zta,+ > (4.38) 
We can compute the value of a, by observing that ¢ has a double fixed point 
at oo and that its other fixed point is at —aj'. (If a, = 0, then there is a triple fixed 


point at oo.) Thus the third multiplier is 
A3 = ¢'(-a;') =1- ai, 


so we find that a; = /1 — A3. (This is also correct if a, = 0.) Substituting this value 
of a, into (4.38) completes the proof of (b). CO 


We resume the proof of Theorem 4.56(b,ii). Let ¢; and ¢2 be rational maps of 
degree 2 satisfying o(¢1) = (2). Thus 


a1(¢1) =o1(¢2) and =—-aa(b1) = o2(¢2), 


and then the relation ¢3 = a — 2 from (a) implies that also o3(¢1) = o3(¢2). It 
follows that the set of multipliers of the fixed points of ¢; and @2 are the same, 
say {A1,A2,A3}, since they are the three roots (counted with multiplicity) of the 
polynomial 

T oT? + aoT — 03. 


We consider two cases. Suppose first that A; A> # 1. Then Lemma 4.59(a) says 
that , and ¢2 are 2-equivalent to the function (2? + 1z)/(Aez + 1), so they are 
PGL 2-equivalent to each other, and similarly if 4yA3 4 1 or if A2A3 4 1. 

We are left to consider the case Ay. 42 = A1A3 = A2A3 = 1. Then Lemma 4.59(b) 
tells us that A) = Ag = Az = 1 and that ¢; and de are both PGL»2-equivalent to the 
rational map z + z7?. 

This completes the proof of (b,ii), so we turn to (b, iii), the surjectivity of o. Given 
(s1, 52) € A2(C), we set s3 = 5; — 2 and factor the polynomial 


T? — 81T? + s2T — 83 = (T — A1)(T — A2)(T — Az) € C[T}. 
Notice that the condition s3 = s; — 2 gives the familiar relation 


Ay + Ag + Ag = 81 = 83 +2 = AAQA3 + 2, (4.39) 
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which in turn implies the usual formal identities (4.37) for 1, A2, A3- 
Suppose first that some A; is not equal to 1, say Ay 4 1. Then A13A2 # 1 
from (4.37), so we can set 
2th 


o(z) = Vez tl’ 


since Res(z? + Ayz, A2z +1) = 1 — Ay Aq from Lemma 4.59(a). The fixed points 
of ¢ are a, = 0, a2 = o0, and ag = i. Its multipliers at a; and az are easily 
computed, 


Aor (G)=Ar and Aaa (@) = Aas 


and the multiplier at ag is 


2d —Ay Ag —Ardors 


a on = = 3, 
Aas (#) 1— Ayo 1—AiA9 3 


where we use (4.39) for the middle equality. Hence 0,(¢) = s; and a2(@) = so. 

We are left with the case A; = Ag = Ag = 1, which corresponds to the val- 
ues 8; = S2 = 3. It is easy to check that the rational map ¢(z)=2z+27! 
has a triple-order fixed point at oo and that all three multipliers are equal to 1, 
so o(¢) = (3,3). 

(c) We briefly sketch the proof, which uses basic methods from algebraic geometry. 
We refer the reader to [416, §5] for further details. 

The first step is to verify that the map a : Mz — A? is proper. This follows 
easily from the valuative criterion [198, II.4.7] using the fact proven in (b) that every 
fiber o~1(t) consists of a single point. (Roughly speaking, a morphism of varieties 
over C is proper if its fibers are complete.) Next one checks that o is finite, which 
can be proven using the fact that both My and A? are affine varieties (cf. [416, 
Lemma 5.6]). Alternatively, one can show in general that a proper quasifinite map 
is finite ([299, L, Proposition 1.10]). Then one uses the fact that A? is nonsingular 
and the bijectivity of o on complex points to prove that a is an isomorphism (cf. 
[416, Lemma 5.7]). Finally, it is clear from the explicit formulas for 0, and o2 in 
Remark 4.57 that o is defined over Q. 

(d) This is immediate from (c), which says that Q(/M2| = Qjo1, 09], since we 
already know from Theorem 4.50(b) that a”) and oi”) are in Q[Mp]. 

(e) This is a consequence of the fact that the isomorphism o : M2 — A? in (c) is 
defined over Q. 


Remark 4.60. Regarding the proof sketch of Theorem 4.56(c), we observe that a 
morphism of irreducible varieties V — W may be bijective on complex points, yet 
not be an isomorphism. A simple example of this phenomenon is the cuspidal cubic 
map 

F:A' = {(2,y):y? = 2°}, F(t) = (#?,#°). 


Thus in the proof that o : M2 — A? is an isomorphism, it is crucial that o 
maps Mp onto the nonsingular variety A?. It does not appear to be known in general 
whether M 4 is nonsingular. 
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The content of Theorem 4.56 is that the moduli space My of dynamical systems 
of degree 2 is isomorphic to A? and an explicit isomorphism is provided by the pair 
of functions (a1, 02) created from the multipliers of the fixed points of a rational 
map. From our general theory (Theorem 4.40), the space Mo sits naturally inside 
two larger spaces M5 and M5", but since d = 2 is even, these two spaces coincide 
and will be denoted by M». We conclude this section with a description of M2. 


Theorem 4.61. Let Mz = M3 = M3 be the completion of Mz constructed using 
geometric invariant theory in Theorem 4.40. Then the isomorphism 


o = (01,02): Mz > A? 


extends to an isomorphism @ : Mz — P® such that the following diagram com- 


mutes: 
Mo —7_, A? 


| (x,y) 
| i 
; [«,y,1] 
M2, —— FP 

The points in M2(C) that are not in M2(C) correspond to degenerate maps of 

degree 2 that may be informally described as maps of the form 
ba.p(X,Y)=[AXY,XY+BY?], [A,B] € P'(C). (4.40) 

The point |A, B| is uniquely determined up to reversing A and B. 
Proof. See [302] and [416, Theorem 6.1 and Lemmas 6.2 and 6.3]. O 


Remark 4.62. We expand briefly on what it means to say that the points in the 
set (Mz \ M2)(C) correspond to the maps ¢4,\5 given by (4.40). Let U c A! 
be a neighborhood of 0 and let 


o:U — Rate 


be a rational map that is a morphism away from 0. We denote the image of t €¢ U 
by ¢; to help remind the reader that ¢; is itself a map, i.e., ¢, : P? > P?. 
Consider the composition 


U ® , Rats >My —> Mo, 


which by abuse of notation we again denote by ¢. It is a rational map, and since 
U c A! and Mz is complete, we see that it is a morphism from U to Mz. In partic- 
ular, the point ¢o is a well-defined point in M2(C). If do € Me2(C), there is nothing 
to say, so we suppose that do ¢ Mo(C). 

Then the second part of Theorem 4.61 means that possibly after choosing a 
smaller neighborhood of 0, there exists a morphism 
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f .U —+ PGL2 
such that the conjugate map ¢/ has the form 
of (X,Y) = [ao X? + a, XY + a2¥?, bo X? + XY + beY?] 
with ao,..., b2 regular functions on U and satisfying 
ag(0) = a2(0) = bo (0) = 0, bi(0) = 1, and — a, (0), b2(0) not both 0. 


In other words, the degeneration of ¢/ at t = 0 has the form [AXY, XY + BY?]. 
Further, the map @ determines the point [A, B] = [a1(0),62(0)] € P'(C) up to 
switching the two coordinates. In this way we identify 


P1(C)/S2 —> (M2 \ M2)(C), [A, B] > [AXY, XY + BY”), 


where the symmetric group on two letters Sz acts on P! by interchanging the coor- 
dinates. (It is an exercise to show that P!/S. is isomorphic to P'.) 


4.7 Automorphisms and Twists 


As we have repeatedly seen, from a dynamical perspective the geometric properties 
of a rational map $(z) and its conjugates ¢/ = f—1¢f are the same, since conjuga- 
tion by f € PGL2(C) is simply an invertible change of variables. However, matters 
become more complicated if we restrict the coefficients of f to lie in a field that is 
not algebraically closed. This leads to a notion of conjugation equivalence relative to 
a particular field, as in the following definitions. 


Definition. Two rational maps ¢(z), p(z) € K(z) are PGL2-equivalent if there is 
a linear fractional transformation f € PGL2(K) such that » = @/. More generally, 
we say that ¢ and w are PGL2(K)-equivalent if there is a linear fractional trans- 
formation f € PGLe(K) such that » = ¢/. When PGLg is clear from context, 
we refer more simply to K-equivalence and K -equivalence. We leave as an exercise 
(Exercise 4.31) the proof that these are equivalence relations. 

We denote the set of rational maps that are K-equivalent to ¢ by 


[4] = {¢! : f € PGL2(K)}, 


and similarly the set of rational maps that are K-equivalent by 


[lx = {o! : f € PGL2(K)}. 
Remark 4,63. In some sense we already have a notation (¢) for the PGL2(K) equiv- 
alence class of ¢. However, we generally view (-) as a map Ratg — Mg and (¢) as 
a point in the moduli space M4, while we think of [¢] as a set of rational maps. This 
is the reason for the notational distinction. 
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Not all conjugates é/ of ¢ need be distinct. For example, the rational map 
b 
o(z) =az+ 5 satisfies — o(—z) = o(z), 


so ¢/ = ¢ for the linear fractional transformation f(z) = —z. The set of transfor- 


mations f € PGL2(K) that fix ¢ is an interesting group whose properties play an 
important role both geometrically and arithmetically. 


Definition. Let 6(z) € K(z) be a rational map. The automorphism group of is the 
group - 
Aut() = {f € PGLo(K) : o!(z) = 9(2)}. 


(Another common name for Aut(¢) is the group of self similarities of ¢.) 


Remark 4.64. It is easy to check that Aut(@) is a subgroup of PGL2(K) and that 
for any h € PGL2(K) the map 


Aut(¢) — Aut(¢"), = fo ht fh, 


is an isomorphism (see Exercise 4.32). Thus as an abstract group, Aut() de- 
pends only on the PGL2-conjugacy equivalence class of ¢; more precisely, the K- 
equivalence class of ¢ determines Aut(@) in PGL2 up to conjugation. 


Proposition 4.65. Let $(z) € K (z) be arational map of degree d > 2. Then Aut(¢) 
is a finite subgroup of PGL2(K), and its order is bounded by a function of d. 


Proof. Let f € Aut(d). Then for any point P € P!(K) and any n > 1 we have 
$"(P) = (G)"(P) = (F 76" f)(P), 
and hence 
f(9"(P)) = o(F(P)). 

In particular, if P is a periodic point of (primitive) period n, then f(P) is also a 
periodic point of (primitive) period n. Thus each f € Aut(¢) induces a permutation 
of each of the sets Per,,(¢) and Per?*(¢). 

Choose three distinct integers n1, n2, ng such that ¢ contains primitive n periodic 
points for each value of n. Corollary 4.7 says that we can find such values, and further 


that their magnitude can be bounded solely in terms of d. More precisely, they may 
be chosen from among the first d + 5 primes. Letting 


N,=#Per,3(¢) >1 fori = 1,2,3, 
the action of ¢ on the sets of primitive periodic points yields a homomorphism 
Aut(¢) — SN, x SN, x SN; (4.41) 


from Aut(¢) into a product of three symmetric groups. 

We claim that the homomorphism (4.41) is injective. To see this, we observe that 
any f in the kernel of (4.41) fixes each Per;,"(@); hence f fixes at least three points 
in P!(K’); hence f is the identity map. Thus the homomorphism (4.41) is injective, 
which clearly implies that Aut(¢) is finite. 
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Remark 4.66. Proposition 4.65 tells us that the automorphism group Aut(@) of a 
rational map is a finite subgroup of PGL2(K’). For K = C, or more generally for 
any field of characteristic 0, the classical description of finite subgroups of PGL2(C) 
says that every such subgroup is conjugate to either a cyclic group, a dihedral group, 
or the symmetry group of a regular three-dimensional solid (i.e., the tetrahedral, 
octahedral, and icosohedral groups). See, e.g., [414]. 


Example 4.67. Let ¢ be an n™ root of unity, let 2)(z) € K(z) be any rational map, 
and let d(z) = z¥{z"). Then Aut(¢) contains a cyclic subgroup of order n gener- 
ated by the map f(z) = ¢z. 


Example 4.68. The map 6(z) = (z* — 2z)/(—2z + 1) has an automorphism group 
Aut(¢) that is isomorphic to the symmetric group S3 on three letters. More precisely 
(see Exercise 4.36), the automorphism group of ¢ consists of the following six linear 
fractional transformations: 


Aut(@) = {2 Joy bes, 


z l-2z2z-l 


Example 4.69. Consider the rational map 


whose automorphism group Aut(¢,) = {z,—z} has order 2. These maps are 
all PGL2-equivalent, since the linear fractional transformation f(z) = z./b/c gives 
o.= of . Thus the geometric dynamical properties of dp are the same for all 6. How- 
ever, the arithmetic properties of ¢, may change quite substantially depending on the 
value of b, since the change of variable involves a square root. So although @» and ¢, 
are always PGL2(K)-equivalent, they are not PGL2(K )-equivalent unless b/c is a 
perfect square in K. The underlying reason for the existence of these “twists” is the 
fact that Aut(¢ ) is nontrivial. 


Definition. Let ¢(z) € K(z) be a rational map. The set of twists of ¢ over K is the 
set 
Twist(¢/K) = { 


K-equivalence classes of maps 7 such 
that 7 is K-equivalent to ¢ 


Remark 4.70. As noted earlier, the geometric dynamical properties of the maps 
in Twist(¢/K) are identical, but their arithmetic properties may be significantly 
different. For example, if two rational maps are K’-isomorphic, then the field exten- 
sions of K generated by their periodic points are the same. This is clear from the fact 
that 

Per, (¢!) = {f-1(P) : P € Pern(9)}, 


so if f € PGLo(K), the fields generated by Per,(#) and Per,(d/) are identical. 
However, if ¢ and y) are only K-isomorphic, these fields may well be different. This 
often provides a convenient method for proving that two maps are not K’-isomorphic, 
as in the following example. 
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Example 4.71. Continuing with Example 4.69, for each b € K* we let 


b 
oo(z) = z+ e 
We saw that these maps are all K-isomorphic, which gives a map of sets 
K* — Twist(¢1/K), br [ds] x. (4.42) 


Note that if b/c is a square in K, say b/c = a?, then dy and ¢, are K-isomorphic, 
since ¢, = of for the map f(z) = az € PGLo(K). Thus (4.42) induces a well- 
defined map 

K*/K*? — Twist(¢1/K), b> [ds]. (4.43) 


We can use Remark 4.70 to prove that the map (4.43) is injective. (We as- 
sume that K does not have characteristic 2.) A quick computation shows that 
4ya(X¥) = 2X? + bY”, so the primitive 2-periodic points of ¢p are +./—b/2. 
Hence if ¢, and ¢, are K-isomorphic, then the fields K(./—b/2) and K(,/—c/2) 
are the same, so b/c must be a square® in K. Notice that we could not use Per, (¢») 
to prove this result, since the only fixed point of ¢p is oo. 

These quadratic twists of $1(z) are analogous to quadratic twists of elliptic 

curves (cf. [410, §X.5]). Thus fix A,B € K and, for each D € K*, let Ep be 
the elliptic curve Ep : DY? = X3 + AX + B. Then all of the Ep are isomorphic 
over K, but E 'p, and E’p, are isomorphic over K if and only if the ratio D, / D2 isa 
square in K’. This gives a natural map K*/(K*)? — Twist(E,/K). 
Remark 4.72. How does the theory of twists fit in with the moduli spaces M4 con- 
structed in Section 4.4? The answer is that if ¢ and ~ are twists of one another, then 
their corresponding points (¢) and (w) in the moduli space Mq are equal. This is 
true because points in Mq(K) classify rational maps of degree d modulo PGL2(K) 
conjugation, so points in Mq(K’) do not detect whether the conjugation is defined 
over JC. In other words, there is a natural map 


Rata(K’)/ PGL2(K) — Ma(K), (4.44) 


but this map is not one-to-one. It fails to be injective precisely for those maps 
in Ratg(A) that have nontrivial twists; cf. Remark 4.39. On the other hand, the 
next proposition and Exercise 4.38 imply that the map (4.44) is injective on a Zariski 
open subset of Ratg. 


We now prove that a rational map with no automorphisms has no nontrivial 
twists. Later, in Theorem 4.79, we prove a much stronger result. 


Proposition 4.73. Let ¢(z) € K(z) be a rational map of degree d > 2 and assume 
that its automorphism group Aut(¢) is trivial. Then @ has no nontrivial twists, i.e., 
Twist(¢/K) has only one element, the K-equivalence class of ¢ itself. 


®It is an easy exercise to prove that K(VA) and K(WB) are isomorphic if and only if A/B is a 
square in K,, assuming that K does not have characteristic 2. 
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Proof. Suppose that 7 € K(z) is a twist of ¢, so there is an f € PGL2(K) such 
that = of. We let an element o € Gal(K/K) act on f(z) and ¢(z) in the natural 
way by applying a to each of the coefficients. Notice that o(¢) = ¢ and o() = , 
since the coefficients of ¢ and w are in K. Hence 


of == a(t) = o(4") 
= o(fof~') = o(f)o(d)o(f~') = o(f)do(f) 7? =o). 


Hence o(f)f~! € Aut(@). But Aut(¢) is trivial by assumption, so o(f) = f. This 
is true for all o € Gal(K/K), so we conclude’ that f € PGL2(K). Hence p = of 
is K-isomorphic to ¢, so it represents the trivial twist. O 


Remark 4.74, As we have seen in Section 4.3, the set Ratg of all rational maps of 
degree d is a Zariski open subset of P?¢+!, It is the complement of the hypersurface 
described by the vanishing of the resultant Res(F,, Fp) = 0. One can show that the 
set of rational maps @ € Rat, having nontrivial automorphism group forms a proper 
Zariski closed subset of Rata; see Exercise 4.38. Thus most rational maps have no 
nontrivial automorphisms, and those that do, fall into finitely many irreducible alge- 
braic families. Further, since for all f € PGLg the automorphism groups of ¢ and of 
are isomorphic as abstract groups, there is a proper Zariski closed subset of M4 de- 
termined by the conjugacy classes of rational maps with nontrivial automorphisms. 
It is an interesting geometric problem to describe the irreducible subvarieties mak- 
ing up this set and an interesting arithmetic question to describe their rational and 
integral points. See Exercises 4.28 and 4.41. 


4.8 General Theory of Twists 


In this section we develop the basic theory of Galois twists in an abstract setting. 
Although we apply this material only to rational maps, in Section 4.9, and to P!, 
in Section 4.10, we develop the theory in some generality in order to clarify the 
underlying principles. 

Let X and Y be objects defined over the field A’. For example, X and Y might be 
curves or algebraic varieties or rational maps.® We consider X and Y to be equivalent 
if they are isomorphic over AK. However, it may happen that they are isomorphic 
over K, but not over K. This leads us to consider the following set. 


Definition. Let X be an object defined over the field K’.The set of twists of X/K is 
the set 


7The proof that PGL2(K) is the subgroup of PGL2(K) fixed by Gal(K/K) is not hard, although 
it does use Hilbert’s Theorem 90. 

5Formally, X and Y should be objects in a category on which the Galois group Gal(K/K) acts in 
an appropriate way. We do not concern ourselves with such formalism and leave it to the reader either 
to formulate the correct abstract concepts or to restrict attention to those situations, namely algebraic 
varieties and rational maps, in which the Galois action is clear. 
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K-isomorphism classes of objects Y 
Twist(X/K) = 4 such that Y is defined over K and 
Y is isomorphic to X over K 


In other words, an element of Twist(X/K) is an object Y that is defined over K 
such that there is an isomorphism 7 : X — Y, but the isomorphism 7 might be 
defined only over an extension of K. Two elements Y and Y’ in Twist(X/K) are 
considered to be equivalent if there is an isomorphism 7 : Y — Y’ that is defined 
over K. The following examples should help to clarify this definition. 


Example 4.75. Our first example deals with twists of rational maps. Let ¢(z) € K(z) 
be an odd rational map, i.e., a rational map satisfying ¢(—z) = —@(z). Then for 
each b € K* we can define a new rational map ¢, by the formula 


1 
(Zz) = Rel ). 


The odd parity of ¢(z) implies that # has the form (z) = z¥(z”) for some rational 
map w(z) € K(z), so ¢)(z) = 2(bz”) is in K(z). Further, if b € K*?, say b = c?, 
then dy is PGL2(K)-conjugate to ¢ via ¢» = ¢/ with f(z) = cz. In this way we 
obtain a map 

K*/K*? —s Twist(¢/K), b> [de] x. (4.45) 
If Aut(¢) = {z,—z}, then it is not hard to show that (4.45) is an isomorphism. 
Notice how this example generalizes Example 4.71. 
Example 4.76. Our second example deals with twists of the variety P’. For any 
nonzero a € K™, let Cg be the plane curve 


Cy:a? +y? =a. 


All of these curves are isomorphic over K via the explicit isomorphism 
i:Ce — Ch, i(2,y) = (xvo/a,y/o/a) . (4.46) 


Further, if b/a is a square in K, say b/a = c?, then C, and C;, are isomorphic over K 
via the isomorphism i(x, y) = (cx, cy). Thus exactly as in Example 4.75, we obtain 
a natural map 


K*/K*? —+ Twist(C,/K), a> [CiJx, 


where [C.]« denotes the K-isomorphism class of Cy. 

Notice that if two curves C and C” are K-isomorphic, then the K-isomorphism 
i:C—+C" identifies their K-rational points i : C(K) — C’(K). This suffices to 
prove that the curves C, and C_, are not isomorphic over Q, since 


Cx(Q) # ) and C_1(Q) = 0. 


Hence C_, represents a nontrivial element of Twist(C /Q), and indeed a nontrivial 
element of Twist(C, /IR). More generally, a famous theorem of Fermat says that if p 
is an odd prime number, then 
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C,(Q) 49 ifandonlyif p=1 (mod 4). 


Hence if p = 3 (mod 4), then C;, represents a nontrivial element of Twist(C /Q). 
It is not hard to show that different primes p = 3 (mod 4) yield distinct elements 
of Twist(C,/Q); see Exercise 4.44. 


Returning to the general situation, let X be an object defined over A’ and let Y 
represent an element of Twist(X/K’). This means that there is a K-isomorphism 


1:¥ — X. 


We wish to determine whether X and Y are K-isomorphic. If 7 is itself a K-isomor- 
phism, then we are done; but even if ¢ is not a A-isomorphism, it may be possible to 
modify 2 and turn it into a K-isomorphism. 

In order to measure the extent to which i fails to be a K-isomorphism, it is natural 
to make use of Galois theory, since 7 is defined over K if and only o({i) = i for 
every ¢ € Gal(K/K). Thus for each element ¢ € Gal(K/K), we consider the 
composition of maps 


a(i-') 


9a X »Y—. Xx, 


The map g, = io(i-*) is a K-automorphism of X, i.ec., it is an isomorphism from X 
to itself defined over K. If7 is already defined over K,, then g,(a) = zx is the identity 
map, but in general g, will be a nontrivial automorphism. 


Proposition 4.77. Let X be an object defined over K, let Y be a twist of X/K, 
choose a K-isomorphismi:Y — X, and define a map 


g: Gal(K/K) — Aut(X), go(x) = (io(i~")) (a). 


(a) The map 7 
Gal(k'/K) — Aut(X), T— Go, 


satisfies 7 
Jor =Go00(9r) — forallo,r € Gal(K/K). 


Maps satisfying or = Jao (gr) are called 1-cocycles. 
(b) Y is the trivial twist of X if and only if there is an f € Aut(X) satisfying 


go=fol(f-') — foralla € Gal(K/K). 
Maps of the form fo(f—*) are called 1-coboundaries. 


Proof. (a) We have gg, = io (a7)(i-') = io o(r(i)~'). Consider the following 
commutative diagram of maps: 


xX »yY —+X 
“ol 
x “Oy 
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The top row is g,7, but if we travel around the diagram the long way, we get 
ioa(é*)0a(i) o0(r(i)") = go 0 o(Gr)- 


(b) Suppose first that g is a coboundary, say g, = fo(f~') for some f € Aut(X). 
We verify that the isomorphism fv-lt.: Y — X is defined over K. For any 
o € Gal(K/K) we have 


o(f-li) = of oli) = f'geo(i) = fool) = fh. 


This proves that f—1i is defined over K, so Y is K-isomorphic to X. 
Next suppose that Y is K-isomorphic to X, say j : Y — X is a K-isomorphism. 
Then o(j) = 7 for every o € Gal(K’/K), so we have 
Go =i 0a(i-') =i0j7' ca(j) oo(é-') = (6097) oa((ioj')’). 
Thus if we let f = ij~! € Aut(X), then g, = fo(f~1), which proves that g is a 
coboundary and completes the proof of the proposition. Oo 


As the terminology suggests, there is a cohomology theory underlying Proposi- 
tion 4.77. 


Definition. Let ' be a group that acts on another group A. A 1-cocycle (fromT to A) 
is amap 


g:° —+A satisfying go, =gs0(g,) forallo,7 €T, 
and a 1-coboundary (from T to A) is a map of the form 
T—A, o> fo(f~') forsome f € A. 


The cohomology set H\(T, A) is defined to be the collection of 1-cocycles T — A 
modulo the equivalence relation that two 1-cocycles g, and g2 are cohomologous if 
the map gy 1 gq is a 1-coboundary. 


Remark 4.78. If the group A is abelian, then H'(T, A) is itself an abelian group, and 
in this situation it is possible to define cohomology groups H"(T, A) for all n > 0. 
For the general theory of group (and Galois) cohomology, with many important ap- 
plications to class field theory, Diophantine equations, and arithmetic geometry, see 
for example [97, 396, 410]. 

A slight elaboration of the proof of Proposition 4.77 shows that if Aut(X) is 
abelian, then there is a well-defined one-to-one map 


Twist(X/K) —> H'(Gal(K/K), Aut(X)),  [Y]k +> (0 iyo(iy’)), 
(4.47) 
where iy : Y — X is a K-isomorphism; see Exercise 4.42. In some cases, for 
example when _X is an algebraic variety, the map (4.47) is an isomorphism. 
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4.9 Twists of Rational Maps 


According to Proposition 4.77, every twist corresponds to a 1-cocycle, and a twist 
is trivial if and only if its 1-cocycle is a 1-coboundary. The natural question that 
arises is whether every 1-cocycle comes from a twist. It turns out that the answer 
depends on the category from which the objects are being chosen. For example, in 
the category of algebraic varieties, every 1-cocycle does come from a twist. We will 
not prove this general result, but in the next section we treat the case of twists of P!. 
In this section we describe what happens for rational maps. 


Definition. We define an action of the Galois group Gal(K/K) on the group of 


linear fractional transformations PGL2(‘) in the natural way, thus 


o(c)z+o(d) 
_ azt+b 
~ eztd 


cz+d ~ 


o(f) =0 ( + ') o(a)2 + 0(b) 


for f € PGL2(K) and o € Gal(K/K). 


The automorphism group Aut(@) of a rational map ¢ is a subgroup of the full 
group PGLz of linear fractional transformations. Thus if we have a 1-cocycle 


g: Gal(K/K) — Aut() 


with values in Aut(¢), we can compose it with the inclusion of Aut(¢) into PGL2 
to obtain a 1-cocycle 


Gal(K/K) +> Aut(¢) —> PGL2(K) (4.48) 


with values in PGL2(K). This way of extending g provides the key to describing 
which 1-cocycles correspond to actual twists of ¢. 


Theorem 4.79. Let ¢(z) € K(z) be a nonzero rational map and let 
g: Gal(K/K) — Aut(¢) 


be a 1-cocycle with values in Aut(@). Then the following are equivalent: 
(a) There is twist of 6/ K whose 1-cocycle is g. 


(b) The 1-cocycle g becomes a 1-coboundary when it is extended to a 1-cocycle 
with values in PGL2(K). 
Hence in cohomological terms, the set of twists of 6/K is given by 


Twist(¢/K) = {e € H'(Gal(K/K), Aut(¢)) : 
€ becomes trivial in H* (Gal(K/K),PGL2(K)) \ 


Proof. Suppose first that there is a twist ¢/ of ¢/K whose 1-cocycle is g. Then by 
the definition given in Proposition 4.77, the 1-cocycle g is given by g, = fo(f~'). 
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Hence g is the PGL2(K) 1-coboundary associated to the element f € PGLo(K). 
This proves that (a) implies (b). 

Next suppose that g is an Aut(d) 1-cocycle that is a PGL2(K) 1-coboundary. 
This means that there is an f € PGL2(K) with the property that g, = fo(f~') for 
allo € Gal(K/K). We claim that of is a twist of 6/K with 1-cocycle g. What we 
need to check is that o* is defined over K, i.e., that df € K(z), since once we know 
that, it is clear from the definitions that g is its associated 1-cocycle. 

Let o € Gal(K/K). Then 


o =6 since we are given that g, € Aut(@), 
$90 = Jo by definition of $9", 
bfo(f—!) = fo(f~')e since gg = fa(f—*) by assumption, 
fof =o(f-)eo(f) multiplying by f~* and by o(f), 
gh =o" since o(f-*) =o(f)"*, 


of =0(9)") = a(d/) since d(z) € K(z), 80 0(¢) = ¢. 


We have proven that ¢f = o(¢*) for allo € Gal(K/K), which shows that of (z) € 
K(z) and thus completes the proof that (b) implies (a). 

In order to prove the cohomological description of Twist(¢/K), we first use 
Proposition 4.77, which says that there is a natural embedding of Twist(¢/K) 
into the cohomology set H'(Gal(K/K), Aut(¢)) (cf. also Remark 4.78). Then the 
equivalence of (a) and (b) tells us that an element of H' (Gal(K/K), Aut()) comes 
from an element of Twist(¢/K) if and only if it becomes trivial when mapped to 
H? (Gal(K/K),PGL2(K)). 


Remark 4.80. A formal argument with commutative diagrams shows that 
H' (Gal(K/K),PGL2(K)) —> H?(Gal(K/K), K*)[2] = Br(K)|[2], 


where Br(K) is the Brauer group of K. The Brauer group plays an important role 
in class field theory and many other areas of number theory and arithmetic geom- 
etry. For example, Br(Q,) = Q/Z, so Br(Q,)[2] has only two elements, and the 
same is true for finite extensions of Q,. The Brauer group of a number field is more 
complicated. 


Example 4.81. Let K bea field of characteristic not dividing n, and let ¢(z) € K(z) 
be a rational map whose automorphism group is 


Aut(d) = (Cz: ¢ € Mn}, 


where we recall that js,, C K denotes the set of n™ roots of unity. Then there is an 
isomorphism 


K*/K*" ~ Twist(6/K), br | 0 ¥b2)| ; (4.49) 
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Note that by assumption we have 4(z) = ¢~!d(¢z) for all ¢ € yw. In particu- 
lar, the function z~1@(z) is invariant under the substitution z — Cz, so it has the 
form $(z) = zv(z") for some ~(z) € K(z) (Exercise 4.37). Thus the twist of ¢(z) 
given in (4.49) is equal to z7)(bz”), so it is indeed in K(z). 

Since we are assuming that the automorphism group of ¢ is isomorphic to p,,, 
not merely as an abstract group, but also in terms of the way in which Gal(K/K) 
acts on Aut(#) and on p,,, a standard result in Galois cohomology’ says that there 
is an isomorphism 


K*/K*" 4 H'(Gal(K/K),u,), b= (- Ib ssay (4.50) 
This allows us to identify Twist(¢/K’) with a subset of K*/K*”. In order to show 
that they are isomorphic, Theorem 4.79 says that we must show that every cocy- 
cle in (4.50) becomes a coboundary when we consider it as a cocycle with values 
in PGL2(K). But this is clear, since with our identification of ,, with Aut(d), the 
cocycle in (4.50) is equal to 


o( Vb) _ -1 : — & m 
ny we” =fo(f-“)(z) — with f(z) = i € PGL2(K). 


Note that this example generalizes Example 4.75, which dealt with the case n = 2. 


Example 4.82. Let d(z) € K(z) be a rational map with automorphism group 
Aut(¢) = {z,271}. (See Exercise 4.35.) The Galois group Gal(K/K) acts triv- 
ially on Aut(@), so we have 


H’(Gal(K/K), Aut(¢)) = H1(Gal(K/K), 2) = K*/K*?. 


The isomorphism is given explicitly by associating to any b € K*/K*? the cocycle 


z) ifo(vb) = -Vvb. Go) 


To ease notation, we let G = Vb and let g be the cocycle described by (4.51). 
Then Theorem 4.79 says that g comes from a twist of ¢ if and only if there is 
some f € PGLo(K) satisfying 9, = fo(f~'). Using the fact that g,(z) € {z, 27+}, 


we are looking for an f € PGL2(K) satisfying 


°This statement is equivalent to H! (Gal(K /K),K *) = 0, which is a version of Hilbert’s Theo- 
rem 90. Using this and taking Galois invariants of the Kummer sequence 


1— p,, — K* ore" Kt 1 


yields the cohomology long exact sequence 


Ke ote" eg (Gal(K/K), 4) — A” (Gal(K/K), K*) =0. 
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_ fz)  ifo(s)=8, 
“WN = {ii ifo(8) = -6. 
It is not hard to construct such an f, for example 
_ Bztl 
Hz) = —6z+1 


Note that det ( 5, 1) = 28 #0,s0 f is in PGL2(K). Hence every g gives a twist 
of ¢, and indeed we can write the twist associated to b = 6? € K*/K** explicitly 
using f, 


Bz+1 
1a) = Del siies) +8 
Bz+1 ; 
—¢ (433,) +1 
For example, let Mzg(z) = z@ be the d“-power map. Then a judicious use of the 
binomial theorem yields a formula for the b-twist MZ ©) of Mg, 


M®)(z) _ s- (..) pk 2k /x (os :) pk y2k+1 
k k 


In particular, the first few b-twists of Mg are 


b 
My” (2) 


_ it 3bz? Mo (2) 1+ 6bz? + b*24 
324 623’ 4 ~ 4z4-4bz3 


b 14+ bz? 
My (z) = a 
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If #(z) is a rational map whose coefficients lie in a field K, then it is interesting to 
study the orbits of points whose coordinates lie in K or in finite extensions of Kk. 
The smallest field K containing the coefficients of @ can generally be determined 
by inspection. For example, the map ¢(z) = z? + 1 is clearly in Q(z) and the 
map ¢(z) = 23 +7 is just as clearly in Q(z)(z). However, if we make a change of 
variables f(z) = iz in the latter map ¢(z) = z° + 4, we find that 


$f (z) = f'(G(f(2))) = id (iz) = -i(-i2? +4) = -2° +1 € Ql). 


Thus the map ¢(z) = 2? + i is really a Q(z) map that has been altered by an 
injudicious change of variables. 


Definition. Let K be a field of characteristic 0, let ¢(z) € K(z) be a rational map 
with coefficients in an algebraic closure of K, and let K’/K be an extension field. 
We say that K’ is a field of definition for if there is a linear fractional transformation 


f(z) € PGLe(K) such that 
gf = fof € K'(2). 


In other words, K’ is a field of definition for ¢ (or an FOD for short) if, after a change 
of variables, ¢ has coefficients in K’. 
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As in Section 4.9, we can use Galois theory to investigate the possible fields of 
definition of a given rational function ¢(z) € K(z). We let Gal(K’/K) act on K(z) 
in the natural way by applying o € Gal(K/K) to the coefficients of 6 € K(z), 


ago tayz+ee++ cae) _ o(ag) + o(a,)z++--+ o(aq)z4 
bo + biz +--+ 4+ baz4 o(bo) + o(bi)z +--- + 0(ba)zt 


a(o) =o ( 
Then Galois theory (and Hilbert’s Theorem 90) tell us that 
@€ K'(z) forthefield K’ = (fixed field of {0 € Gal(K/K) : o(¢) = o}). 


Suppose instead that ¢ is merely equivalent to a map whose coefficients are 
in some field ‘. That is, suppose that there is a linear fractional transformation 
f € PGL2(K) such that ¢/ € K'(z). Then o(¢*) = ¢/ for all o € Gal(K/K’), so 


fof = 6! =0(9!) = o(f 7 6f) = o(f )o(@)o(f) = o(f)o(9)o(f). 
Solving for 7(¢) yields 


o(d) =o(f)F6fo(f1) = (Fo(F-))'o(fo(f71)) = of. 


Thus o(¢) is equal to ¢ conjugated by the map fo(f—') € PGL2(K), so in partic- 
ular o(¢) and ¢ are equivalent. We have proven that 


K' isa field of for every o € Gal(K/K’) there exists (4.52) 
definition for ¢ ago € PGLo(K) such that o(¢) = 69 } ° ‘ 


Turning this around, we start with an arbitrary rational map ¢(z) € K(z) and 
study the automorphisms o € Gal(K /K) for which o(@) is equivalent to ¢. 


Definition. Let 6(z) € K(z) be a rational map. We associate to ¢ a subgroup G4 
of Gal(K/K) and a field Kg defined by 


Gg = {o € Gal(K/K) : o(¢) = 6% for some gg € PGL2(K)}, 
Kg = fixed field of Gg = {a € K : o(a) = a forall o € Gy}. 
The field Kg is called the field of moduli (FOM) of 6. 


Remark 4.83. The group PGL2(K) acts on the space of rational maps via the usual 
conjugation action, ¢/ = f—!@f. If we consider as usual the equivalence class 


[4] = {9 : f € PGL2(K)} 


consisting of all maps that are conjugate to a particular map @, then Gg is the sub- 
group of Gal(K/K) consisting of elements that map the set {¢] to itself. Equiv- 
alently, if @ has degree d, let (@) be the image of ¢ in the moduli space Mg = 
Rata / PSL, that we defined and studied in Section 4.4. The space M, is defined 
over Q (Theorem 4.36) and the field of moduli of ¢ is exactly equal to the field 
generated by the coordinates of the point (¢) € Mg. 
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We begin by proving some elementary properties of FOM and FOD, in particular, 
the important fact that the field of moduli is contained in every field of definition. 


Proposition 4.84. Let ¢(z) € K(z). 

(a) The set Gg is a subgroup of Gal(K/K). 

(b) Let K’ be a field of definition for ¢. Then Kg © K"'. Informally, we say that 
FOM C FOD. 


Proof. The proof of this proposition is simply a matter of unsorting definitions. Thus 
leto,7 € Gg. Then 


(o7)() = o(7($)) = (6) = (4) = (497) = 90719), 


Thus (oT )(¢) is equivalent to ¢, so or € Gg. Similarly, 


o(d)=¢9 => o= (o-!g)7 => g(d)= gr ("), 


which shows that 0~!(@) is equivalent to ¢, and hence that o~' € Gg. This proves 
that Gg is a subgroup of Gal(K/K). 

Next let K’ be a field of definition for ¢. Under this assumption, we proved 
earlier (4.52) that for every o € Gal(K/K’) there is a g, € PGL2(K) such that 
o(d) = $9. In other words, o(@) is equivalent to ¢, so o € Gg = Gal(K/Kg) by 
definition. This proves that Gal(K’/K') C Gal(K/K ), and hence by Galois theory, 
that Ky C K'. (We are also using the fact that K’g is a finite extensionof kK.) 0 


It follows from Proposition 4.84 that the smallest possible field of definition for 
is the field of moduli of ¢, but it is not clear whether the field of moduli is always a 
field of definition. The following example shows that we can have FOM # FOD. 


Example 4.85. Let 
3 
_f{z-l1 
oe) =i (255) . 


Clearly Q(z) is a field of definition for ¢. Let o be complex conjugation, so 
Gal(Q(i)/Q) = {1,c}, and let g(z) = —1/z. Then we obtain 


(2) = (o-260)(2) = 1 1 
@ ( ) (g o9)( ) o(-1/z) -~1/z-1 3 
(Sem) 


= (281)(&31)'<ntots 


This shows that o € Gy,so Gy = {1,0} and Kg = Q In other words, Q is the field 
of moduli of @. 

Now suppose that Q is actually a field of definition for ¢. This means that we 
can find some f € PGL2(Q) such that ¢/ € Q(z). In particular, letting o denote 
complex conjugation, we have 
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of _ o(¢-) _ o(b)7) _ pre), 


It is not hard to verify (see Exercise 4.39) that Aut(@) = 1, so we deduce that 
f = go(f). Using the fact that g(z) = —1/z, this equation says that 


azt+b _ éze+d 
ce+d = az+bd’ 


where we use an overscore to denote complex conjugation. The fact that these two 
linear fractional transformations are equal means that there is a A € Q* such that 


a=—é, b=-dAd, c=da, d=Xb. 
Multiplying the first and third equations gives 
dal? = —Ale|?. 


This is a contradiction, since \ 4 0 and we cannot have a = c = 0. Hence Q is not 
a field of definition for ¢, so we have an example of a map with FOM #4 FOD. 

In order to investigate more closely the question of when the field of moduli of a 
rational map ¢ is a field of definition, we make the simplifying assumption that 


Aut(¢) = 1. (4.53) 


Replacing K by Kg, we may assume that is the field of moduli of ¢. This means 
that for every o € Gal(K/K) there exists ag, € PGL2(K) satisfying 


o(9) = 6". 


Note that the assumption (4.53) that Aut(@) = 1 implies that g, is uniquely de- 
termined by o. The next proposition describes some of the properties of the map 
Tr Qu. 


Proposition 4.86. Let ¢ € K(z) be a rational map of degree d > 2 with field of 
moduli K and satisfying Aut(¢) = 1, and for each o € Gal(K/K) write o(¢) = 
9° as above. 
(a) The map 

Gal(K/K) — PGL2(K), Tt Qo, 


is a 1-cocycle, i.e., it satisfies 
Gor = 900(gr) for all o,7 € Gal(K/K). 


(b) K is a field of definition for @ if and only if g is a \-coboundary, i.e., if and only 
if there is an f © PGLo(K) such that 


go=fo(f-')  forallo € Gal(K/K). 
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Proof. (a) Let o,r € Gal(K/K). Then 
o87 = a(7(4)) = (9%) = (9) = grr”. 


Since Aut(¢) = 1, we conclude that go, = goa(gr). 
(b) Suppose first that K’ is a field of definition for ¢. This means that there is an 
f € PGL2(K) such that df € K(z). Hence for any o € Gal(K/K) we have 


bf =0(df) =0(g)7P = pI oF), 


Again using the fact that Aut(¢) = 1, we find that f = g,o(f), and hence g, = 
folf-). 
Conversely, suppose that there is an f € PGL2(K) such that g, = fo(f~'). 
Then 
o(@F) _ o(g)7) — ge (f) _ of. 


This is true for every o € Gal(K/K),s0 ¢/ € K(z). Hence K isa field of definition 
for ¢. CO 


The criterion for FOM = FOD given in Proposition 4.86 may seem complicated, 
but it represents a tremendous simplification. If we try to use the definition of FOD 
directly, we need to search for an f € PGL2(K) that makes the coefficients of of 
lie in K. The substitution 


de (4384) ~6 
oi (z) = woo (#8) 40 


even for a rational function (z) of small degree, has coefficients that are very com- 
plicated expressions in the quantities a, b, c, d. It is thus difficult to determine whether 
there is some choice of a,b,c, d that makes the coefficients lie in kK. On the other 
hand, the cocycle-coboundary criterion 


FOM=FOD <> 4g, has the form fo(f~*) 


in Proposition 4.86 involves only linear functions, i.e., elements of PGL2(K), so it 
is often considerably easier to apply. 
The 1-cocycles that arise in the FOD = FOM question have the form 


g: Gal(K/K) — PGLo2(K). 


The group PGL2(K) is the automorphism group of the projective line P', so these 
cocycles should be associated to twists of P'. We saw in Section 4.8 that every twist 
gives rise to a 1-cocycle, but in general it is a delicate question to determine whether 
every 1-cocycle comes from a twist. It turns out that this is true for algebraic varieties, 
but since we do not need the most general result, we are content to construct the 
twists of P! that are needed to answer our question about FOD = FOM. (See also 
Example 4.87.) 
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Proposition 4.87. Let 
g: Gal(K/K) — PGL2(K) 


be a 1-cocycle, and assume that g has the property that there is a finite extension 
L/K such that g, = 1 for allo € Gal(K/L).'° Then there is an algebraic curve C 
defined over K and an isomorphism i: C — P! defined over K such that the 1- 
cocycle 7 7 
Gal(K/K) — PGlo(K), = a + + io(i*), 
is equal to the 1-cocycle g. Hence C is a twist of P!/K, and 
C is the trivial twist of P' /K ifand only if gq is a 1-coboundary. 


Proof. We construct the curve C' by describing its field of rational functions. Note 
that the field of rational functions for the curve P! is the field K(z) and that the 
Galois group Gal(K /K) acts naturally on K(z) by acting on K and leaving z fixed. 

Now consider another field of rational functions in one variable K(w), but this 
time with a “twisted action” of Gal(K/K). We define this twisted action by let- 
ting Gal(K/K) act on K as usual, but setting 


o(w) = 95 *(w). 
In other words, if g¢(z) = (az + b)/(cz + d), then 


dw —b 
—cw+a’ 


o(w) = gs" (w) = 


and for any rational function 


dg +ayw+aqw?+---+agwt — - 


F(w) — Cota + aow! +++ + aatut 
(w) bo + bw + bow? +--+ baw K(w), 


we have 


o(F)(w) = o(a9) + o(a1)95'(w) + o(a2)9¢!(w)? + +--+ o(aa)ga*(w)? 
o(bp) + a(b1)g5*(w) + o(be)95'(w)? + +--+ 0(ba)gs t(w)4 
G 


) = o(F )o(G). However, 


It is clear that o(F + G) = o(F) + o(G) and that o( F 
)). We use the cocycle relation 


to be an action, we must also have (or)(F') = o(7(F 
to verify this condition, 


o(1(w)) = o(g7'w) = o(9;*)o(w) = o(9;*)95*(w) = 957 (w) = (07) (w). 
We now look at the subfield of K(w) that is fixed by the twisted action, 
K={F € K(w) : o(F) = F forallo € Gal(K/K)}. 


We prove that the field K has the following properties: 


10One says that g is a continuous 1-cocycle for the profinite topology on Gal(K/K) and the discrete 
topology on PGL2(K). 
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i) KNK=K. 
(ii) K has transcendence degree 1 over K. 
(iii) KK = K(z). 


To verify (i), let a € KM K. Then a € K, so the action of Gal(K/K) on a is the 
usual Galois action. On the other hand, the fact that a © K means that the Galois 
action is trivial. Hence a € K. This shows that K MK C K, and the opposite 
inclusion is obvious. 

Next let L/K bea finite Galois extension with the property that g, = 1 for every 
t € Gal(K/L). This implies that the action of an element ¢ € Gal(K/K) on w 
depends only on the image of o in the quotient group 


Gal(L/K) = Gal(K/K)/Gal(K/L), 
since ifr € Gal(K/L), then 


(or)(w) = o(g-(w)) = o(w). 


It follows that the polynomial 


PT)= [Jf @-rAw)= JT] W-ay')) €Kw)IT) 454) 


dEGal(L/K) NEGal(L/K) 


is well-defined. Further, we claim that the coefficients of P(T’) are in K. To see this, 
for any o € Gal(K’/K) we note that 


o(PyT)= []  (T-odw)) = P(r), 


NEGal(L/K) 


since the effect of replacing \ with o is simply to permute the order of the factors 
in the product. 

We have now constructed a polynomial P(T) € K[T], and we observe that w is a 
root of P(T). Hence by definition, the extension K(w)/X is an algebraic extension. 
Since the element w is transcendental over K,, this proves that K has transcendence 
degree at least 1 over K. On the other hand, X is contained in the field K(w), and 
it is clear that K(w)/K has transcendence degree 1 over K. Therefore K has tran- 
scendence degree exactly 1 over K, which proves (ii). 

Finally, consider the splitting field £ over K of the polynomial P(T). As already 
noted, we have w € L. The definition of P(T’) shows that there is a natural surjection 
Gal(L/K) — Gal(£/K), which implies in particular that £ = LK. Hence w € LK, 
which proves that K(z) C KK. This gives (iii), since the other inclusion is true from 
the definition of K. 

We now have the tools needed to complete the proof of Proposition 4.87, but we 
pause briefly for an example illustrating the general construction. 
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Example 4.88. Define a map g by the rule 


EHD FEIO HOT tan 


It is easy to check that g is a 1-cocycle, and indeed it is the 1-cocycle described in 


Example 4.85. Fix an embedding of Q into C and let p € Gal(Q/Q) denote complex 
conjugation. The twisted action on Q(w) is given by 


pa)=@ foracQ and = p(w) =—1/w. 
The field K is the subfield of Q(w) consisting of elements that are fixed by the 


twisted action. The coefficients of the polynomial P(T) defined by equation (4.54) 
give us elements in K, 


PD) = (1 w)(T ~ plw)) = (Tw) (T+ 2) =7?- (w= 2) 7-1 


This yields one interesting element in K, namely u = w — w7!, and we observe that 
the quantity v = i(w + w—‘) gives another element in K. It is not hard to show that u 


and v generate K, 
1. 1 
K=K(u,v) =K (w- —,i (w+ *)) ; 
w w 


(See Exercise 4.45.) Of course, u and v are not independent, since 


eoe(o-d) (orb) oa 


The field K is the function field of the curve C : u? + v? = —4. Notice that C is 
defined over Q, and C is Q-isomorphic to P', but C is not Q-isomorphic to P!, since 
C(Q) = 9. From our general theory, the fact that C’ is a nontrivial twist of P'/Q 
is equivalent to the fact (proven by a direct calculation in Example 4.85) that the 
1-cocycle g is not a 1-coboundary. 


Resuming the proof of Proposition 4.87, we have constructed a field K that is the 
function field of a curve C/K, and we have an isomorphism 
KK = K(w) & K(2), Ww Zz, 

that induces a K-isomorphism i : C — FP. In other words, the functions w on C 


and z on P! are related by the formula w = z 0 i. The curve C is a twist of P'/K, 
and its associated cocycle is given by ¢ — io(i—!). We compute 


214 4. Families of Dynamical Systems 


zoa(i) =a(zot) since o(z) = z, 
= o(w) since w = 2 04, 
= 97'(w) by definition of the twisted action on K(w), 
dw —b az +b - 
oo ha where g,(z) hd € PGL2(K), 
dzot—b . . 
since w = 2 01, 
—czoit+a 
=zog,roi 


Thus o(i) = 95! 0 i, which proves that g, = io(i—') is the 1-cocycle associated to 
the K-isomorphism i : C —> P?. 

This completes the proof that the algebraic curve C is a twist of P!/K whose 
associated 1-cocycle is g. Finally, Proposition 4.77 tells us that C’ is the trivial twist 
if and only if its associated 1-cocycle is a 1-coboundary. O 


Returning to the question of FOD = FOM, let ¢(z) € K(z) be a rational func- 
tion with field of moduli K and trivial automorphism group. We have constructed a 
1-cocycle 

g: Gal(K/K) — PGL2(K) 


that is associated to ¢ (Proposition 4.86) and a twist Cy of P!/K that is associated 
to the 1-cocycle g (Proposition 4.87). We have also proven the following chain of 
equivalences: 


K isa field of definition for ¢ 
<=> g isa 1-coboundary (Proposition 4.86), 


<=> C4 is K-isomorphic to P* (Proposition 4.87). 


It remains to find a way of determining whether a twist of P' is K-isomorphic 
to P!. We will use the Riemann—Roch theorem to provide two sufficient conditions 
for resolving this problem. For the convenience of the reader, we recall the general 
statement of the Riemann—Roch theorem, although we will need it only for curves of 
genus 0. 


Theorem 4.89. (Riemann—Roch Theorem) Let C/K be a smooth projective curve 
of genus g defined over K. 
(a) There is a divisor on C of degree 2g — 2 that is defined over K. 
(b) Let D be a divisor on C that is defined over K and assume that the degree of D 
satisfies deg(D) > 2g — 1. Then there is a function f € K(C) satisfying 


div(f)+ D> 0. 


Corollary 4.90. (Riemann-Roch in Genus 0) Let C/K be a smooth projective 
curve of genus 0 defined over K. 
(a) There is a K-rational divisor of degree 2 on C. 
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(b) Let D € Div(C) be a divisor defined over K and satisfying deg(D) > 1. Then 
there is a function f € K(C) with div(f)+ D> 0. 


Proof. The proof of the Riemann—Roch theorem over an algebraically closed field 
is given in most introductory texts on algebraic geometry, such as [198, IV.1.3], or 
see [255, Chapter I] for an elementary proof due to Weil and [410, I, §5] for an 
overview. The divisor of degree 2g — 2 in (a) is a canonical divisor, i.¢., the divisor of 
any K-rational differential form such as df for any nonzero f € K(C). In particular, 
for curves of genus 0 we get a K-rational divisor D of degree —2, so —D is a K- 
rational divisor of degree 2. O 


Proposition 4.91. Let C be a twist of P!/K. The following are equivalent: 
(a) C is the trivial twist of P'/K, i.e., C is K-isomorphic to P'. 
(b) C(K) is nonempty, i.e., C has a point with coordinates in K. 
(c) There is a divisor D = $7 n;(P;) on P'(K) of odd degree such that D is ced 
over K, i.e. for allo € Gal(K/K) we have Sy nj(o(P;)) = S>ni(P;) as a 
formal sum of points. 


Proof. If C is the trivial twist of P' /K, then there is a K-isomorphism j : C — P?. 
In particular, j : C(K) — P!(K) is a bijection, so C(K) is certainly nonempty. 
This proves that (a) implies (b). 

Next, it is clear that (b) implies (c), since if P € C(K), then the divisor D = (P) 
has odd degree (one is an odd number!) and is clearly defined over K. 

Finally, suppose that the degree n = deg(D) = }'n, of D = D7 nj(Pi) is odd 
and that D is defined over K. We also use the fact that C and P! are K-isomorphic, 
so in particular C' is a curve of genus zero. It follows from the Riemann—Roch the- 
orem (Corollary 4.90(a)) that there is a K-rational divisor on C' having degree —2, 
say 


= (Q1) + (Q2). 


Consider the divisor 


B= D+">*Di = (Pi) + (Ps) +--+ (Px) ~ "5 ~((Q1) + (Q)). 

The divisor F is defined over K and has degree 1, so the Riemann—Roch theorem 
(Corollary 4.90(b)) tells us that there is a rational function ~% on C such that w is 
defined over K and w has degree 1. In other words, 7) is a map 7): C — P! of 
degree 1 defined over K, and hence C is K-isomorphic to P!. This shows that (c) 
implies (a) and completes the proof of the theorem. D0 


We have now assembled all of the tools that we need to prove the main theorem 
of this section. We state the theorem in full generality, but give the proof only for 
rational maps with trivial automorphism groups. The general case is proven similarly, 
but there are many additional technical complications. 


Theorem 4.92. Let ¢(z) € K(z) be a rational map of degree d > 2. Then the field 
of moduli of ¢ is a field of definition for $ in the following two situations: 
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(a) $(z) has even degree. 
(b) (z) is a polynomial. 


Proof. We prove the theorem under the assumption that Aut(¢} = 1. See [414] for 
a proof in the general case. 

Without loss of generality, we may assume that K is the field of moduli of ¢. Let 
g : Gal(K /K) — PGL2(K) be the 1-cocycle associated to ¢ (Proposition 4.86) and 
let Cz be the twist of P'/K associated to the 1-cocycle g (Proposition 4.87). This 
means that there is a K-isomorphism 


i:Cg — FP! suchthat g,=io(i-') forall o € Gal(K/K). 


Using many of the results proven in this chapter, we have the following chain of 
equivalences: 


K isa field of definition for ¢ 


<=> gis a 1-coboundary (Proposition 4.86), 
<=> C4 is K-isomorphic to P* (Proposition 4.87), 
<=> C4(K) is not empty (Proposition 4.91), 


(ria is a divisor on C'y(K) ‘) (Proposition 4.91). 


odd degree and defined over K 


We are going to produce divisors and points on the curve C’g using the map 
w: Cg — Cg defined by the composition 
. -—1 
pics —— Pp —2?,pt, Co. 
We begin by checking that the map Y = i! is defined over K. To verify this, we 
let o € Gal(K/K) and compute 


o(W) = alii) = oft *)a(d)ali) = ali ')o™ al) 
= oft )95*dgn0(i) = a(t *)(io(i-))" iol oli) = 185 = w. 


Hence w : Cy — Cg is defined over kK’. We also note that @ and 7) have the same 
degree, since 7 is an isomorphism. 

(a) Let Dy, be the divisor of fixed points of w, that is, the collection of fixed points 
of ~ counted with appropriate multiplicities. In the language of algebraic geometry, 
Dy, is the pullback by the diagonal map 


Cy — Cg x Co, P+— (P,P), 


of the graph {(x, p(x)): x € Cg} of vw. 

A map of degree d has exactly d + 1 fixed points (counted with multiplicities), 
and if the map is defined over K, then the divisor of fixed points is defined over K, 
i.e., it is fixed by the Galois group. Thus Dy, is a divisor of degree d+ 1 on Cy 
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and D,, is defined over K. By assumption, d is even, so D,, has odd degree. Hence 
by the chain of equivalences derived earlier, the field K is a field of definition for ¢. 
(b) The map ¢: P! — P! isa polynomial by assumption, so it has a totally ramified 
fixed point P. In other words, ¢(P) = P and the ramification index of ¢ at P satisfies 
ep($) = d. The map i: Cy — P" is an isomorphism, so the point 


Q =i '(P) € Cy(K) 


is a totally ramified fixed point of ~. Suppose first that P is the only fixed point of ¢ 
in P'(4) with ramification index d. Then Q is the only fixed point of in Cy(K) 
with ramification index d. However, for any 0 € Gal(K/K) and any point R € 


Cg(K) we have 


w(o(R)) = o(H)(o(R)) = o((R)) and er(s) = eo(ry(O(Y)) = eory(¥), 


since y is defined over A’. In particular, taking R = Q to be the given fixed point of 
ramification index d, we see that y(o(Q)) = o(Q) and d = eg(w) = ea(ay(v), 
so o(Q) is also a fixed point of ¢ of ramification index d. Hence o(Q) = Q, 
and since this holds for every o € Gal(K/K), we conclude that Q € Co(K). 
Hence C'y(A) is not empty, so we again conclude that K is a field of definition 
for ¢. 

We are left to consider the case that ¢ has a second fixed point of ramification 
index d, say ¢(P’) = P’ and ep: () = d. (Note that the Riemann—Hurwitz formula, 
Theorem 1.1, precludes more than two such points.) Choose some linear fractional 
transformation h € PGL2(K) satisfying h(oo) = P and h(0) = P’. Then 
satisfies 


$"(00) = 00, g"(0)=0, and €0(¢") = e0o(6") =, 
so ¢" must have the form 
o"(z) = ez for somec€ K*. 


But any rational map of this form has a nontrivial automorphism group. Indeed, its 
automorphism group is a dihedral group of order 2(d — 1) generated by the maps 


zro Cz and z+ > a/z, 


where (2-1 = 1 and a?! = 1/c. In any case, we have ruled out this case by our 
assumption that Aut(¢) = 1, which completes the proof of Theorem 4.92. 


Remark 4.93. The distinction between the field of moduli and fields of defini- 
tion is important in the study of abelian varieties; see for example the work of 
Shimura [398]. More recently, the FOM = FOD question has been investigated for 
the collection of of covering maps ¢ : X — B up to automorphism of the base B. In 
particular, this is much studied for B = P! (cf. Grothendieck’s “dessins d’enfant”). 
If also X = B =P", then one studies the set of rational maps ¢(z) € K(z) un- 


der the left composition equivalence relation ¢ ~ f¢ for f € PGLe(K). This bears 


218 4, Families of Dynamical Systems 


considerable resemblance to the material in this section, where we use instead the 
equivalence relation ¢ ~ f—1@f, but there are significant differences. For example, 
Couveignes [111] shows that using the relation equivalence ¢ ~ f¢, there are poly- 
nomials in Q(z] with FOM # FOD, in direct contrast to Theorem 4.92. For further 
results, see for example work of Débes and Douai [117, 118, 119] and Débes and 
Harbater [120]. 


4.11 Minimal Resultants and Minimal Models 


Let P(X, Y) = 3 ai;X*Y! € K[X,Y] be a polynomial and let p be a prime of K. 
We define the order of P at p to be 


ord, (P) = min ord, (a,;). 
J 


Notice that ord,(P) = 0 if and only if all of the coefficients of @ are p-integral and 
at least one coefficient is a p-unit. 

In Section 2.4 we defined the resultant of a rational map ¢ (with respect to p) 
by writing ¢ = [F, G] using homogeneous polynomials F,G € K[X, Y] satisfying 
min{ord,(F’), ordy(G)} = 0 and setting 


Res, (¢) = Res(F,, G). 


The resultant Res,(@) is well-defined up to multiplication by the 2d" power of a 
p-adic unit, so in particular ord, (Resp (4)) depends only on ¢ and p. We also recall 
that ¢ has good reduction at p if and only if its resultant is a p-adic unit. 


Example 4.94, Even if ¢ has bad reduction at p, it may be possible to change coordi- 
nates and achieve good reduction. In other words, there may be some f € PGL2(K) 
such that Res(¢/) is a p-unit. For example, the map 4(z) = z + p?z7' has bad re- 
duction at p, since 


b=([X?+p’¥?, XY], so Resp() = Res(X? + p?Y?, XY) =p’. 


However, if we let f(z) = pz, then f(z) = z+2z71, which has good reduction at p. 


Our aim in this section is to study this phenomenon. In particular, we study the 
extent to which we can eliminate, or at least ameliorate, bad reduction in ¢ by con- 
jugating ¢ with a linear fractional transformation in PGL2(K). 


Definition. Let ¢ = [F,G] be a rational map given by homogeneous polynomi- 
als F,G € K|X,Y], let f € PGL2(K), and choose a matrix 


A= (° 5) € GLo(K) 


representing f. We define polynomials F'4,G4 € K|X, Y] by the formulas 
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F4(X,Y) = 6F(aX + BY,yX + 5Y)-6G(aX + BY,yX +6Y), (4.5) 
Ga(X,Y) = -yF(aX + BY, 7X + bY) +aG(aX + BY, yX +5Y). (4.56) 


It is often convenient to write this in matrix notation as 


Fa} _ gaa |F oA 
Ga GoA|’ 


where A*4 = (2, “8 ) is the adjoint matrix to A. Note that the conjugate df = 
f-lodof of d by f is equal to 
o! (X,Y) = [Fa(X,Y), Ga(X,Y)]. 


Proposition 4.95. Let ¢ = [F, G] be a rational map of degree d described by homo- 
geneous polynomials F,G € K(X, Y] and let p be a prime ideal. 
(a) The valuation of the minimal resultant of ¢ is given by the formula 


ord, (Resp (¢)) = ord, (Res(F,G)) — 2dmin{ord,(F), ordy(G)}. (4.57) 


Note that there is no requirement that the coefficients of F and G be p-integral 
or that some coefficient be a p-adic unit. 


(b) Let A € GLo(K). Then with F'4 and G 4 defined by (4.55) and (4.56), 
ord, (Res(F'4,Ga)) = ord, (Res(F,G)) + (d? + d) ord, (det. A), 
min{ord,(F'4),ordp(G4)} > min{ord,(F’), ordy(G)} + (d+ 1) ordy(A), 


where ordy(A) denotes the minimum of the order of the coordinates of the ma- 
trix A. 


(c) In particular, ifU € GLe(Rp), then 
ord, (Res(Fy, Gu)) = ordy (Res(F, G)), 
min{ordp(Fy), ordp(Gy)} = min{ord,(F), ord,(G)}. 
Proof. (a) Choose a constant c € K™* satisfying 


ord, (c) = min{ord,(F’), ordp(G)}. 
Then 
Res, (¢) = Res(c~'F,c7'G) = c~*4 Res(F,G), 
where we have made use of the homogeneity property of the resultant (Proposi- 


tion 2.13(d)). This gives the desired result (4.57). 
(b) An elementary calculation (see Exercise 2.7(c)) shows that 


Res(F'4, Ga) = (det At ta Res(F,G), 


so taking ord, gives the first part of (b). For the second part, we observe that every 
coefficient of F'4 and G4 is a sum of terms of the form 
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coefficient homogeneous polynomial of 
of ForG degree d + 1 in Zia, 8,7, 6] 


Hence 
min {ordy(F'4),ordy(Ga4)} > min{ord,(F’), ordp(G)} + (d + 1) ord, (A). 
(c) The assumption that U € GL2(R,) is equivalent to the two conditions 
ord,(U) >0 and ord, (det U) = 0, 


i.e., the coefficients of U are p-adic integers and the determinant is a p-adic unit. 
Applying (b) with A = U gives 
ord, (Res(Fy, Gu)) = ordy (Res(F, G)), 

min{ ord, (Fj), ordy(Gy)} > min{ord, (F), ord, (G)}. (4.58) 
This almost completes (c). We next apply (b) to the polynomials Fy; and Gy and to 
the matrix A = U~! € GLe(R,). Using the fact that (Fy)y-1 = F and similarly 
for G, we find from (b) that 

min{ord,(F), ordy(G)} = min{ord,((Fi7)y-1), ordp((Gu)u-1)} 
> min{ord, (Fy), ordp(Gy) }. 


This gives the opposite inequality to (4.58), which completes the proof of(c). O 


Definition. Let K be a number field and let ¢(z) € K(z) be a rational map. For 
each prime p of K, define a nonnegative integer by 


€p(¢) = ere x) ord, Resp (9°). 


In other words, €,(@) is the exponent of the power of p dividing the resultant of the 
conjugate ¢/ that is closest to having good reduction at p. Then the (global) minimal 
resultant of @ is the integral ideal 


Re = [[p?™. (4.59) 
Pp 


We say that (F, G) is a minimal model for ¢ at p if ¢ = [F, G], the coefficients of F 
and G are p-integral and 


ord, Res(F, G) = ord, Kg. 


(See Section 6.3.5 for the analogous definition of mimimal models of an elliptic 
curve.) 


Remark 4.96. The product (4.59) defining 9%, makes sense, since €p(¢) = 0 for 
all but finitely primes p. To see this, write ¢ = [F,G] for any F’ and G having 
coefficients in the ring of integers of A. Then there are only finitely many primes p 
with ord, Res(F’,G) > 0, and it is clear that €,(¢) = 0 for all other primes. 
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The minimal resultant of a rational map is clearly invariant under PGL2(K)- 
conjugation. It measures the extent to which the conjugates of ¢ have bad reduction, 
sO provides a convenient measure of the arithmetic complexity of the conjugacy class 
of ¢. A coarser way to measure arithmetic complexity is simply to take the product 
of the primes with bad reduction, which we denote by 


Ne = |] p. (4.60) 


p|Re 


It is clear that My divides Ry, and it is tempting to conjecture an inequality in the 
opposite direction that would be a dynamical analogue of Szpiro’s conjecture [205, 
F.3.2] for elliptic curves. 


Conjecture 4.97. Let K/Q be a number field and d > 2. There is a constant c = 
c(K, d) such that for all rational maps ¢(z) € K(z) of degree d, 


Nx he < (Ne Ms)”. 


The minimal resultant gives one way to measure the arithmetic complexity of a 
rational map, but note that there are infinitely many PGL2(K’)-inequivalent rational 
maps of a given degree whose minimal resultants are the same. For example, the 
minimal resultants of the polynomials 


bue(Z) = 2? + ue 


are the same as u ranges over all units in the ring of integers of K. 

The moduli space Mz, provides an alternative way to measure the arithmetic 
complexity of the conjugacy class of a rational map. If we fix a projective embed- 
ding Mz — PY, then @ € K(z) determines a point (6) € Mag(K) and we can 
take the height of the corresponding point in P' (K’). However, this way of measur- 
ing arithmetic complexity is also not entirely satisfactory, since twists of a rational 
map give the same point in Mg, yet are arithmetically quite different. Note that the 
same situation arises in the theory of elliptic curves, where curves with the same j- 
invariant need not be arithmetically identical. 

This suggests combining the primes of bad reduction with the height coming 
from moduli space. We do this and formulate a dynamical version of a conjecture of 
Lang (cf. [202], [254, page 92], or [410, VIII.9.9]). Recall that the canonical height 
ofa point P satisfies hy(P) = 0 ifand only if P is preperiodic for ¢ (Theorem 3.22). 
The following conjecture says that the height of nonpreperiodic points grows as ¢ 
becomes more arithmetically complicated. 


Conjecture 4.98. Fix an embedding of the moduli space M g in projective space and 
let hy4, denote the associated height function. Let K be a number field and d > 2 an 
integer. Then there is a positive constant c = c(K,d) such that for all rational maps 
@ € K(z) of degree d and all wandering (i.e., non-preperiodic) points P € P'(K), 


hg(P) > emax {logNx/g Re, haa ((d))}- 
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In the theory of elliptic curves, the notion of global miminal Weierstrass equation 
is extremely useful; see the discussion in Section 6.3.5 and [410, VII, §8] for further 
details. We briefly discuss a dynamical analogue. 


Definition. Let K be a number field and let ¢(z) € K(z) be a rational map. 
Then ¢ has a global minimal model if there is a linear fractional transforma- 
tion f € PGL2(K) and homogeneous polynomials F and G satisfying ¢/ = [F, G] 
with the property that the coefficients of F and G are in the ring of integers of K and 


ord, (Res(F,G)) = ord,(Ry) _for every prime p. 


In other words, the pair (FG) is simultaneously a minimal model for ¢ at every 
prime p of K. 


In the remainder of this section we develop some tools that help to determine 
whether a given rational map has a global minimal model. 


Proposition 4.99. Let K be a number field, let ¢(z) € K(z) be a rational map of 
degree d, and write @ = [F, G] with polynomials F and G as usual. 
(a) There is a (fractional) ideal arg of K satisfying 


Res(F,G)a#g if d is odd, 
Ry = (4.61) 
Res(F, G)ahg if d is even. 


(b) If d is odd, then the ideal class of ar.q depends only on $, independent of the 
choice of F and G. 


(c) Ifd is even, then arg depends only on ¢ up to multiplication by the square of a 
principal ideal. 


Proof. For any f € PGLo(K) with corresponding A € GLo(K), we use Proposi- 
tion 4.95(a,b) to compute 


ordy (Res,(¢/)) = ord,(Res(F'4,Ga)) — 2d min{ord,(F'4), ordp(Ga)} 
= ordy(Res(F, G)) + (d? + d) ordy (det A) 
- 2d min{ord,(F'4), ordy(Ga) }. (4.62) 


For each prime ideal p we choose a linear fractional transformation fp € PGL2(K) 
and corresponding matrix A, so as to minimize the resultant of ¢/*. In other words, 


ordy (Resp (¢/)) = ord, (Ry). (4.63) 


Combining (4.62) and (4.63) yields 


ord, (Ry) — ord, (Res(F, G)) 
= d|(d+ 1) ord, (det Ay) — 2min{ord,(F4,),ordp(Ga,)}]. (4.64) 


4.11. Minimal Resultants and Minimal Models 223 


Hence if we define an ideal apg by the rule 


5(d + 1) ordy(det Ap) — min{ordp(F'a,),ordp(Ga, )}, d odd, 
ord, (arc) = 
(d + 1) ord, (det Ay) — 2min{ord,(F'4, ), ordp(Ga,)}, d even, 


then (4.64) says that arg satisfies the desired formula (4.61). It remains to determine 
the extent to which the ideal ay ¢ depends on the choice of F and G. 

Let ¢ = [F,G] = [F’, G’] be two lifts of ¢. Then there is a constant c € K™ sat- 
isfying F’ = cF and G’ = cG. Suppose first that d is odd. We use (4.61) to compute 


c74 Res(F, G)a26. og = Res(cF, cG)a2t og = Ry = Res(F, Gaia. 


This is an equality of ideals, so by unique factorization of ideals we conclude 
that cacr.cg = arg. Hence the ideals a,7,-g and arg differ by a principal ideal. 
Next suppose that d is even. Then by a similar calculation we find that 


c*4 Res( F, G) ae r0G = Res(cF, Gat nog = Ry = Res(F, G)ak cg. 


Hence (c*)acrcG = OF,G, 80 Oeroq and apg differ by the square of a principal 
ideal. O 


Definition. Let K be a number field, let ¢(z) € K(z) be a rational map of degree d, 
and write ¢ = [F, G] with polynomials F and G as usual. If d is odd, we write ag/ x 
for the ideal class of a,c in the ideal class group of K. If d is even, we write ag/x 
for the image of ag in the group of fractional ideals modulo squares of principal 
ideals. In both cases, by analogy with the theory of minimal equations of elliptic 
curves (cf. [410, VIII §8]), we call ag, the Weierstrass class of ¢ over the field K. 
By Proposition 4.99 the Weierstrass class dg/% depends only on ¢, independent of 
the chosen lift [F, G). 


The triviality of the Weierstrass class gives a necessary condition for the exis- 
tence of a global minimal model. 


Proposition 4.100. Let K be a number field and $(z) € K(z) a rational map 
of degree d > 2. If é has a global minimal model over K, then its Weierstrass 
class Og; is trivial. 


Proof, Replacing ¢ by ¢/ for an appropriate choice of f € PGL2(K), we may 
assume that ¢ = [FG] with polynomials F' and G having coefficients in the ring of 
integers of K and satisfying 


ord, (Res(F .G)) = ord, (Ry) for every prime p. 
It follows from the defining equation (4.61) of arg that 
ord,(ar,g) =0 _ for every prime p. 


Hence arg = (1), so its image in the ideal class group (if d is odd) or in the group 
of ideals modulo squares of principal ideals (if d is even) is also trivial. O 
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Exercises 


Section 4.1. Dynatomic Polynomials 


4.1. Let o(z) = z +1/z, or in homogeneous form, o([X, Y]) = [X°+Y°, XY]. 

(a) Compute the first few dynatomic polynomials 3 ,,(X, Y) for ¢, say forn = 1,2,3,4. 

(b) Prove that for all n > 2, the dynatomic polynomial ©%, ,, satisfies ®% .(+X,+Y) = 
®%, (X,Y). Deduce that &% (X,Y) € Z[X?, Y?]. 

(c) Prove that the field Q2,4 generated by the points of exact period 2 is the field Q (Vv =2). 

(d) Prove that the field Q3,4 generated by the points of exact period 3 is an S3 extension of Q. 
(Hint. Show that the roots of ®g.3 (1, Vw,) € Z[w] generate a cyclic cubic extension 
of Q.) 

(e) Prove that 3 ,(X, Y) factors into a polynomial of degree 4 and a polynomial of de- 


gree 8. (See Exercise 4.40 for a more general result.) Describe the fields generated by 
the roots of each factor. 


4.2. Prove the following elementary properties of the M6bius function. (See (4.2) on page 148 
for the definition of the Mébius function.) 
(a) Let n > 1 be an integer. Then 


1 ifn=1 
d) = ’ 
2a {; ifn > 2. 


(b) Let g(n) be a ~ whose domain is the positive integers, and define a new func- 
tion f(n) by f(n) = > din 9(4)- Prove that 


n= So s@u (5). 
d|n 


This is called the Mobius inversion formula. 
(c) Prove that the n™ cyclotomic polynomial 


[[e _ 1)ain/*) 
k|n 
is indeed a polynomial. (Hint. Use (b) and the fact z* — 1 has distinct complex roots.) 


4.3. Let vg(n) = deg(®%, ,,) be the number of formal n-periodic points of a rational map of 
degree d, counted with multiplicity (see Remark 4.3). 
(a) Prove that vg(1) = d+ 1 and 


va(n) ->-«(Z) d* forn > 2. 


Rl 
(b) Make a table of values of va(n) for some small values of n and d. 


(c) Prove that 
So val n= =o yew log(1 — dx”) 


n>1 noi 


formally as power series. For what range of x > 0 do the series converge? 
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Type of Point Multiplier Char K | ap(n) values 
Wandering ap(n) = 0 for all n 
Periodic not root of unity ap(n) > 0 for exactly one n 
Periodic root of unity 0 ap(n) > 0 for exactly two n’s 
4 . ab(n) > 0 forn = tp” 
P P( ) , 
eriodic root of unity p>d exactly two t’s and all k > 0 


Table 4.4: Values of a(n). 


4.4. Let 6(z) € K(z) be a rational function of degree d > 2 and suppose that z = Oisa 
fixed point of ¢ with multiplier A = 1. Write d(z) = z + 2°(z) with e > 2 and w(0) 4 0, 
where e = ao(¢, 1) in the notation of Theorem 4.5. 
(a) Prove that 
"(z) = z+ nz*Y(z) + O(2"*"*). 


(b) Assume further that has characteristic p > 0. Prove that 


ay(¢,p") >2*""(e-1) forall > 1. 


4.5, Verify that the description of the values of a(n) given in Table 4.4 is correct. 


4.6. Let (z) bea rational function, let n > 1, let p be a prime with p { n, and let P € P*. 
(a) Prove that 


ap(n, ”) = ap(n, d) + ap(np, >). 
(b) Deduce that the n" dynatomic polynomial for ¢? factors as 
®n,ar = ©n,6(2)Pnpo- 
(c) More generally, if ged(n, k) = 1, prove that 
Orne = [[ een. 
glk 
4.7. * Let 
(2) = 29 tag-128) +--+ +4227 +412 +40 


be a monic polynomial of degree d and let BF (z) be its n™ dynatomic polynomial. Each 
root a of ® ,(z) has an associated multiplier Ag(a) = (¢")' (a). 
(a) Prove that there is a (unique) monic polynomial 


bn,o(2) € Zlao, a1,..-, @a—1][z] 
whose 7" power satisfies 


bno(a)” =  [] (@-ro(a)) = Res. (®%,4(2),a— (4")'(2)), 


&* ,(a)=0 


where Res, means to take the resultant with respect to the z variable. (Hint. All n of the 
points in the orbit O(a) have the same multiplier.) 


226 Exercises 


(b) Let Cx(x) € Z[z] denote the k" cyclotomic polynomial, and for integers m|n with 
m <n, define 


Anym = Res(Chjm: 5m.¢) € Zlao, a1,...,@a—1]. 


Prove that the discriminant of ®;, ,(z) is given by the formula 


Disc 83,9 = +6n,6(1)” [] Anim. 
men 
(c) Let m|n with m < n. Prove that the resultant of &; , and ®;, 4 is given by the formula 
Res(®n,¢) Pm,o) = £An m- 


Conclude that ¢ has a point of formal period n whose exact period m is strictly smaller 
than n if and only if there is a point of formal period m whose multiplier is a primi- 
tive (n/m)" root of unity. 


4.8. This exercise describes an analogue of Theorem 4.5 for automorphisms of projective 
space. Let ¢ : PN —> P% be an automorphism defined over a field K,i-e., 6 € PGLy41(K). 
We say that ¢ is nondegenerate if the equation ¢(P) = P has only finitely many solutions 
in PY (K). 
(a) Let A € GLy4i(K) be an invertible matrix with coefficients in K representing the 
map ¢. Prove that ¢ is nondegenerate if and only if every eigenspace of A has dimen- 
sion 1. 
(b) Assume that 4” is nondegenerate, let 'yn C P' x P% be the graph of 6”, and denote 
the diagonal map by A: PN > P* x P’. Following Remark 4.4, we define the 0-cycle 
of n-periodic points of ¢ to be the pullback 


Bon =A*(Ty) = S> ar(9,n)(P) 
Peppy 
and the 0-cycle of formal n-periodic points to be 
* _ n _ ea 
Ban =D u(Z) Bom = D> ab(d,n)(P). 
k|[n PepnN 
Let P € P’ bea point of primitive period m for d. Prove that 
if ifm =n, 
ap(n) = ap(m) : mln, and = ap(n) = ap(m) : men 
0 ifmi{n, 0 ifm An. 
In particular, ®% ,, is an effective (i.€., positive) cycle. 


4.9. Let F,G € K[X,Y] be homogeneous polynomials of degree d > 2 with no common 
factors and let ¢ = [F,G] : P’ — P” be the associated rational map. Define two sequences 
of polynomials inductively starting with Fo(X,Y) = X and Go(X,Y) = Y and then for 
n> 0, 


Fnai = F,(F(X,Y),G(X,Y)) and Gngi = Gn(F(X,Y),G(X,Y)). 


(a) Prove that F,, and G, have no common factors. 
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(b) More precisely, prove that the resultant of F;, and G,, is given by 


qz—i 


Res( Fn, Gn) = Res(F,G)@"-» 
(Hint. Use Exercise 2.12.) 
(c) Prove that 6” = [F,,G,]. 
(d) For all n,m > 0, prove that 
Frim(X, Y) = F, (Fin(X, Y), G(X, Y)), 
Gnam(X,Y) = Gn(Fm(X,Y),Gm(X,Y)). 


4.10. With notation as in Exercise 4.9, we define the (generalized) (m, n)-period polynomial 
of ¢ to be the polynomial 


Bmin(X,¥) = On(Fin(X,Y), Gm(X,Y)), 
where ®, (X,Y) = YF, — XG is the usual n-period polynomial of ¢. 
(a) Prove that 
Binn(X, VY) = Gr ( X,Y) Faam(X,Y) — Fin(X, Y)Gnim(X,Y). 
(b) Let P € P’(K). Prove that 
®nn(P)=0 ifandonlyif ¢”t"(P) = 4¢™(P). 


Thus P is a root of ®,,,, if and only if P is a preperiodic point with “tail” of length at 
most m and with period dividing n. 
(c) Prove that for all m,n > 1, the quotient 
Onin 
P10 

is a polynomial. 
4.11. We continue with the notation from Exercises 4.9 and 4.10. Let 6% (X, Y) be the n" dy- 
natomic polynomial of ¢. Then for m,n > 1 we define the (generalized) (m,n)-dynatomic 
“polynomial” of ¢ to be 

6), (Fin(X, Y), Gm(X,Y)) 
3 (Fin—1(X,¥), G@m—1(X,¥)) 
(a) Prove that ®F, ,(P} = 0 if and only if ¢”(P) has formal period n. Points satisfy- 
ing ®;, ,(P) = 0 are called preperiodic points with formal preperiod (m,n). 

(b) ** Prove (or disprove) that 7, ,,(X, Y) is a polynomial. 


Pr n(X,Y) = 


Section 4.2. Quadratic Polynomials and Dynatomic Modular Curves 


4.12. We continue with the notation from Exercise 4.7. Thus for any monic polynomial ¢(z), 
we define a monic polynomial 6,,,4(2) by 


bro(z)”= Jf (e-r%+@)= [] (e-@@), 465) 
®,g(a)=0 By, g(a)=0 
and for m|n with m <n we set 


An,m = Res(Cjn/m(2), 5m,o(2)), 


where C;,(2) is the k™ cyclotomic polynomial. We now specialize to ¢-(z) = z? +c and 
write bn(c, 2) = bn,¢,(2) and Anjm(c) to indicate the dependence on c. 
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(a) Prove that 6,(c,x) € Z[c,z] and that An,m(c) € Z[c]. Then use Exercise 4.7(c) to 
explain the powers that appear in Table 4.3. 
(b) Prove that 
bn(c,x) = 2 28 ?n§,(c,2"x) isin Zc, x]. 
(This eliminates many powers of 2 from the coefficients of 5,,(c, x).) Compute 5n,(c, x) 
forn = 1,2,3,4. 
(c) ** Prove that there is a monic polynomial Vn jm(x) € Zz] such that 


Anwm(c) = Unim(4c), 
and deduce that the set 
{c € Q: Anm(c) = 0 for some m <n with m|n} 


is a set of bounded height. Conclude that the set of bifurcation points in the Mandelbrot 
set M is a set of bounded height. (Hint. The formula Ay m(c) = Un,m(4e) bounds the 
denominator of c, then mimic the proof of Proposition 4.22.) 

(d) Prove that A,,,1(c) and Aon 2(c) are irreducible in Q[c] for all n > 1. 

(e) ** Prove the following conjecture of Morton—Vivaldi [314]: The polynomial A, m(c) is 
irreducible in Q[c] for all m|n with m <n. 


4.13, Let d-(z) = 2? + cand write ©% (c, z) for the n™ dynatomic polynomial of ¢.. Con- 
tinuing with the notation from Exercise 4.12, we let 6,(c,x) € Z{c,z] be the polynomial 
defined by (4.65) and 5, (c,2) = 27 9°€®n§,,(c,2"z) the normalized polynomial in Exer- 
cise 4.12(b). 
(a) Recall that the dynatomic curve Y;(n) C A attached to the polynomial ¢.(z) is defined 
by the equation &* (y, z) = 0. Let Z(n) C A? be similarly defined by the equation 


Z(n) : bn(y, 2) = 0. 
Prove that there is a morphism 
F:Yi(n) — Z(n), (yz) > (y,2°-"(65)'(2). 
(b) Define an action of 2 € Z/nZ on Y1(n) by 
(u,2) = (y, dy(2))- 


(See Section 4.2.3.) Prove that the map F’ in (b) is invariant for this action, i.e., prove 
that 
F(y, ¢y(2)) =Fly,2) foralli € Z/nZ. 


Deduce that there is a unique morphism Yo(n) — Z(n) such that the composition 
Yi(n) — Yo(n) > Z(n) 


is the map F. 

(c) Prove that the map Yo(n) — Z(n) in (b) has degree 1, so the equation 6,(y,2) = 0 
gives a (possibly singular) model for Yo(n). 

(d) Prove that Z(1) and 7(2) are nonsingular and that 7(3) and Z(4) are singular. Resolve 
the singularities of Z(3) and Z(4) and check directly that Yo(3) and Yo(4) are curves of 
genus 0. 


Exercises 229 


4.14, Let ¢(z) = 2? + cand let ®7,n be the generalized dynatomic polynomial defined in 
Exercise 4.11. 
(a) Use a computer algebra system to compute the first few generalized dynatomic polyno- 
mials ©), , for d-, say for (m,n) in the list 


{(1, 1), (2, 1), (3, 1), (4,1), (1, 2), (2,2), (3, 2), (4, 2), (1,3), (2,3), (1, 4)}. 


(b) From your list, it should be apparent that many of the leading terms of ®7, ; and ®F, » 
coincide. Prove that 


« 1 K 1 F 
deg(®h,2 — Oh.) = 5 deg(®;,2) = 5 deg(®;,1) for all m > 1. 
(Note that this is a special property of the generalized dynatomic polynomials for @¢.) 


4.15. Let c € C and let ¢-(z) = z* +c. Prove that there is a number R, > 0 anda 
holomorphic function 

We: {z€C:|z|>R.} + C 
satisfying 


Ye(be(z)) = We(z)? and log|¥e(z)| ~ log|z| as [z| > oo. 


(Hint. Show that there is a consistent way to choose square roots so that 7, can be defined as 
limp soo 74/62(z) .) 


4.16. Consider the doubling map 
D:Q/Z — Q/Z, D(t) = 2t mod Z. 


Fix t € Q/Z and let m > 0 and n > 1 be the smallest integers such that the denominator of t 
divides 2"(2” — 1). 
(a) Prove that ¢ is periodic for D if m = 0 and that ¢ is strictly preperiodic for D ifm > 1. 
(b) Prove that m > 0 and n > 1 are the smallest positive integers such that ¢ can be written 
as a (not necessarily reduced) fraction of the form 


a 


t= = —_... 
2m (27 — 1) 


(c) If t is preperiodic for D, prove that the preperiod of ¢ is equal to m and that D™(t) is 
periodic with exact period n. 
(d) For ¢ as above, we say that ¢ is of type (m,n) for the doubling map D. For a given pair 
of positive integers (m,n), how many t € Q/Z are of type (m,n)? 
The map D is used in the analytic characterization of Misiurewicz points; see Theorem 4.25. 
However, note that (d) does not count the exact number of Misiurewicz points of type (m,n), 
because distinct t may give the same Misiurewicz point. 


4.17. ** Let @.(z) = 2? + cas usual, and for integers m,n > 1, define a rational function 
(of c) by 


_ eto) gro) \""™ m1 (gy 4 gman yHeW) 
Pootel=T] ( amo) = Tero + 92%)" 


Then set 
Gmn(c) = Finn(c) ifm # 1 (mod n) or m = 1, 
um Finn(c)/Fin(c) ifm =1 (mod n) andm # 1. 
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(a) Prove that Gmn(c) is a polynomial in c. More precisely, prove that Gm,n(c) is in Z{c]. 
(b) Ifn > 2, prove that the roots of Gy, are the Misiurewicz points of type (m,n). 
(c) Prove that Ginn (c) is irreducible in Q{c]. 


4.18. Let V be a variety and suppose that the points of V algebraically parameterize a family 
of quadratic polynomials w together with a marked point X of formal period n. Theorem 4.11 
says that there is a unique morphism 7): V > Y(n) satisfying 


n(P) = (wp(z), A(P)) € Formal(n). 


Note that by construction, each point y = (c,a) € Yi(n) is identified with a quadratic 
polynomial ¢., and point y:(-y) of formal period n via 


dy(z)= 27 +c and p(y) =a. 
Prove that there is a unique morphism of varieties 
f:V— PGLa2 
such that the following identities are true for all P € V(K): 
(a) (fp odp o fp)(z) = bn(Py(2). 


(b) (no f-' oA)(P) = (uo n)(P). 
In other words, prove that the following two diagrams commute: 


f -1 
pL “| pL vy +, py 
|p lr lr |r 
7) 2 
Pya(n) —— Prin Yi(n) Py (n) 


(Hint. During the proof of Theorem 4.11 we defined a linear fractional transformation fp(z). 
Prove that fp is uniquely determined by P. Deduce that the map P + fp is a morphism.) 


4.19. In Example 4.14 we gave an explicit description of the quotient map Y1(2) — Yo(2). 
Perform a similar analysis and describe the map Yi (3) — Yo(3). 


4.20. We proved that the dynatomic modular curves X1(1), X1(2), and X1(3) are isomorphic 
to P!. This exercise asks you to investigate X1(n) for other small values of n. 

(a) Prove that X,(4) is a curve of genus 2 and X0(4) is a curve of genus 1. 

(b) Prove that Xo(4)(Q) is finite, and Yo(4)(Q) is the empty set. 

(c) Prove that X1(5) has genus 14 and Xo(5) has genus 2. 

(d) * Prove that Xo(5)(Q) is finite, and Yo(5)(Q) is the empty set. 

(e) Compute the genera of X1(6) and Xo(6). 

(f) ** Find all rational points in Yo(6)(Q). 


Section 4.3. The Space Ratz of Rational Functions 


4.21. Let 6 = [Fa, Fy] € Rata be a rational map of degree d. Prove that the following are 
equivalent: 

(a) At least one of the fixed points of ¢ has multiplier equal to 1. 

(b) The polynomial Y F, — X F, has a multiple root. 
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Deduce that there is a nonzero homogeneous polynomial D(a, b) € Qao,..., ba] such that 
o has a fixed point whose <> D(a,b) =0. 
multiplier equals 1 


Hence 
{o € Rata : ¢ has a fixed point whose multiplier equals 1} 


is a proper Zariski closed subset of Rata. 
Section 4.4. The Moduli Space M, of Dynamical Systems 


4.22. Let GL, be the group of n x n matrices with nonzero determinant, let SL, be its 
subgroup of matrices with determinant 1, let PGL,, be the quotient of GL», by its subgroup of 
diagonal matrices, and similarly let PSL, be the quotient of SL,, by its subgroup of diagonal 
matrices. 
(a) Let K be an algebraically closed field. Prove that the natural map from PSLn(K) 
to PGL,(K) is an isomorphism. 
(b) More generally, prove that for any field K there is an exact sequence 


1 ——} PSLa(K) ——— PGL,(K) —“*> K*/K*”? —— 1. 


4.23. We say that a separable rational map ¢(z) € K(z) is very highly ramified if there is a 
point P € P* such that the ramification index of ¢ satisfies ep(¢) > 3. Let 


V= {¢ € Rata : @ is very highly ramified } 


(a) Prove that V is a proper Zariski closed subset of Ratz. Hence “most” rational maps are 
not very highly ramified. (One says that a generic map of degree d is not very highly 
ramified.) 

(b) Prove that V is invariant under the conjugation action of PGL2. 

(c) Prove that the quotient V/ PSLz is a Zariski closed subset of Ma = Rata / PSLo. 


4.24. Let ¢(z) € K(z) be a nonconstant rational function. The Schwarzian derivative Sd 
of ¢ is the function 
2 
o' (2) _ 3 ( o"(2) 
S¢d)(z) = -= . 
CVO) Ga) 2\ OG) 
It measures the difference between ¢ and the best approximation to ¢ by linear fractional 
transformations. 
(a) If f(z) = (az+b)/(cz+d) isa linear fractional transformation, prove that (Sf)(z) = 0. 


(b) Let f be a linear fractional transformation. Prove that @ and f o ¢ have the same 
Schwarzian derivative. 


(c) Let o(z), b(z) € K(z) be nonconstant rational functions. Prove that 


(S(¢0 W))(z) = (Sd) (H(2)) « (¥'(2))* + (Sd)(2). 


(d) In particular, if f is a linear fractional transformation, prove that 


(S6")(z) = f'(2)? - (S4)(F@), 


and deduce that the quadratic differential form 
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we(z) = (S$)(z) (dz)? 


is invariant under the substitution (¢, z) > (¢/, f~'z). Thus the map ¢ + w¢ induces 
a natural map 
Ma — (quadratic differential forms on P’). 


(e) Suppose that 6(z) has a multiple zero or pole at z = a, say 
$(z) =a(z-—a)"+--- witha 4 Oand |m| > 2. 


Prove that Sd has a double pole at a. More precisely, prove that the Laurent series 
expansion of S¢ around a looks like 


1—m? 


(S6)(2) =" =a) Pte 


(f) Prove that the map 
Rata xP! —>P', (4, P) +> (S¢)(P), 
is a morphism. 


4.25. ** An algebraic variety V is called unirational if there is a rational map PY 4 V 
whose image is Zariski dense in V, and the variety V is called rational if there is a rational 
map P% — V that is an isomorphism from an open subset of P™ to an open subset of V. It is 
clear that every moduli space M4 is unirational, since Rata is an open subset of p4+1 and 
the map Ratg — Mag is surjective. We also know that Mz is rational, since Theorem 4.56 
says that Mz © A?®. For which values of d is Ma a rational variety? In particular, is Ms 
rational? 


Section 4.5. Periodic Points, Multipliers, and the Multiplier Spectrum 


4.26. This exercise asks you to prove the part of Theorem 4.50 that was left undone in the 
text. Prove that the map 


Ratz —> Al, dg 4 (4), 


defines a function in Q[Rata]. Prove that it is PGL2-invariant and deduce that it defines a 
function in Q[|Mal]. 


4.27. ** What is the degree of the map 
o3,n: M3 — AX 


for sufficiently large N? Similarly, what is the degree of o 4,1 on M4 away from the Lattés 
locus on which it is constant? 


Section 4.6. The Moduli Space M. of Dynamical Systems of Degree 2 


4.28. Prove that ¢ € Rate is conjugate to a polynomial if and only o1(¢) = 2. Thus the 
polynomial maps in M2 = A? trace out the line 2 = 2. 


4.29. Let @ € Rat2(C) be a rational map of degree 2 and suppose that one of its fixed points 
has a nonzero multiplier X. 


Exercises 233 


(a) Prove that there are an f € PGLe(C) andac € C such that 
1 
bl (z) == (2+e+2). (4.66) 
aN z 


This generalizes the normal form given in Lemma 4.59. 

(b) Verify that the multiplier of 4/ at the fixed point z = 00 is Aw (¢!) = A. 

(c) Let Ai, A2, A3 be the multipliers of the fixed points of @ with A1 = 2. Prove that the 
number c in (4.66) satisfies c? = 4 — \1(2 + A» + Az). 


4.30. Fix d > 2 and consider the subset of Rata defined by 
BiCrita = {@ € Rata : has exactly two critical points}. 


For d = 2 we have BiCrit2 = Ratz, but for larger d the set BiCrita is a proper subset 
of Rata. 
(a) Prove that BiCritg is an algebraic variety of dimension 5. 
(b) Prove that conjugation induces a natural action of PGL2 on BiCrita, i.e., there is a 
morphism of varieties 


PGLz2 x BiCrity — BiCrita, (f,¢) @?. 
(c) Suppose that @ € BiCrit, has critical points at 0 and oc. Prove that é(z) has the form 


d 
_ az’ + B 
o(z) = wets (4.67) 
(d) Let @ € BiCritg and apply a conjugation to move the critical points of ¢ to 0 and ox, 

so @ has the form (4.67) described in (c). Prove that the following quantities depend only 


on the conjugacy class of ¢: 


B d~1sd+l 
O- aam OM Tara O= ae 


d+1 d-1 
B (4.68) 


(e) Let ¢,% € BiCritg and suppose that 


w(g)=u(¥), fd) =o(¥), (6) = Ty). 


Prove that ¢ and w are PGL2 conjugate (working over an algebraically closed field). 
(f) Prove that the three quantities (4.68) described in (d) satisfy the relation 


oT = wi (wy + iat? 
and no other relations. Conclude that M3“ is isomorphic to A?. (This generalizes The- 
orem 4.56, since MBC = Mz.) 
(g) ** Describe the stable and semistable completions of M2‘ coming from geometric 
invariant theory. 


Section 4.7. Automorphisms and Twists 


4.31. In Section 4.7 we defined two rational maps ¢ and ~ to be equivalent if there is an f € 
PGLo2(K) such that 7) = 5, and similarly to be K-equivalent if there is an f € PGL2(K) 
such that = ¢/. 
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(a) Prove that these definitions do indeed define equivalence relations on the set of rational 
maps. 

(b) More generally, suppose that a group G acts ona set X. Define a relation on X by setting 
y ~ 2 if there exists ao € G such that y = o(a). Prove that this is an equivalence 
relation. 


4.32. Let 6(z) € K(z) bea rational map. 
(a) Prove that Aut(@) is a subgroup of PGL2(K). 
(b) Leth € PGL2(K). Prove that Aut(¢”) = h7 
conjugate subgroups of PGL2(K). 


1 Aut(¢)h, so Aut(¢) and Aut(¢") are 


4.33. Let $(z) € K(z), let f € Aut(¢), and let a be a critical point of ¢ (i.e., (a) = 0). 
Prove that f(a) is also a critical point of ¢. More generally, prove that a and f(a) have the 
same ramification index. 


4.34. Describe all polynomials ¢(z) € K[z] whose automorphism group Aut(@) is nontriv- 
ial. (Hint. If f € Aut(¢), what does f do to the totally ramified fixed point(s) of 7) 


4.35. Let 6(z) € K(z) bea rational map of degree d and write @(z) as a quotient of polyno- 
mials 
bz) = ag tayz +--+ +42" 
~ bo + biz t+++ + bazt 


Prove that f(z) = z~? is in Aut(¢) if and only if 6; = aa_, for all 7. 


4,36. Let o(z) = (2? — 2z)/(-2z +1). 
(a) Prove that Aut(¢) contains the maps 


{.,2,2—+ 1 z 12h, 


z’ zg ?1—-2’2-1’ 


and that they form a group isomorphic to S3. Prove that # Aut(d) = 6, so in fact 
Aut() & Ss. (Hint. Find the fixed points of ¢.) 
(b) Compute the values of o1(¢), o2(¢), and 73(¢). 


4.37. Let C € K bea primitive n™ root of unity and let 6(z) € K(z) be a nonconstant 
rational map. 

(a) Prove that Aut(@) contains the map f(z) = ¢z if and only if there is a rational 
map w(z) € K(z) such that 6(z) = z(z”). 

(b) Prove that Aut(¢) contains both of the maps f(z) = ¢z and g(z) = 1/z if and only 
if there is a polynomial F(z) € K[z] such that the rational map %(z) € K(z) in (a) 
has the form wW(z) = F(z)/(z4F(z~')), where d = deg(F). Verify that the group 
generated by f and g is the dihedral group of order 2n. 

(c) Let ¢(z) = 2”. Prove that Aut(d) is a dihedral group of order 2d — 2. 


4.38. We identify the set of rational functions Rata of degree d with an open subset of pati 
as described in Section 4.3. 
(a) Let f € PGLo. Prove that the set {¢ € Rata: 6/ = ¢} is a (possibly empty) Zariski 
closed subset of Ratu. If f(z) 4 z, prove that it is a proper subset of Rata. 
(b) Let A C PGL2(K) be a nontrivial finite subgroup. Prove that the set 


{@ € Rata: o! = ¢ forall f € A} 


is a proper Zariski closed subset of Ratz. 
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(c) Prove that up to conjugation, PGL2(K) has only finitely many distinct finite subgroups 
of any given order. 

(d) Prove that the set {@ € Ratg : Aut(¢) F 1} is a proper Zariski closed subset of Rata. 
(Hint. Note that the order of Aut(¢) is bounded by Proposition 4.65.) 

(e) Prove that the set {6 € Ratz : Aut(¢d) # 1} is PGL»-invariant and defines a proper 
Zariski closed subset of Mag. (Hint. The groups Aut(¢) and Aut(d!) are conjugate 
subgroups of PGL2; see Remark 4.64 and Exercise 4.32.) 


4.39. Let a € C* and d > 1 and consider the rational function 


aono(t) 


Prove that Aut(¢) = {f € PGLo(C) : ¢/ = o} is trivial. 


4.40. Let 6(z) € K(z) bea rational map of degree d > 2 and assume that Aut(@) contains 
the element h(z) = —z of order 2. 
(a) Suppose that d is even. Prove that at least one of the fixed points of ¢(z) is defined 
over K. 
(b) Suppose further that d = 2. Prove that there is an f € PGL2(K) such that ht = h and 
such that d/ has the form 
f b 
g’ (z) =az+-. 
z 
(c) Write da4(z) = az + bz~'. Prove that for all c € K*, the maps ¢, 5.2 and $a, 
are PGLa(K)-equivalent. 
(d) In homogeneous form we have ¢a,, (LX, Y]) = [aX? +bY?, XY]. Let 6% (a,b; X,Y) 
be the associated dynatomic polynomial. Prove that ®% (a, 6; X,Y) € Zla, b, X,Y]. 
(ec) * If n > 4 is even, prove that ®F (a, b; X,Y) is reducible. More precisely, prove that 
there are nonconstant polynomials UV, A, € Z[a, b, X, Y] such that 


7 (a,b; X,Y) = U,,(a, bs X, Y)An(a, b; X,Y). 


(Hint. Divide the set of points P of formal period n into two subsets depending on 
whether the involution h permutes the orbit Oy(P) or sends it to a different orbit.) This 
result is due to Manes [286]. 


4.41. Let 6 = az + bz! € Ratz. 
(a) Prove that (1 (¢), o2()) depends only on a. 
(b) We saw in Exercise 4.40 that Aut(d) contains {+z}, so it has order at least 2. Find all 
values of a for which Aut(¢) is strictly larger than {+z}. 
(c) As a varies, prove that the set of points 


(o1 (9), o2(¢)) 
describes the curve 
C : 2a — 8cy + a°y — 4y’ — 2? + 12x + 12y — 36 =0 


in A? & Mg. 
(d) Prove that the curve C in (c) is singular at the point (—6, 12). 
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(ec) Move the singular point to the origin and perform a further change of variables to prove 
that the curve C’ is isomorphic to the curve 


y = 4a? +27. 


Thus the singularity of C is a cubic cusp. 

(f) The point (—6, 12) is the unique singular point of the curve C, so the rational map ¢ 
satisfying (o1 (d), o2(¢)) = (—6, 12) should be special in some way. How is it special? 
(Hint. Compare with the answer to (a). See also Exercise 4.36.) 


Section 4.8. General Theory of Twists 


4.42. Let X be an object defined over K, and for each twist Y of X, fix a K-isomor- 
phism iy : Y — X. Assume that Aut(X) is abelian. Prove that 


Twist(X/K) — H’ (Gal(K/K), Aut(X)), [Y]xro (o a iyo(iy')), 
is a well-defined one-to-one map of sets. (See Remark 4.78.) 
Section 4.10. Fields of Definition and the Field of Moduli 


4.43. Let 6 € K(z) be a rational function. We know from Proposition 4.84 that the field 
of moduli Kg is contained in every field of definition of ¢. Prove that AK’, is equal to the 
intersection over all fields of definition of ¢. 


4.44, Let C, : 2? + y? =a be the family of curves studied in Example 4.76. 

(a) Let p be a prime number satisfying p = 1 (mod 4). Prove that Cp is Q-isomorphic 
to C}. 

(b) Let p be a prime number satisfying p = 3 (mod 4). Prove that C,(Q) = @. Deduce 
that C, is not Q-isomorphic to C, and hence that [Cp] « represents a nontrivial element 
of Twist(Cy /Q). 

(c) Let p and q be distinct prime numbers that are congruent to 3 modulo 4. Prove that C, 
and C;, are not Q-isomorphic. Deduce that Twist(C1 /Q) is an infinite set. 


4.45. Let g be the cocycle 


9: Gal(@/Q) — PGL2@), —ge(2) = Pe) Sh 
-1/z ifo(i) = -i, 
described in Example 4.88, and let K be the associated fixed field in Q(w). 

(a) Prove that K = Q(u,v), where u = w — 1/w and v = i(w + 1/w). Deduce that 
C: u? +0? = —4is the twist of P/Q associated to the cocycle g. 

(b) Let 6(z) = i((z — 1)/(z + 1))° be the rational map from Example 4.85 satisfying 
o(f) = $9. Our general theory says that K is a field of definition for ¢ if and only if 
C(K) # 0, where C is the curve in (a). For example, C(Q(./—2)) # 0, so Q(\/—2) 
must be a field of definition for é(z). Find an explicit linear fractional transformation 


f © PGL2(Q) such that f(z) € Q(/—2)(z). 
Section 4.11. Minimal Resultants and Minimal Models 


4.46. ** This exercise raises some natural questions concerning global minimal models. 
(a) Is it true that every rational map ¢(z) € Q(z) of (odd) degree d > 2 has a global 
minimal model over Q? 
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(b) Let K be a number field, let R be the ring of integers of K, let S be a finite set of 
primes, and let d(z) € K(z) be a rational map of degree d > 2. We say that ¢ has a 
global S-minimal model if there is a linear fractional transformation f € PGL2(K) and 
homogeneous polynomials F and G satisfying ¢’ = [F,G] with the property that the 
coefficients of F and G are in the ring of S-integers Rg and 


ordy (Res(F, G)) = ord, (Ry) for every prime p ¢ S. 


Suppose that Rg is a principal ideal domain. Is it true that every ¢ of (odd) degree has a 
global S-minimal model? 

(c) Let K bea number field and ¢(z) € K(z) arational map of (odd) degree d > 2. Suppose 
that the Weierstrass class ag/% is trivial. Is it then necessarily true that ¢ has a global 
minimal model? (This is true in an analogous situation for elliptic curves; see [410, 
VIIL8.2].) 


4.47. ** Let K be a number field and let 6 € K(z) be a rational map of degree d > 2. Let S 
be a finite set of primes of K. Prove that 


{yp € Twist(¢/K) : y has good reduction at all p ¢ S } 
is a finite set. 


4.48. ** Fix an embedding of the moduli space Ma in projective space and let hy», denote 
the associated height function. Let K/Q be a number field, let d > 2 be an integer, and 
let B > 1 be anumber. Prove that the set 


{$ € Rata(K) : Nxjo Ry < Band ha, ((d)) < B} 
contains only finitely many PGL2( )-conjugacy classes of rational maps. 


4.49. * Let K be a number field, let R be the ring of integers of K, let S be a finite set 
of primes of R, and let d > 2 be an integer. Prove that there is a finite set of rational 
maps Bx,s,q C Rata() such that if 6 € Ratg(K) is a rational map satisfying 

(1) ¢ has three or more critical points, 

(2) the critical points of ¢ remain distinct modulo all primes not in S, 

(3) the critical values of ¢ remain distinct modulo all primes not in S, where we recall that 

a critical value of ¢ is the image of a critical point of ¢, 

then there are automorphisms f, ¢ € PGL2(Rs) such that 


fogog€ Bx,sa. 


(Note that when we say that the critical points or values are distinct modulo a prime p, we 
really mean that they are distinct modulo 8 for all primes 5B lying above p in a suitable finite 
extension of K.) 


Chapter 5 


Dynamics over Local Fields: 
Bad Reduction 


In this chapter we return to the study of dynamical systems over complete local 
fields such as Q,. We saw in Chapter 2 that if a rational map ¢(z) € Q,(z) has 
good reduction, then its Julia set is empty, in which case considerable information 
about the dynamics of ¢ on P!(Q,,) may be deduced by studying the dynamics of the 
reduction ¢ on P! (F,,). But if ¢(z) has bad reduction, then the situation is far more 
complicated. Indeed, since “interesting” unpredictable dynamics occurs only in the 
Julia set, we might say that the good reduction scenario studied in Chapter 2 is the 
uninteresting situation. This chapter is devoted to the interesting case! 

The field Q,, and its finite extensions have the agreeable property that they are 
complete, but they are not algebraically closed, so they are more analogous to R than 
they are to C. This suggests that we work instead with an algebraic closure Q, of Qp, 
but unfortunately we then lose the completeness property! Going one step further, we 
take the completion of Q,s and it turns out that this field, denoted by 


C, = the completion of the algebraic closure of Q,, 


is both complete and algebraically closed. For proofs of the basic properties of Q, 
and C,, see for example [81, 175, 183, 249, 382]. 

The fields C and C, share many common properties, but they also differ in crucial 
ways. In particular, the field of p-adic complex numbers C,, is not locally compact! 
However, it is often essential to work in C,,, rather than in a finite extension of Q,, for 
example if we want to guarantee the existence of large numbers of periodic points. 
Table 5.1 compares some of the properties of the complete fields Q,, Q», Cp, R, 
and C. 

The subject of p-adic and more general nonarchimedean dynamics is relatively 
new. After some early articles [50, 201, 278, 433, 438] in the 1980s, there was an 
explosion of interest that put the subject on a firm footing with a body of significant 
theorems and, just as importantly, an array of fascinating conjectures. In this brief 
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@|@[c¢ | R/C] 
Nonarchimedean metric | Y | Vv | ¥v | 
jf 
Algebraically closed Vv |v v al 
Complete v v |v v 
Locally compact v Vv |v 
Totally disconnected Iv lviv i 


Table 5.1: Comparison of complete fields. 


chapter we can provide only a glimpse into this active area of current research, with 
many important topics omitted entirely in order to keep the chapter at a manageable 
length. For example, we do not touch on the important concept of local conjugacy, 
nor do we describe Rivera-Letelier’s classification of Fatou domains [373, 375]. For 
the reader desiring further information, we mention the following articles on p-adic 
dynamics that are listed in the references: [4, 5, 13, 14, 22, 23, 26, 30, 29, 50, 63, 53, 
54, 56, 57, 58, 59, 60, 62, 70, 71, 72, 73, 82, 84, 104, 116, 170, 168, 169, 185, 188, 
189, 201, 206, 208, 220, 222, 236, 237, 238, 239, 240, 241, 242, 243, 244, 245, 262, 
266, 267, 268, 271, 272, 273, 274, 278, 280, 282, 283, 320, 318, 319, 334, 337, 338, 
339, 340, 344, 348, 352, 355, 372, 373, 374, 375, 376, 378, 389, 427, 433, 438, 449]. 


5.1 Absolute Values and Completions 


We recall from Section 2.1 that a valued field is a pair (K il \) consisting of a 
field Kk and an absolute value | - | on . In this section we briefly remind the reader 
of the construction and basic properties of the completion of a valued field. 


Definition. Let (,| - |) be a valued field. A sequence a1,02,a3,... € K is 
Cauchy if for every € > 0 there exists an N = N(e) such that 


lan — Am| <€ for all m,n > N. 


In other words, the sequence {a} is Cauchy if |a, — a,| > 0as m,n — oo. 
It is clear that every convergent sequence is Cauchy. A valued field K is said to 
be complete if every Cauchy sequence in K converges. 


Example 5.1. The real numbers R and the complex numbers C are complete with 
respect to their usual absolute values. 


Theorem 5.2. Let (K,| - |x) be a valued field. Then there exists a valued field 
(K sl: | x) unique up to isomorphism of valued fields, with the following proper- 
ties: 

(a) There is an inclusion K Cc K as valued fields. 

(b) K is complete. 
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(c) K is a dense subset of K. 
Further, K is the smallest valued field satisfying (a) and (b) in the following sense: 
Let (L, | + | tL) be any complete valued field containing K. Then there is a unique 


inclusion K = L of valued fields that respects the inclusions of K into K and L. 
The field K is called the completion of K with respect to the absolute value | - | ,. 


Proof, (Sketch) The field K may be constructed as follows. Let C be the set of all 
Cauchy sequences in K and make C into a ring by setting 


{on} + {On} ={an+ Bn} and — {an} {Bn} = {an - Bn}. 
We define an absolute value on C’ by setting 
om }| = lim jan, 
and we define an equivalence relation ~ on C’ by 
{om} ~ {Bn} if lim. jan ~ | = 0. 
Then one checks that these definitions are consistent and that the quotient 
K=C/~ 


is a complete field with the desired properties. Note that A is identified with the 
subfield of K consisting of constant sequences. For further details on completions, 
see for example [190, 4 §7] or [217, IV 81]. O 


Theorem 5.3. Let (K,| - |) be a complete field and let L/K be a finite extension. 
Then there is a unique absolute value | - |, on L extending the absolute value on K. 
The field L is complete with respect to | - |. 


Proof. (Sketch) One checks that | - |, is given by 


V/iLsK 
lalz = |Nrx(a) a I 


See (259, Proposition XII.2.6] or [382, II §4]. 0 


Example 5.4. The following table gives some examples of completions. 


Field | Absolute Value Completion 
Q | |@loo = max{a, —a} R 
Qi) | jat+ bl = Verte Cc 
Q | lalp=p ore) Q% 
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Remark 5.5. Theorem 5.3 says that for a finite extension L/K, there is a unique 
absolute value on L extending the absolute value on K,, and further that L is complete 
with respect to this extended absolute value. If we go to the algebraic closure K 
of K, then we still get a unique absolute value, since K is the compositum of the 
finite extensions of K, but unfortunately K may not be complete. (See, e.g., [249, 
III.4, Theorem 12] for a proof that Q, is not complete.) So we use Theorem 5.2 to 
form the completion of the valued field K as in the next theorem. 


Theorem 5.6. Let 
C, = Q, = the completion of the algebraic closure of Qy. 


Then C, is both complete and algebraically closed. It is the smallest complete alge- 
braically closed field containing Q,. 


Proof. More generally, the completion of an algebraically closed nonarchimedean 
field is algebraically closed. We briefly sketch the proof. Let a be algebraic over C,, 
say a root of f(X) = )>a;X* € C,[X]. Choose b; € Q, that are very close to a;, 
which can be done since Q, is dense in C,. Then the roots of g(X) = > b,X* 
can be matched with the roots of f(X), so we can find a root 7 of g(X) that is 
very close to a. Note that 8 € Q,, since Q, is algebraically closed. Thus we can 
find elements in Q, (so a fortiori in C,) that are arbitrarily close to a. This gives 
a sequence of elements of C, that converges to a, so the fact that C, is complete 
implies that a € C,. For details of the proof, see [249, III.4, Theorem 13] or (382, 
Lemma II.4.2]. O 


5.2. A Primer on Nonarchimedean Analysis 


Throughout this section we take K to be a field that is complete with respect to an 
absolute value | - | satisfying the nonarchimedean (ultrametric) triangle inequality 


la+ 6] < max{|a|,|@|} foralla, fe K. (5.1) 


We recall from Lemma 2.3 that if |a| # ||, then (5.1) is an equality. 
We set the following notation for the ring of integers of K, its unit group, and its 
maximal ideal: 


R=Rx ={a€K:|a| <1}, 
R*=Ri ={ae€ K: |a| = 1}, 
M=Mn ={aEe kK: lal < 1}. 
We define “open disks,” “closed disks,” and “circles” in K by the usual formulas: 
D(a,r) = {ue K : |u—al| <r} = open disk of radius r at a, 
D(a,r) = {ué K : |u—a| <r} = closed disk of radius r at a, 
S(a,r) = {ue K:|u-—al| =r} = circle of radius r at a. 
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However, it is important to note that in the nonarchimedean setting, the disks D(a, r) 
and D(a,r) and the circle S(a,r) are simultaneously open and closed sets! To see 
this, let x € S(a,r). Then for any s < r we have D(xz,s) C S{a,r), since any 
y € D(z, s) satisfies 


ly-a|<s<r, so ly — al = max{|y — 2|,|2 — al} =r. 


This shows that S(a, 7) is open, and it is clearly closed by definition. It follows that 


D(a,r) = D(a,r) US(a,r) is open and that D(a,r) = D(a,r) \ S(a,r) is closed. 
Notice that D(0,r) and D(0,r) are groups under addition, i.e., they are closed 
under addition and negation, with a nontopological meaning of the word “closed.” 
More precisely, the closed unit disk D(0, 1) is the ring of integers R of K and the 
open unit disk D(0, 1) is the maximal ideal 9M of R. 
Recall that the chordal distance between two points P; = [X1, Yi] and P, = 
[X2, Yo] in P!(K) is the quantity (cf. Section 2.1) 


|X1¥2 — X2Yji| 


Pi, Pa) = ie yt 
AP Pa) = Tasc{ [Xa |Fal} maxc{ [Xa], YAN) 


The chordal metric p satisfies 0 < p(P;,P2) < 1, so it is bounded. In particular, 
if K is a finite extension of Q,, so K is locally compact, then P!(K) is compact, 
since it is a locally compact bounded metric space. On the other hand, the field C, is 
not locally compact, so although P!(C,) is a bounded space, it is not compact, nor 
even locally compact. 

We can define open and closed disks in P'(K) using the chordal metric. We will 
use the same notation as above: 


D(Q,r) = {P € P'(K) : p(P,Q) <r} = open disk of radius r in P'(K), 
D(Q,r) = {P € P'(K) : p(P,Q) <r} = closed disk of radius r in P'(K). 


It should be clear from context whether we are working in K or in P1(K). We 
observe that P!(K) is equal to the union of the two unit disks 


P'(K) = {[x, 1): |2| <1} U{[L,y) = |yl < 1}, 


each of which is metrically isomorphic to Rx. 


Remark 5.7. It is sometimes convenient to make the assumption that the radius r of a 
disk is equal to the absolute value of some element of K™. In this case we say that the 
disk has rational radius. We note that if K’/Q, is a finite extension of ramification 
degree e, then the value set |K*| has the form {p"/* : n € Z}. Similarly, the value 
set |C}]| is equal to {p” : r € Q}. Thus rational radius really means that the radius is 
a rational power of p. 


The nonarchimedean nature of the absolute value implies that a sequence {a;}i>0 
in K is Cauchy if and only if 


lim |aj+1 — a;| = 0. 
1 CO 
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This follows immediately from the inequality 
|@n —Qm| << max faz41 — al. 
msicn 


This observation and the completeness of K tell us that a power series 


oe) 


o(z) = So ai(z —a)'€K[z] 


1=0 


converges if and only if 
lim |a;(z — a)'| = 0. 


400 


In other words, the “n" term test” from elementary calculus becomes both necessary 


and sufficient in the nonarchimedean setting. 


Definition. A function ¢ : D(a,r) > K is holomorphic (or analytic) if it is repre- 
sented by a power series 


o(z) = So ailz —a)'€ K[z-a] (5.2) 


i=0 


that converges for all z € D(a,r). The order of ¢ at a, denoted by ord,(@), is the 
smallest index ¢ such that a; 4 0. 

A meromorphic function on D(a,r) is a quotient @ = ¢1/@2 of functions ¢; 
and ¢2 # 0 that are holomorphic functions on D(r,a).! A meromorphic func- 
tion @ = ¢1/¢2 induces a well-defined map 


@: D(a,r) — P'(K), Zr > [41(z), ba(z)]. 
The order of ¢ at ais the difference 


ord,(¢) = ordg(¢1) — orda(¢2). 


We say that ¢ has a zero (respectively a pole) at z = a if ord, (#) > 0 (respectively 
if orda(¢) < 0). 


The next proposition describes some elementary properties of nonarchimedean 
holomorphic and meromorphic functions. 


Proposition 5.8. (a) Let ¢(z) be a holomorphic function on the closed disk D(a,r) 
and let b € D(a,r). Then 6(z) is a holomorphic function on D(b,r), i.e., 6(z) 
is given by a convergent power series in K[z — 6]. 

(b) Let ¢(z) be a nonzero holomorphic function on D(a,r). Then the zeros of ¢(z) 
in D(a,r) are isolated. This means that if ¢(b) = 0, then there is a disk D(b, €) 
such that 6(z) # 0 for all z € D(b,€) \ {b}. 


'More precisely, a meromorphic function is an equivalence class of pairs (61, 62) with 2 # 0, with 
two pairs (1, d2) and (a1, #2) being equivalent if ¢1¥2 = d2¥)1. 
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(c) Let @(z) be a meromorphic function on D(a,r) and suppose that the only pole 
of ¢(z) in D(a,r), ifany, is z = a. Then $(z) is represented by a convergent 
Laurent series, 


foe) 


o(z) = > a(z—a)'€ K[z] — forallz € D(a,r)~ {a}. (5.3) 


i=—™M 


(d) Let $(z) be a meromorphic function on D(a,r). Then for every b € D(a,r) 
there is an s such that $(z) is represented by a convergent Laurent series 
on D(b, 8). 

Proof. (a) Let ¢(z) = S>a;(z — a)’, and for k > 0, define coefficients b, by the 


formula se 


be = > @) a;(b — a)*—*. 


i=k 
(These values are not mysterious. If K has characteristic 0 then they are the usual 
Taylor coefficients by = (1/k!)(d*@/dz*)(b).) The series defining b, converges 
since the convergence of #{z) on D(a, r) implies that 


|a;(b — a)'| < |a;|r? +0 asi — oo. 


Further, we have the estimate 


(1) a;(b — a) * 


Hence |b;|r* — 0 as k — ov, so the power series )77°, by(z — b)* converges 
on D(b,r). Finally, we check that the series represents ¢ by computing 


Yobele B= (auld = ay*e — 0) 
k= 


|b, | < max < max |a;|r*~*, sO by|r® < max |a,|r’. 
i>k i>k i>k 


(b) Let b € D(a,r) be a point with 4(b) = 0. We will find a deleted neighbor- 
hood of 6 on which 6(z ) is nonvanishing. We use (a) to expand ¢ as a power se- 
ties 6(z) = >> b;(z — b)* centered at b and converging on D(b,r). The assumption 
that d ~¢ 0 means that some coefficient is nonzero; we let 7 be the smallest index such 
that b; # 0. The fact that ¢ converges on D(b,r) implies that |b;|r? > 0 as i — 00, 
so there is a constant C’ such that |b;|r* < C for all 7. 

Let « = r?+1|b;|/2C. We claim that the only zero of ¢(z) on D(b,€) is z = b. 
To see this, we take any z € D(b, €) and estimate 
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_ a _ j+1 
max |b;| -|z —b|’ < max C (E*) <C (E*) 
i2y+ iDj+l r r 


Clz — bf Ce ; 1 ; 
= AF I-93] < SE [ce —o| = 5 (2-5) 


1 


Hence for all z € D(b, €) with z # 6, the first term in the series 


(z) = b;(2-b) + S© di(z-) 


i=jt1 


has absolute value strictly larger than any of the other terms, so the nonarchimedean 
triangle inequality (Lemma 2.3) implies that 


|o(z)| = |b; (z - b)}| for all z € D(b,€). 


In particular, ¢(z) 4 0 for all z € D(b, €) with z # b. 

(c) Write o(z) = ¢1(z)/¢2(z) as a quotient of functions that are holomorphic 

on D(a,r). We give the proof of (c) in the case that ¢2(z) is a polynomial, which is 

the only case that we will need. For the general case, see [81, 175] or Exercise 5.7. 
Let b € D(a,r) with b # a and ¢2(b) = 0. Taking the Taylor series of ¢) and ¢2 

around b, we can write 


O1(z) = (2b) yy (z) and haz) = (z — b)74*)aho(z), 


where 2 and 72 are nonvanishing holomorphic functions on D(b,r). Then the as- 
sumption that ord,(¢) > 0 implies that we can write @(z) as a quotient 


(z — b)r46() yy (z) 
yo(z) 


of holomorphic functions on D(a, 7) such that the denominator does not vanish at b. 
Repeating this process for each of the zeros of ¢2 in D(a,r) other than z = a, 
we find that ¢(z) is a quotient of holomorphic functions on D(a,r) such that the 
denominator does not vanish except possibly at a. Further, this cancellation process 
must stop, since we have assumed that ¢2(z) is a polynomial, so it has only finitely 
many zeros. 

By abuse of notation, we again write ¢(z) = ¢1(z)/@2(z), where we may now 
assume that the polynomial ¢2(z) has no zeros in D(a,r) other than z = a. We 
assume for the moment that K is algebraically closed and factor ¢2(z) as 


(2) = 


nm 


$o(2) = ez — a) T] (2 a%)*. 


i=1 
By assumption, the roots satisfy a; ¢ D(a,r), or equivalently |a; — a| > r, for all 


1l<i<cn. 
The reciprocal 1/¢2(z) has a partial fraction expansion 
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1 i 
agp lp thos 


i=1 = | 


for certain coefficients A;,B;; € K. (See [259, IV §5] or [436, §5.10].) The terms 
with negative powers of z — a form part of the desired Laurent series. We claim that 
all of the other terms are holomorphic on D(a, r). 

To verify this, we let a € K with |a — a] > r, and for each k > 0 we consider 
the function 1/(z — a)**1. If k = 0 we get a geometric series 


1 1 _ —(a-a)"} — -l Gfz-a\” 
z-a (z-a)-(a-a) 1-—(a—-a)-'z-a) ad (=) 
(5.4) 
This series converges for all z satisfying |z — a| < |a — al, so in particular for 
all z € D(a,r), since |a — al > r. Hence 1/(z — a) is holomorphic on D(a, r). 
More generally, the same argument works using the identity? 


era ~ Cece ~ aed ("2) (=) 


This completes the proof that 1/1)2(z) is holomorphic on D(r, a) in the case that K 
is algebraically closed. 

If K is not algebraically closed, we let L be the completion of the algebraic 
closure of K and use the above argument to write ¢(z) as a power series in L[z — a] 
that converges on D(a, r) for L. We now observe that when we add up the series for 
the different terms in the partial fraction expansion, the coefficients of each power 
of z — a are symmetric expressions in the roots of w2(z). Thus the resulting power 
series actually lives in Kz — a]. 

We have shown that 1/d¢2(z) is represented by a Laurent series on D(a, 7). Mul- 
tiplying that Laurent series by the holomorphic function ¢1(z) gives a convergent 
Laurent series (cf. Exercise 5.3) representing ¢(z) on D(a,r). 

(d) Write $(z) = ¢1(z)/¢2(z). Then (b) says that there is a neighborhood D(b, s) 
of b such that ¢2(z) #0 for z € D(b,s) with z 4 b. Hence ¢ has no poles other 
than b on D(8, s), so (c) says that it is represented by a Laurent series on D(b,s). O 


Definition. Let ¢ : D(a,r) — K bea holomorphic function represented by a power 
series as in (5.2). The norm of ¢, relative to the disk D(a,r), is the quantity 


lol] = I4ll-a = sup ag|r*. 
i>0 


Remark 5.9. The assumption that ¢ converges on D(a,7r) implies that |a;|r? — 0, so 
there will be at least one, and at most finitely many, indices i satisfying |||| = |a;|r’. 


2Over a field a characteristic 0, this identity can be derived by taking the k"" derivative of (5.4) and 
dividing both sides by k!. This proof fails in characteristic p if k > p, but one can either prove the formula 
directly by algebraic manipulations, or else one can clear denominators, observe that this yields an identity 
in the two-variable polynomial ring Z[a, z], and then reduce modulo p. 
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Further, if D(a, 7) has rational radius, then r € |.A*|, so there is a b € K™ satisfy- 
ing ||4|| = [9]. 
The nonarchimedean nature of the absolute value gives immediately the inequal- 
ity 
|o(z)| < sup |a;|+-|z —a|* < ||d|| forall z € D(a,r). 
i>0 


We now show that ||@|| is more or less a Lipschitz constant for a holomorphic map ¢. 


Proposition 5.10. Let ¢(z) € Kz] be a power series converging on D(a,r). Then 
|o(z) - (w)| < tel, —w| forall z,w € D(a,r). 


Proof. We take z,w € D(a,r) and compute 


oO 
|o(z) — o(w)| = So ai((z —a)' — (w—a)') 
i=0 
oo i-l 
=|z-w Soa; (z —a)'*-1 4 (w — a) 
i=0  j=0 
<|z—w|sup sup |a;|-|z—al* 9 |w — al? 
i>0 0<j<i 
< |z —w|sup|a,|r*"', since |z — al,|w—al <r, 
i>0 
=|z-w Hel O 
r 


5.3 Newton Polygons and the Maximum Modulus 
Principle 


A powerful tool in complex analysis is the maximum modulus principle,? which as- 
serts that a holomorphic function ¢(z) on an open set U C C has no maximum 
on U. Equivalently, if D ¢ U is any closed disk in U, then |¢(z)| attains its max- 
imum value on the boundary 0D of D. In this section we prove a nonarchimedean 
analogue of the maximum modulus principle that is of similar fundamental impor- 
tance in the theory of nonarchimedean analysis. However, in the nonarchimedean 
setting we cannot prove the maximum modulus principle using path integrals and 
Cauchy’s residue theorem. In their place we substitute the powerful method of the 
Newton polygon. 


3Indeed, Ahlfors [1] says that “because of its simple and explicit formulation it is one of the most 
useful general theorems in the theory of functions. As a rule, all proofs based on the maximum principle 
are very straightforward, and preference is quite justly given to proofs of this kind.” 
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The Newton polygon of a nonarchimedean power series ¢(z} is very easy to 
describe, and it can be used to give a precise description of the distribution of zeros 
of the power series. To ease notation, we let 


v(z) = —log, |z| forz € Cy. 


Notice that the valuation v is a surjective homomorphism v : Ci — Q, since we 
have normalized | - | so that |p| = p~!. 


Definition. Let ¢(z) = )) anz” € C,|z] be a power series. The Newton polygon 
of ¢ is the convex hull of the set of points 


{(n,v(an)) :n=0,1,2,.. J, 


where by convention we set v(0) = oo. Informally, the Newton polygon is created 
as follows: take a vertical ray starting at the point (0, v(ao)) and aiming down the y- 
axis. Then rotate the ray counterclockwise, keeping the point (0, v(ao)) fixed, until 
it bends around all of the points (n, v(a,)). 

The Newton polygon consists of a set of line segments that connect the dots 
required to create the convex hull. A typical Newton polygon is illustrated in Fig- 
ure 5.1(a). It has a segment from (0, 5) to (2,1), a segment from (2,1) to (4,~1),a 
segment from (4, —1) to (7, —1), etc. A Newton polygon may have infinitely many 
line segments, or it may terminate with an infinite ray. 


A fundamental theorem says that the Newton polygon of an analytic function 
contains a tremendous amount of information about the roots of the function. It pro- 
vides a very powerful tool for studying nonarchimedean power series. 


Theorem 5.11. Let ¢(z) € C,[z] be a power series. Suppose that the Newton poly- 
gon of ¢$ includes a line segment of slope m whose horizontal length is N, i.e., the 
Newton polygon has a line segment running from 


(n,v(a@n)) to (n+ N,v(anin)) 


whose slope is 
V(Gn4Nn) — V(Gn) 
N . 
Suppose further that @ converges on the closed disk of radius p™. Then @(z) has 
exactly N roots a, counted with multiplicity, satisfying |a| = p™. 


Mm = 


Proof. See (249, IV.4, Corollary to Theorem 14]. We observe that the proof of this 
result for polynomials or rational functions is quite easy. For power series, one 
first proves a p-adic version of the Weierstrass preparation theorem saying, roughly, 
that ¢(z) factors into the product of a polynomial g(z) and a nonvanishing power se- 
ries y(z) such that the initial parts of the Newton polygons of 6(z) and g(z) coincide. 
Then the theorem for power series follows immediately by applying the elementary 
result for polynomials to g(z). 
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¢ has no roots in D(0, 1) 


(a) Typical Newton polygon (b) Positive-slope Newton polygon 
Figure 5.1: Examples of Newton polygons. 


Example 5.12. The Newton polygon of the power series 


(2) =p? +ptet pe? t pz? tp tet tp te + p36 + pda + p28 4 p29 4. 
is illustrated in Figure 5.1(a). The leftmost line segment has slope —2 and width 2, 
so $(z) has exactly 2 roots a satisfying |a| = p~* (assuming that $(z) converges 
on the appropriate disk). Similarly, 6(z) has exactly 2 roots satisfying |a| = p7! 
exactly 3 roots satisfying |a| = 1, and exactly 2 roots satisfying |a| = p’. 


’ 


Our first application of the Newton polygon is a nonarchimedean version of the 
classical maximum modulus principle from complex analysis. 


Theorem 5.13. (Maximum Modulus Principle) Let ¢(z) € Cp[z] be a power series 
that converges on a disk D(a,r) of rational radius. 
(a) There is a point 8 € D(a,r) satisfying 


|4(8)| = sup |¢(z)| = I/II. 


z€D(a,r) 
(b) If ¢ does not vanish on D(a,r), then 
|o(z)| =||¢|| forallzeé D(a,r). 


In other words, either ¢ has a zero in D(a,r), or else it has constant magnitude 


on D(a,r). 


Remark 5.14. For many applications, it suffices to know that the maximum modulus 
principle is true for rational functions ¢(z) € C,(z). In this case, both (a) and (b) are 
quite easy to prove. We do (b) and leave (a) for the reader. Replacing z by (z — a)/c 
for some c with |c| = r, we may assume that $(z) is well-defined and nonvanishing 
on the disk D(0, 1). We factor 4(z) as 


, {1 — ayz)(1 — agz)--- (1 — a2) 


O(2) = 2" Bia\(1 — Bpz) (1 Aga) 


with Qi, 8; # 0. 
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The assumption that ¢ has no zero or pole at z = 0 implies that k = 0. Further, 
we have |a;| < 1 and || < 1 for all i, since otherwise @ would have a zero at 
a;' € D(0,1) ora pole at 8; * € D(0, 1). It follows that 


\1 —a,z| = |1— Bz) =1 forall z € D(0,1), 
and hence |4(z)| = 1 for all z € D(0,1). 


Proof of Theorem 5.13. Write ¢(z) = >> a;(z — a) and choose constants b,c € K* 
with |c| = r and |b| = ||¢]] (cf. Remark 5.9). Consider the series 


oo ; 
aie’ ; 


bh 


b(z) = b-16(cz +a) =b1Y ai(ez)' = 


i=0 i=0 


The convergence of ¢ on D(a,1r) clearly implies the convergence of on D(0, 1), 
and we have 
jail’ _ Hell _ 


we |= a 


|| = sup 


Replacing ¢ by 7, we are reduced to proving the theorem under the assumptions 
that @ converges on the unit disk D(0, 1) and that ||¢|| = 1. 
(a) The condition ||¢|| = 1 says that every coefficient of ¢ lies in R, and the fact 
that ¢ converges on D(0, 1) implies that all but finitely many coefficients lie in the 
maximal ideal St of C,. So when we reduce ¢{z) modulo Mt, we get a nonzero 
polynomial 

o(z) = Ao + Aiz +++ Agz* (mod M). 


Let a1,...,a, € R be representatives for the distinct roots of ¢(z) mod Nt in the 
residue field R/IN. The residue field is infinite, since K is algebraically closed, so 
we can finda @ € R satisfying 


G#a; (mod M) forall <i<r. 


Then $(3) #0 (mod M), so |(B)| = 1 = |IdI|. 

(b) Write ¢(z) = >> a;z* as usual and consider the Newton polygon of ¢(z). The- 
orem 5.11 asserts that if some line segment of the Newton polygon of ¢(z) were to 
have slope m < 0, then 4(z) would have at least one root a satisfying |a| = p™ <1, 
and hence @(z) would have a root in D(0, 1). Thus our assumption that ¢(z) has no 
roots in D(0, 1) implies that every line segment of the Newton polygon has strictly 
positive slope. (An illustrative Newton polygon is given in Figure 5.1(b).) In partic- 
ular, directly from the definition of the Newton polygon, this implies that 


v(a;) > v(ap) for alli > 1. 
Equivalently, we have |a;| < |ao| for all > 1. We first observe that this gives 


|ao| = sup |a,| = le). 
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Second, we note that it implies that the constant term ag in the series 
b(z) = ao +ayz + agz” +a3z274--- with z € D(0, 1) 


has absolute value strictly larger than any of the other terms, so the ultrametric in- 
equality (Lemma 2.3) says that 


|o(z)| =ao| = ||¢|| for all z € D(0, 1). oO 


Remark 5.15. The maximum modulus principle (Theorem 5.13(a)), which we stated 
over C,,, is true more generally as long as K’ has infinite residue field, but otherwise 
it need not be true. For example, let 


K=Q, and ¢(z)=2z-2" on D(0,1). 


Clearly |||] = 1, but for every 9 € Z, = D(0,1), Fermat’s little theorem tells us 
that 6 = 6? (mod p). Hence 


\o(8)| <p7' < ||@|| for all 8 € D(O, 1). 


We conclude this section with some useful consequences of the maximum mod- 
ulus principle, including the fundamental fact that p-adic holomorphic and rational 
functions send closed disks to closed disks. 


Proposition 5.16. Let ¢(z) € C,[z] be a nonconstant power series that converges 
on a disk D(a,r) of rational radius. 

(a) 6(D(a,r)) is a closed disk. 

(b) Write ¢(D(a,r)) = D(@(a), 8). Then |$'(a)| < 8/r. 

(c) If @'(a) £ 0, then there exists a radius t > 0 such that 


|o(z) — 6(w)| = |¢'(@)|-|z-—w| forall z,w € D(a,t). 


Proof. Replacing (z) with ¢(cz + a) — (a) for some c € Cy satisfying |cl = r, 
we may assume that ¢(z) € C,[z] converges on D(0,1) and that ¢(0) = 0. 
Write $(z) = )°,,51 @n2” as usual (note that ag = 0 since ¢(0) = 0), and let 


s= sup |6(2)] 
z€D(0,1) 


(a) The maximum modulus principle (Theorem 5.13(a)) says that 


s = |[¢|| = sup |a,|. 
n>0 


Let j > 1 be the smallest index such that s = |a,|. 

The definition of s clearly implies that ¢(D(0,1)) C D(0, s), so we are reduced 
to proving the opposite inclusion. Let G € D(0, s). Consider the Newton polygon of 
the power series 
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o(z) — 6 = —B + a,z 4+ ag2? +4322 +++: . 
The fact that [6] < $= |a,| and |am| < |aj| forall n > 1 implies tha 
u(8)>v(aj) and = v(an) > v(a;) foralln > 1, 


so the Newton polygon of ¢(z) — @ includes one or more line segments connect- 
ing (0,v(@)) to (j,v(a;)). Further, since the point (0,v(@)) is no lower than the 
point (i, v(a;)), at least one of those line segments has slope m < 0. The funda- 
mental theorem on Newton polygons (Theorem 5.11) then tells us that the power 
series ¢(z) — @ has a least one root a satisfying |a| = p”™ < 1. This proves that 
there is a point a € D(0, 1) satisfying ¢(a@) = 8, and since 3 € D(0, s) was arbi- 
trary, this completes the proof that (D(0,1)) = D(0,s). 

(b) As in (a), the maximum modulus principle (Theorem 5.13(a)) gives 


s= sup |(2)| =l4ll = sup lan] > [ar 
z€D(0,1) n20 


This is the desired result, since r = 1 and a, = ¢'(0). 
(c) Continuing with the notation from (b), we compute 


|(z) — 6(w)| = |S° an(z” — w") 
n=1 
lo) n-1 
= |z-wu- S- An > zw tt 
n=l i=0 
oo n-l 
= |z—w|-|¢/(0) + > \- anzw 1"), (5.5) 
n=2 i=0 


For all n > 2, all0 <i <n,allt <1, andall z,w € D(0,t) we have 
Janz’w? I] < Jan|t”? < [lal] -t°7 < It. 


Hence if we choose a value of t satisfying 0 < t < |6’(0)|/|/¢\|, then the double sum 
in the righthand side of (5.5) has absolute value strictly smaller than |¢’(0)|, and (5.5) 
reduces to the desired inequality 


[o(z) — o(w)| < |z- vj -|¢"(0)]. 


This completes the proof of (c) and provides an explicit value for t. 


Corollary 5.17. fn each of the following situations, the indicated map ¢ is both open 
and continuous: 

(a) ¢: D(a, r) — C, is a nonconstant analytic map. 

(b) ¢: D(a,r) > P!(C,) is a nonconstant meromorphic map. 

(c) ¢: P'(C,) — P1(C,) is a nonconstant rational function. 
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Proof. (a) The continuity is a consequence of Proposition 5.10, which gives the 
stronger assertion that ¢ is Lipschitz. The openness of ¢ follows easily from Propo- 
sition 5.16, since the collection of “closed” disks (which is also a collection of open 
sets) 

{D(b,t) :t > Oandb € C,} 


forms a base for the topology of Cp. 

(b) Let b € D(a,r). Proposition 5.8(d) says that we can write ¢ as a Laurent series 
in some neighborhood D(b, s) of b. If ¢ does not have a pole at b, then (a) completes 
the proof. If ¢ does have a pole at b, we consider instead the meromorphic func- 
tion 1/9(z). It too can be written as a Laurent series in some neighborhood D(8, s), 
and it has no pole at b, so again we are done using (a). 

(c) A rational function is clearly everywhere meromorphic, since it is the ratio of 
two power series (i.¢., polynomials) that converge on all of C,. (For the point at oo, 
change coordinates and use 1/¢(z).) Hence we are done from (b). O 


5.4 The Nonarchimedean Julia and Fatou Sets 


In this section we recall some basic notions of convergence for collections of func- 
tions, define the Fatou and Julia sets of a rational map ¢(z) € K(z) overa field K 
with an absolute value, and use a formula from Chapter 1 to show that in the nonar- 
chimedean setting, the Fatou set is always nonempty. 

We begin with three definitions. 


Definition. Let U be an (open) subset of P!() and let © be a collection of func- 

tions ¢: U > P!(K). 

(a) ® is equicontinuous on U if for every P € U and every € > 0 there exists a 
5 > 0 such that 


o(D(P,6)) C D(¢(P),€) _ for every g € ©. 
(b) ©® is uniformly continuous on U if for every € > 0 there exists a 6 > 0 such that 
o(D(P,6)NU) C D(g(P),€) for every ¢ € @ and every P € U. 
(c) ® is uniformly Lipschitz on U if there is a constant C' such that 


o(o(P), 6(Q)) <C-p(P,Q) _ forevery ¢ € @ and every P,Q € U. 


In the case that 6 = {¢"} is the collection of iterates of a single function, we say 
simply that ¢ is equicontinuous, uniformly continuous, or uniformly Lipschitz. 


It is important to understand that equicontinuity is weaker than uniform continu- 
ity, because equicontinuity is relative to a particular point, while uniform continuity 
is uniform with respect to all points in UV. In particular, uniform continuity is an open 
condition, whereas equicontinuity is not. Similarly, the uniform Lipschitz property 
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is an open condition, and indeed it is even stronger than uniform continuity. The 
following implications are easy consequences of the definitions: 


uniformly 
continuous 


uniformly 
Lipschitz 


equicontinuous 
at every point 


As we will discover throughout this chapter, in a nonarchimedean setting it is often 
just as easy to prove that a family of maps is uniformly Lipschitz as it is to prove that 
it is equicontinuous. 


Definition. Assume first that K is algebraically closed. Then the Fatou set F(@) is 
the union of all open subsets of P!(K’) on which ¢ is equicontinuous, i.e., F(¢) is the 
largest open set on which ¢ is equicontinuous. The Julia set 7 (@) is the complement 
of the Fatou set. In general, the Fatou set of ¢ over K, which we denote by F(¢, K), 
is the intersection of ¥(¢, K) with P'(K). Similarly, the Julia set .7(¢, K) is the 
complement of F(¢, K) in P'(K). 


Proposition 5.18. For every integer n > 1, 


F(¢") =F(o) and = T(6") = J (4). 


Proof. We proved this over C in Proposition 1.25, and the same proof works for 
nonarchimedean fields using the nonarchimedean Lipschitz property (Theorem 2.14) 
in place of the archimedean version cited in Chapter 1. Oo 


We recall Theorem 1.14, which says that the multipliers of the fixed points of 
satisfy 


1 


———~ =1 provided that Ap(¢) 4 1 for all P € Fix(). 
1 — Ap(o) 


PE€Fix(¢) 


The following corollary of this formula has the useful consequence that nonar- 
chimedean Fatou sets are never empty, a fact that is false in the archimedean setting 
(cf. Theorem 1.30, Example 1.31, and Theorem 1.43). 


Corollary 5.19. Let K be an algebraically closed field of characteristic 0 that is 
complete with respect to a nonarchimedean absolute value. Let ¢(z) € K(z) bea 
rational function of degree d > 2. Then @ has a nonrepelling fixed point. 


Proof. If some fixed point P has multiplier Ap(@) = 1, then P is nonrepelling and 
we are done. Otherwise, we can use Theorem 1.14 to estimate 


l= 


——7r1 < max = . 
~ ~ ix _ ] _ 
perm) Ap($)| ~ PeFix(@) \p(¢) pain, |! Ap($)| 


Hence there is at least one fixed point Q satisfying 


[1 —AQ()| <1. 
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It follows that 
|Aq(#)| < max{|Ag(¢) ~ 1], |} <1, 
so Q is nonrepelling. O 


Proposition 5.20. Let K be an algebraically closed field of characteristic 0 that is 

complete with respect to a nonarchimedean absolute value. Let $(z) € K(z) bea 

rational function of degree d > 2. 

(a) Let P € P'(K) be a nonrepelling periodic point for ¢. Then P is in the Fatou 
set F(@). 

(b) Let P € P'(K) be a repelling periodic point for 6. Then P is in the Julia 
set T(¢). 

(c) The Fatou set F(@) of @ is nonempty. 


Proof. Making a change of variables, we can move P to 0, and then Proposition 5.18 
lets us replace ¢ by ¢”, so we may assume that 0 is a fixed point. This puts ¢ into 
the form 
2F(z) 
G(z) 
with G(0) 4 0 and A = Ao(¢) € K. Thus |G(z)| is bounded away from 0 if we stay 
away from the roots of G, and clearly F'(z) is bounded on any disk around 0, so there 
are a disk D(0,r) and a constant C' such that |F'(z)/G(z)| < C forall z € D(0,r). 
Let 6 = min{r, 1/C}. 
(a) The assumption that 0 is a nonrepelling fixed point means that |A| < 1. Hence 
for z € D(0,6) we have 
2 
2° F(z) 2F(z) \ < lel. 
G(z) G(z) 


This proves that ¢ is nonexpanding on the ball D(0, 4), so its iterates are uniformly 
Lipschitz on that disk (with Lipschitz constant 1). Hence 0 is in the Fatou set. 

(b) For this part the assumption that 0 is a repelling fixed point means that |A| > 1. 
Hence for z € D(0, 6) with z 4 0 we have 


o(z) = Azt+ 


Az + 


|4(2)| = 


< lel max{ A, 


2° F(z) 
< . 
Gey |< lz] < |Az| 
The strict inequality allows us to conclude that 
2 
|o(z)| = ne + ae =Az| forall z € D(0, 6). 


Suppose now that 0 € F(¢). This implies that there is some € > 0 such that 
if a € D(0, €), then every iterate satisfies 6” (a) € D(0,6). But then 


|" (a) | = |A|"|a] — 00 asn — 00, 


contradicting @”(a@) € D(0,5). Hence 0 € 7(¢). 
(c) Corollary 5.19 says that ¢ has a nonrepelling fixed point and (a) tells us that 
nonrepelling periodic points are in the Fatou set. Hence F(¢) # 0). O 
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Remark 5,21, Corollary 5.19 is also true in characteristic p, since it follows directly 
from the fixed point multiplier formula (Theorem 1.14), which can be proven in char- 
acteristic p either by reduction modulo p from the characteristic-0 case or by using 
the abstract theory of residues (see Exercise 5.10). It follows that Proposition 5.20 is 
also true in characteristic p. 


5.5 The Dynamics of (z* — z)/p 


In this section we illustrate the general theory by studying the p-adic dynamics of 
the map 


for a prime p > 3. 


Note that ¢ has bad reduction at p. An important observation is that the Julia set sits 
inside two disjoint disks. 


Proposition 5.22. Let 6(z) = (2? — z)/p. 


(a) |z| > : and |z~-1|> : => jim |6"(z)| = OO. 
(b) — F(¢) C DO, 1/p)U DU, 1/p). 


Proof. (a) We consider two cases. First, if |z| > 1, then |z| = |z — 1], so we find that 


|o(2)| = 


2(z-1) 
EAD = pel etl =p- a 


In particular, 
shows that 


$(z) | > 1,so we can apply this inequality again. Repeating the process 


|o"(z)| =p? - |Z?” — ov. 
n—00 


Next suppose |z| < 1. Then max{|z|, |z — 1|} = 1, so using the assumption that 
|z| > 1/p and |z — 1| > 1/p, we compute 


_ |2(z—1) 
joe) = |? 


=p-max{|z|,|z—1|}- min{|z|,|z—1|} > 1. 


Now we can apply the earlier result to 6(z) to conclude that |e" (z)| > . 
(b) From (a) we see that every point outside of the two disks D(0, 1/p) U D(1, 1/p) 
is attracted to the superattracting fixed point at oo, so such points are in the Fatou 
set. 


The proposition tells us that the Julia set is contained in D(0,1/p) U D(1,1/p), 
but not every point in these disks is in the Julia set. For example, 


o(pa) = pa? —a=—-a (mod p), 
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so if —a is not in D(0,1/p) U D(1,1/p), then ¢"(pa) is attracted to oo, hence it is 
in the Fatou set. It is not easy to predict which points in the two disks are attracted 
to oo. However, since only points with bounded orbit can be in 7(), we let 


A= A(¢) = {z €C, : |6"(z)| is bounded for n > 0}. 


It is clear that A is a completely invariant set, and Proposition 5.22 tells us that A 
is contained in two disjoint disks, which for notational convenience we henceforth 
denote by Jo and J): 


AcIhUh, where Ip = D(0,1/p) and T, = D(1,1/p). 


Definition. The orbit of a point z € A is contained within A, so each iterate 6” (z) 
is contained in one of the two disjoint disks Jo, 1. The itinerary of z is the se- 
quence [39/3132 . . .] of numbers 3,, € {0, 1} determined by the condition 


"(z) € Ig, forn =0,1,2,.... 


In other words, the itinerary [{,,] specifies how the points ¢”(z) jump back and forth 
between the disks Jp and J4. 


Our goal is to show that the dynamics of the itineraries of the points in A ac- 
curately reflects the actual dynamics of ¢ on the set A. In particular, we will prove 
that A = 7(¢@). In order to do this, we make a brief digression to discuss symbolic 
dynamics. 


5.5.1 Symbolic Dynamics 


Symbolic dynamics is a tool for modeling seemingly more complicated dynamical 
systems. It has a long history and is used in many areas of mathematics. See [276] 
for a thorough introduction to the subject. In this section we briefly develop enough 
of the theory to complete our analysis of the dynamics of (z? — z)/p. 

Let S = {o1, 02,..., 05} bea finite set of symbols and let 


gh — J sequences of 
elements in S 


be the set of sequences [3:82 ...], where each G,, € S. (Here N = {0,1,2,...} 
denotes the set of natural numbers.) We put a metric on SN by fixing a number p > 1 
and setting 

—(smailest n withan # Bn) 


p(a, 8) =p 


Thus the more that the initial terms of a and ( agree, the closer they are to one 
another. It is easy to check that p is a metric, and indeed a nonarchimedean metric: 


e 1> p(a,f) 2 0. 
e p(a, 3) = Oif and only ifa = £. 
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© p(a,7) < max{p(a, 8), p(3,7)}. 


Symbolic dynamics is the study of the dynamics of continuous maps SN > S$, 
An important map on SY is the left shift map L : SN + SN, defined by 


L( (608182 --.]) = (16283 ...]- 


In other words, L simply discards the first term in the sequence and shifts each 
of the remaining terms to the left. More formally, the sequence L((3) is defined 
by L(B)n = Bn41. The next proposition describes some elementary properties of 
the map L. 


Proposition 5.23. Let SN be the space of S-sequences with associated metric as 
above and let L : SX — SN be the left shift map. 
(a) If p(a, B) < 1, then p(L(a), L(8)) = p- pla, 8). 
(b) L is continuous (indeed Lipschitz), and it is uniformly expanding on each of the 
“disks” 
fae SX:ag=o;}, i=1,2,...,5. 


(c) The set S® contains exactly s” points satisfying L"(«) = a. In other words, 
Pern(SN, L) has s" elements. 

(d) The periodic points of L are dense in S®. 

(e) There exists a point y € SN whose orbit Or(y) = {L"(y) : n > 0} is dense 
in SN. (Maps with this property are called topologically transitive.) 


Proof. (a) The condition p(a, 3) < 1 is equivalent to ag = (o. It is then clear from 
the definition that p(L(a), L(8)) = p- p(a, B), since L(a)y, # L(8)n if and only if 
Anti # Bn4t- 

(b) The metric p satisfies 0 < p < 1, so (a) implies that p(L(@), L(8)) < p-p(a, 8) 
for all a, 3. Hence L is Lipschitz. Further, (a) says that L is expanding by a factor 
of p on each of the disks. 

(c) A sequence a € SN satisfies L"(a) = a if and only if its first n terms repeat, 
1.e., it has the form 


a= [apa e+ OAn—1 AQ] ...An—1 ApQy..-. An 1.. ] 
are Narre se oY 


initial n terms same 7 terms same 7 terms 
There are s choices for each of ag, 01,...,@n—1, $0 8” possible elements. 
(de) We leave the proof of these elementary results as exercises for the reader (Ex- 
ercise 5.12). O 


5.5.2 The Dynamics of (2? — z)/p 


Recall that we are studying the p-adic dynamics of the map ¢(z) = (z? — z)/p fora 
prime p > 3, and that we have defined 
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Ip = D(0,1/p) and =, =D(1,1/p), 
A ={ze€C,: $"(z) is bounded for alln > 0} CIhbUh, 
B(z) = [808182 ...] = (Itinerary of z € A), where ,, is defined by $"(z) € Ig. 


The sequence ((z) is an element of the space of binary sequences {0, 1}, so we 
obtain a map (of sets) 


B:A— {0,1}, G(z) = itinerary of z. 


Proposition 5.24. With notation as above, the itinerary map 3 : A > {0,1}% has 
the following properties: 

(a) £ is injective. 

(b) B(ANQ,) = {0, 1}§, ie., B restricted to AA Qy is surjective. 

(c) G respects the metrics on A and {0,1}, ice., 


\z — w| = p(B(z), B(w)) —forallz,we A. 


(d) Let L : {0,1}§ — {0,1} be the left shift map on {0,1}%. Then Bod = Lo 8. 
In other words, the following diagram is commutative: 


A 2, A 


{0,1}8 —— {0,1}" 
Proof. (a) We begin with the following observation. Let u be 0 or 1. 
Ifz,w € I,, then |d(z) — 6(w)| = p- |z— wl. (5.6) 


To verify (5.6), we use the assumption that z,w € J, to write z=u-+ px and 
w= ut py with |x| < lL and |y| < 1. Then 


0(z) — o(w) = (w@— y)((Qu-1) + p(a + y)). 
The quantity 2u — 1 is +1, so the final factor is a unit and we have 


zZ— 


|(z) — o(w)| = |e —y| = 


w 
=p-|z—wul. 


Now suppose that z,w © A have the same itinerary 3. Then @”(z) and $”(w) 
are in the same Ig, for every n > 0, so applying (5.6) to these two points, we find 
that 

|e" (z) — ot !(w)| = p- |6"(z) - o"(w)| for all n > 0. 


Hence by induction, 


|o"(z) — 6"(w)| =p”: |z - w| for alln > 0. (5.7) 
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The lefthand side of (5.7) is bounded as n — ov, since z and w are in A. Hence we 
must have |z — w| = 0. 

(b) Let w € Ig UJ;. We claim that ¢~1(w) consists of two points {z9, 2, }, one of 
which is in Jy and one of which is in J,, and further, if w € Q,, then zo and z; are 
in Q,. To see why this is true, we fix w and solve 


o(z) =u, or equivalently, solve a pw = 0. 


The quadratic formula, the binomial theorem, and some elementary algebra gives the 
two solutions explicitly as 


14(1+4pw)/? 1, 14/1/2 pe 1, 1 (-1)F! (2k ke 
2 9%) jy ) Are) 9%) mk —1 \ p ) Oe) 


Note that the series converge for all |w| < 1. The plus sign gives a solution satisfying 
2, = 1 (mod p) and the minus sign gives a solution satisfying z. = 0 (mod p), so 
one solution is in Jo and the other is in J;. Further, if w € Q,, then z; and ze are 
also in Qp. 

We are going to apply this observation to (nonempty) sets U C Ip U J;. The 
inverse image ¢~1(U) of such a set thus consists of two nonempty disjoint pieces, 
one in Jy and one in J;. And since the inverse images of Q, points in Ig U J; are 
again in Q,, we have 


GUN Q) =o TUN. 


In particular, if U contains a point in Q,, then each of the pieces of 6~'(U) contains 
a point in Q,. 

Let Jo = Jo 1Q and A = 1,1 Q,, or equivalently, Jo and J; are the 
open unit disks in Z, centered at 0 and 1, respectively. For any binary sequence 
of a9Q1Q2...An, with n > 1, define a set 


Texas tin = {2 © Qp 2 E Jay and O(z) € Jo, and $7(z) € Ja 
. and $"(z) € Jy, } 
= Qp nq Jeo q o7"(Jox) nN b * (Jaz) AeA eo "(Jan )s 
Notice that if z € Jooa,...¢, A, then the initial n terms in the itinerary of z 
are 901... An. 


The sets Jo.y...a, are closed in Q,,, since ¢ is continuous and Jo and J; are closed, 
and they are nested in the sense that 


Jo ar..-0n = Tere ...in—1 a) b (Jon) Cc Joay...an—1 


We claim that they are also nonempty. To prove this by induction, suppose that we 
know that Jg,,...¢,, 1s nonempty for all sequences (1... Gn—1 of length n. We 
use the equality 

Jeary ..dn = Jag a) b-* (Joray...0) 
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and apply the inductive hypothesis to see that Jy, a5...0,, 1s nonempty. Then from our 
earlier remarks we know that ¢—! (Joraz...0) consists of two pieces, one in Jo and 
one in J;, so its intersection with J, is nonempty. 

Let a = [a901Q2...| be any binary sequence. Then 


def 
Jo = a Togas ..dn 


n>0 


is the intersection of a nested sequence of nonempty closed bounded subsets of Q,. 
By compactness, the set J, is nonempty, and by construction, any point in J, has 
bounded orbit and itinerary a. This proves that the itinerary map 


6: ANQ — {0,1}8 


is surjective. 

We also note that since every point in J,, has itinerary a and since we know 
from (a) that ( is injective, it follows that J, consists of a single point. 
(c) If z = w, there is nothing to prove. Assume that z 4 w and let k be the first 
index at which their itineraries diverge, so by definition, p(B (z), B(w)) = p~*. This 
means that for each 0 < n < k, the points ¢”(z) and ¢”(w) are in the same disk 
(either Jo or J,), but ¢*(z) and o*(w) are in different disks. Repeated application 
of (5.6) tells us that 


|"(z) -—¢"(w)| =p” -|z-w| —forall0 <n <k. (5.8) 


On the other hand, the assumption that ¢*(z) and ¢*(w) are in different disks (one 
in Jo and one in J;) implies that 


|o*(z) — *(w)| = 1. (5.9) 


Combining (5.8) and (5.9) yields 


g*(z) - o*(w)| 1 
Jz —w| = te) et = R= p(B(z), B(w)). 
(d) It is clear that the itinerary of ¢(z) is the left shift of the itinerary of z. O 


Proposition 5.24 allows us to identify the dynamics of the polynomial map 
o(z) = (z? — z)/p with the dynamics of the shift map on the space of binary se- 
quences. It then becomes an easy matter to read off a great deal of information about 
the dynamics of ¢(z) from elementary properties of the shift map. 


Corollary 5.25. Let p > 3 be a prime and let 


voz 


(2) = ? 
(a) J(¢) =A CQ, 


and A={z€C,: $"(z) is bounded for all n > 0}. 
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(b) #Per,(¢) = 2” + 1 forall n > 1, and aside from the fixed point at oo, every 
periodic point of ¢ is repelling. 

(c) The repelling periodic points are dense in J(@). 

(d) There exists a point w € J(@) such that the orbit Og(w) is dense in J(9). 
(Thus ¢ is topologically transitive on 7(¢).) 


Proof. Let 8 : A — {0,1}% be the itinerary map. Proposition 5.24 tells us that ( is 
injective, and further that it is surjective even when restricted to A M Q,. It follows 
that A C Q,, which proves one part of (a). 
For the other part, we note that Proposition 5.24 says that 6 is an isomorphism 
of metric spaces 
B:A— {0,1}%, 


(The proposition says that 3 is bijective and respects the metrics, so its inverse also 
respects the metrics.) The proposition also tells us that this isomorphism transforms 
the map ¢ into the left shift map L, i.e., 90¢ = Lof3. Hence the dynamical properties 
of ¢ acting on A are identical to the dynamical properties of L acting on the space of 
binary sequences. 

We proved earlier that 7(¢) C A, so 


8: I(¢) — JL). 


However, the shift map L is uniformly expanding on each of the disks G(Jo) 
and 3(JI,) (Proposition 5.23(b)). A uniformly expanding map is nowhere equicon- 
tinuous, so .7(L) = L, from which we deduce that 7(¢) = A. 

(b) The points not in A are attracted to oo, so the only periodic point in P!(C,) \ A 
is the fixed point at oo. The periodic points in A are determined by the isomorphism 


B: Pern(d) NA —— Pern (ZL), 


and we proved (Proposition 5.23(c)) that # Per,,(L) = 2”. 

Further, we know that the shift map L is uniformly expanding (by a constant 
factor p) on each of 3(Jp) and 8(J,), so via the metric isomorphism (3 and the iden- 
tification of @ with L, we find that |(o")! (z)| = p” for every z € Per, () except 
z = oo. In particular, every periodic point other than oo is repelling. 

(c,d) The density of the (repelling) periodic points in .7(¢) and the topological 
transitivity of ¢ on .7(¢) = A follow from the corresponding facts for L acting 
on {0, 1}§ (Proposition 5.23(d,e)). Oo 


5.6 A Nonarchimedean Montel Theorem 


In this section we give an important characterization of the Fatou and Julia sets and 
use it to draw a number of conclusions. The analogous results over C are classical and 
due mainly to Fatou and Julia. The nonarchimedean results are due to Hsia, whose 
paper [208] we follow. We assume throughout that K is complete and algebraically 
closed. 
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Theorem 5.26. (Hsia (208]) Let ® be a collection of power series that converge 
on D(a,r), and suppose that there is a point a € K such that 


a¢ L 6(D(Ga,r) 


ged 


Then ® is uniformly Lipschitz on Di (a,1r) with respect to the chordal metric p, so in 
particular, it is equicontinuous on D(a, r). 


Proof, We choose some c € K with |c| = r (see Remark 5.7) and replace each 
function ¢(z) € © by ¢(cz + a). This changes the chordal metric by only a bounded 
amount (Theorem 2.14), so we are reduced to the case of power series converging 
on the unit disk D(0,1). By assumption, the function ¢(z) — a does not vanish 
on D(0, 1), so Theorem 5.13(b) tells us that 


|o(z) — a| = || — || is constant for all z € D(0, 1). (5.10) 


Suppose that a # 0 (the case a = 0 is similar) and consider the following 
decomposition of the set ®: 


= {dE @: ||¢ - all < lal}, 
2 = {6 € ®: |b — a > lal}. 


If ¢ € ®, and z,w € D(0, 1), then 


p(d(z),$(w)) < oz) - d(w)| 
= |(¢(z) — a) — (@(w) — a)| 


< ||6- al] -|z— w| from Proposition 5.10, 
< al -|z—w since d € ®, 
= |alp(z, w) since z,w € D(0,1). 


This shows that the functions in ®, satisfy a uniform Lipschitz inequality. 
Next let ¢ € o. Note that the definition of 2 and (5.10) imply that 


|o(z) — a| = |l6 — al] > |o| forall z € D(0, 1). (5.11) 
Using (5.11) and Lemma 2.3, and then applying (5.10) again, we find that 
|o(z)| = \(¢(z) — @) + a| = |¢(z) - a| = || — al] forall z ¢ D(O,1). (5.12) 
We use this formula to compute, for z,w € D(0,1), 


7 |o(z) — o(w)| 
p(¢(z), (w)) = max{1,|d(z)|} - Tmax{ |o(w)|} 
|(4(z) — a) — (¢(w) — @)| 


max{1, |¢(z)|} - max{1, |d(w |} 
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Ile - al -|z-w 


< 5 from (5.12) and Proposition 5.10, 
max{1, || — all} 

<|z-w| regardless of the value of ||@ — alll, 

= p(z,w) since z,w € D(0,1). 


Thus functions in the set ®2 are nonexpanding, so in particular they satisfy a uniform 
Lipschitz condition. 

Finally, we note that if a = 0, then the same argument works using the sets 
6, = {d€®: ||d|| < 1} and ® = {¢ € ®: ||d]] > 1}. We leave the details to the 
reader. O 


It is now a simple matter to use Theorem 5.26 to prove a nonarchimedean version 
of Montel’s theorem for rational functions. 


Theorem 5.27. (Nonarchimedean Montel Theorem, Hsia [208]) Let © be a collec- 
tion of rational, or more generally meromorphic, functions D(a,r) > P!(K), and 
suppose that the union 

LJ o(D(a,r)) (5.13) 


Geb 
omits two or more points of P!(K). Then ® satisfies a uniform Lipschitz inequality 


on D(a,r), so in particular ® is an equicontinuous family of functions on D(a,r). 
Proof. Let a = [a1, a2] and 3 = [/91, G2] be two points of P'(K) that are not in the 
union (5.13). Consider the family of rational (or meromorphic) functions 


v= {often 12) <9}. 


Bof(z)—Biglz) ~ g(z) 


By construction, we have 
w(z) #0oo forall w € W andall z € D(a,r), 


so Proposition 5.8(c) tells us that the functions in Y are holomorphic on D(a, r) 
(i.c., they are given by convergent power series). We also know that 7(z) 4 0 for 
all z € D(a,r), so the functions in omit at least one point in K. It follows from 
Theorem 5.26 that there is a constant C, such that 


o(v(z), o(w)) < Cip(z,w) forall € Wandallz,we€ D(a,r). (5.14) 


Finally, let A(z) be the linear fractional transformation 


AZ — O41 
A(z) = ————.. 
( ) Boz ~ By 
The assumption that a and @ are distinct implies that A is invertible. Then a very 


special case of Theorem 2.14 (for the rational map A~*) says that there is a constant 
C2 = Co(A) = Co(a, 8) > 0 such that 
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p(Al(z), A7*(w)) < Cop(z,w) forall z,w € P'(K). (5.15) 


Further, by construction we have ¢ € @ if and only if Ao @ € W, so for any 
z,w € D(a,r), 


Cip(z,w) 2 p(A(d(z)), A(G(w))) from (5.14), 
> Cy*p(d(z), 6(w)) from (5.15). 


This completes the proof of the nonarchimedean version of Montel theorem. O 


Remark 5.28. The proof of Theorem 5.27 is fairly straightforward. Later, in Sec- 
tion 5.10.3.4, we describe a deeper p-adic version of Montel’s theorem on Berkovich 
space; see Theorem 5.80. 


In the classical setting, there are a number of important properties of the Julia set 
that follow more or less formally from Montel’s theorem. We conclude this section 
with a few instances. 


Proposition 5.29. Let ¢ : P'(K) — P!(K) be a rational map of degree d > 2 

and let U c P'(K) be an open set such that U N J(@) 4 ®. In particular, we are 

assuming that the Julia set of @ is nonempty. 

(a) The set U,,59 ¢"(U) omits at most one point of P'(K). 

(b) Suppose that the set in (a) does omit a point. Then @ is a polynomial function 
and the omitted point is the totally ramified fixed point. (In other words, there is 
a change of variables f € PGL2(K) such that ¢!(z) € K[z| and the omitted 
point has been moved to oo.) 


Proof. The set U is covered by disks D(a,r), which are both open and closed, so it 
suffices to prove the proposition under the assumption that U = D(a,r). If the union 
omits two or more points of P!(K’), then Montel’s theorem (Theorem 5.27) implies 
that @ is equicontinuous on U, contradicting the assumption that U contains a Julia 
point. This proves (a). 

If the union omits a, then ¢~1(a) = {a}, so a is a totally ramified fixed point 
of ¢. Hence ¢ is a polynomial map by definition (page 17), and after a change of 
variables it becomes a polynomial in K[z] (Exercise 1.9(c)). O 


Let ¢ : P!(K) — P'(K) be a rational map of degree d > 2. Recall that a 
subset EF’ of P!(K) is said to be completely invariant for ¢ if it is both forward and 
backward invariant, 


o-'(E) = E = 6(E). 


Proposition 1.24 says that the Fatou set F(@) and the Julia set 7(¢) are completely 
invariant. (The proof in Chapter 1 is over C, but the proof works, mutatis mutandis, 
for any complete field.) 

In Chapter 1 we used the Riemann—Hurwitz formula to characterize all finite 
completely invariant sets (see Theorem 1.6). More precisely, we showed that a finite 
completely invariant set & has at most two elements. Further, if #/ = 1, then after 
a change of variables, ¢(z) € K[z] is a polynomial and EF = {oo}, and if #E = 2, 
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then again after a change of variables, 6(z) = z? or ¢(z) = z~¢ and E = {0,00}. 
We now show that except for these trivial cases, the Julia set is the smallest closed 
completely invariant subset of P!(K). 


Proposition 5.30. Let ¢ : P'(K) — P!(K) be a rational map of degree d > 2, 
and let E C P'(K) be aclosed completely invariant subset for $ containing at least 
three points. Then E is an infinite set and E D J(@). 


Proof. Theorem 1.6 tells us that a finite completely invariant subset contains at most 
two points, so our assumption that #E > 3 implies that F is infinite. Notice that the 
complete invariance of the closed set EF implies the complete invariance of its com- 
plement U, which is an open set. It follows that the union L),,.) 6"(U) omits at least 
two points, since it in fact omits the infinite set E. Montel’s theorem (Theorem 5.27) 
tells us that U C F(@). Hence EF > J(¢). O 


Remark 5.31. Proposition 5.30 tells us that if the Julia set .7(¢) is nonempty, then it 
is the smallest closed completely invariant set containing at least two points. (Notice 
that the case of exactly two points is ruled out by the fact that if ¢ has a completely 
invariant subset containing exactly two points, then ¢ is conjugate to either z4 or z~¢, 
in which case its Julia set is empty.) 


Corollary 5.32. Let ¢ : P'(K) — P!(K) be a rational map of degree d > 2, and 
assume that J() # 0. 
(a) J() has empty interior. 
(b) Let P € J(¢) and let 
05(P)= e(P) 
n>0 
be the backward orbit of P. The Julia set J (@) is equal to the closure of O; (P) 
inP!(K). 
(c) J(¢) is a perfect set, i.e., for every point P © J(@), the closure of J(¢) ~ {P} 
contains P. 
(d) 7() is an uncountable set. 


Proof. (a) Let O09 (@) denote the boundary of the Julia set .7(¢). Theorem 1.24 
tells us that F(¢) and 07(@) are completely invariant, so the same is true of their 
union 07(¢) U F(@). This union is also closed, since its complement is the interior 
of 7(@). Proposition 5.20 says that the Fatou set F(@) is always nonempty, and since 
it is open, it must contain infinitely many points. Hence the union 07(6) U F(¢@) is 
an infinite, closed, completely invariant set, so Proposition 5.30 tells us that 


I(o) S OF(9) UF(Q). 


But 7(¢) and F(¢) are disjoint by definition, which proves that .7(¢) = 0.7(4), 
i.e., the Julia set has empty interior. 

(b) We know that 7(@) is completely invariant, so in particular OF (P) C J(¢) 
for any point P € 7(d). 
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Next let U be any open set with U N 7(¢) 4 0. Then Proposition 5.29(a) tells us 
that U9 ¢”(U) omits at most one point, and Proposition 5.29(a) says that if it does 
omit a point, that point is a totally ramified fixed point, hence is in the Fatou set. In 
particular, the possible omitted point cannot be P, since P € J(¢) by assumption. 
This proves that P € U,. ¢"(U), or equivalently, that there is some n > 0 such 
that 7 

Und "(P) #0. 

This proves that every open set U that intersects .7(¢) nontrivially also intersects 
the backward orbit O; (P) nontrivially. Hence 7(¢) is contained in the closure 
of O; (P). 

(c) Let Py € 7(@). We claim that the backward orbit O, (Po) must contain a non- 
periodic point. To see this, suppose instead that O; (Po) consists entirely of periodic 
points. Then ¢~1(Py) consists of a single point, so Pp is a totally ramified periodic 
point and hence in the Fatou set, contrary to assumption. Therefore we can find a 
nonperiodic point P; € O; (Po). 

The point P; is in .7(¢), since .7(@) is completely invariant, so (b) tells us that 


Po € closure of O; (P1). 
On the other hand, P is not in Os (P,), since otherwise P, would be periodic. Hence 
Po € closure of (.7(¢) \ {P}). 


(d) The Baire category theorem [387, §5.1,5.2] implies that a nonempty perfect 
subset of P! (A) is uncountable. OI 


5.7 Periodic Points and the Julia Set 


Our goal in this section is to show that the Julia set 7(¢) of a rational map ¢ is 
contained in the closure of the periodic points of ¢. We begin with an elementary 
lemma that is obvious in the classical setting by a compactness argument, but which 
requires a different proof over a non-locally compact field such as C,,. 


Lemma 5.33, Let 1(z) and $2(z) be power series that converge on D(a,r), and 
suppose that $1(D(a,r)) M ¢2(D(a,r)) = 9. Then 


inf p(¢:(z), d2(z)) > 0. 
z€D(a,r) 
Proof. Let 


M,= sup |di(z)| and = Mz = sup _|o(z)}. 
z€D(a,r) z€D(a,r) 


The maximum modulus principle (Theorem 5.13(a)) says that there are points 
21,22 € D(a,r) such that ¢1(z1) = Mj and ¢2(z2) = Mb. In particular, M; 
and Mp are finite, since ¢, and ¢2 are power series that converge on D(a,r). 


5.7. Periodic Points and the Julia Set 269 


Let M = max{M,, Mo, 1}. Then for any z € D(a,r) we have 


|e1(z) = da(z)| , |euz) = d2(2)| 
max{|¢1(z)|,1}-max{|do(z)|,1} ~ M2 


On the other hand, the function 4, — ¢2 does not vanish on D(a,r) by assumption, 
so Theorem 5.13(b) tells us that 


(1 (z), ¢2(z)) = 


|¢1(z) - 2(z)| = ||¢1 — ¢2]| for all z € D(a,r). 


Hence 


inf o(dr(z ), bo (z ))> > Ilo — ¢2l] gall . 


CL 
z€D(a,r) yz 


The next lemma is used in conjunction with Lemma 5.33 to move a varying set 
of pairs of points {a, 3} to the specific pair {0, 1}. 


Lemma 5.34, Let A,B C C, be bounded sets that are at a positive distance from 
one another. In other words, there are constants A, 6 > 0 such that 


sup ja| < A, sup |3| < A, and inf _p(a,8)=6>0. (5.16) 
acA BEB a€A, BEB 


For each (a, 3) € A x B, define a linear fractional transformation 
Le g(z) =(B-a)z+a. 
Then there is a constant C' > 0, depending only on A and 6, such that 
p(La,a(z), Lerar(z')) < C- max{p(a, a’), (8, 8’), plz, 2’)} 
for all a, a! € A, all 8,8’ € B, andall z,z' € P'(C,). 


Remark 5.35. Although Lemma 5.34 appears somewhat technical, it is not saying 
anything mysterious. The linear fractional transformation Lg is determined by the 
three conditions 


Lap(0)=a, Lap)=8, La,p(oo) = 0. 


The lemma is asserting, roughly, that if we take two nearby (a, 3) values, then the 
associated transformations are close to one another, where we use the chordal sup 
norm 


p(L,L’)= sup {p(L(P),L'(P))} 
PEP!(C,) 


to measure the closeness of two maps. Thus Lemma 5.34 is equivalent to the assertion 
that the map 


Ax BxP'(C,) — P'(C,), (a, B,z) > La g(z) = (B-a)zt+a 


is Lipschitz. 
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Proof of Lemma 5.34. To ease notation, for x, y € C, we write 


|x, y| = max{|c|, |yl}. 


We also assume (without loss of generality) that A > 1 and 6 < 1. Then for 
any a,a’ € Aand @, 3’ € B we have 


la — a’| = p(a,a’) - ja, 1|-|a’, 1] < A?p(a, a’), 
3 ~ | = p(B, 6B’) : 8, 1 . 9", 1| < A? (8, B'). 
Leta,a’ € A, let 8, 6’ € B, and let z, z’ € P'(C,). Directly from the definitions 
of La,g and the chordal metric, we have 


py |G" =a")2! +0") - ((8 -a)z + 4)| 
p(Le,a(z), Lara (2 )) = max{|(B _ a)z + al, 1} . max{|(0’ _ al )z! + ol 


(5.17) 


Assuming for the moment that z # oo and z’ # oo, we multiply out the numerator 
and estimate it using the triangle inequality: 


|((6" —a’)z' +a") — ((8-a)z+ a)| 
= |B’2' — Bz -a'z' +az+a! -a 
= |B'(z' — 2) + (6 —B)z-a'(2' -— 2) + (a-a’)z + (a —)| 
< max{|6’ — B|-|z|, ja’ —a|-|z,1|, Jz’ - 2] - la’, e')} 
< max{A?p(G, 9’) -|2|, A®p(a,a’) -|z, 1], |2’ — 2|- la’, 8} 


from (5.17), 

< max{A?p(G, 6’): |z|, A®p(a,a’)-|z,1], A-|2’ — zi} 
from (5.16), 
< max{A?p((3, 6") -|zl, A®p(a,a’)-|z,1], Ap(z,2")- Je 12", U} 
definition of p, 


< A’. max{p(8, B'), pla, a’), p(z,2')} . Iz, 1| . lz’, 1|. 


Substituting this into (5.18) and doing a little bit of algebra yields 


p(La,a(2), Lara (2')) 
max{ p(B, 8’), p(a, a’), p(z, z')} 
< A. |z, 1| . |z’,1| ; 
~ max{|(@—a)z+a,1} max{|(6! — a’)z’ + a’|, 1} 
We are left to show that the righthand side is bounded in terms of 6 and A. By 


symmetry, it suffices to bound the first fraction. 
We consider two cases. First, if |z| < A/6, then we have the trivial estimate 


(5.19) 


lz, 1] 
max {|(8 —a)z+a,1 


< | <4 
yo =F" 
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Second, suppose that |z| > A/d. Then the fact (5.16) that |@ — a| > 6 implies that 
|(@- a)z| > A> fal, sO (8 — a)z + a| = |(B — a)z| > dlz]. 


Hence 
1 _ a. 
max{|(G—a)z+a|,1} — max{d|z|,1} ~ 


1 A 

<=, 

67 6 

Thus A/é serves as an upper bound in both cases, and substituting this bound 
into (5.19) yields the estimate 


4 
p(Le,a(2), La e(2")) < 2 max{p(8,8),p(a,a"), p(2,2")}. 
6 


This completes the proof of Lemma 5.34 with explicit dependence on 6 and A in the 
case that z # oo and z’ # oo. The remaining cases are similar and are left to the 
reader. O 


We next prove a version of Montel’s theorem in which the two omitted points are 
allowed to move. Lemma 5.34 is the key technical too! that allows us to uniformly 
replace the two moving points with two particular points, thereby reducing the proof 
to our earlier result. 


Theorem 5.36. (Montel Theorem with Moving Targets, Hsia [208]) Let 1, d2 be 
power series that converge on D(a,r), and suppose that 


oi (D(a,r)) N de (D(a,r)) =. 


Further let ® be a collection of rational, or more generally meromorphic, functions 
on D(a,r) such that 


d(z)# oi(z) and o(z) ¥ d2(z) for all @ € © and all z € D(a,r). 


Then ® satisfies a uniform Lipschitz inequality on D{(a,r), so in particular © is an 
equicontinuous family of functions on D(a,r). 


Proof. The proof is very similar to the proof of Theorem 5.26, but somewhat more 
elaborate. 

First we note that since ¢,,¢2 : D(a,r) — K have disjoint images, there is 
at least one point a omitted by both of them. Making a linear change of variables 
z+ Z— a, we may assume that @, and @2 omit the value 0. Then Theorem 5.13(b) 
tells us that 


|o1(z)| = ll@rl] and |¢2(z)| = |I¢2|) for all z € D(a,r). 


We are going to apply Lemma 5.34 to the disjoint bounded sets ¢; (D(a,r)) 
and $2(D(a,r)). Thus for each point w € D(a,r), if we let 


Lw(z) = (¢2(w) — ¢1(w))z + ¢1(w) € PGL2(C,), 
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then Lemma 5.34 says that there is a constant C’ such that 
(Lw(z), Lu(z')) < Cmax{p(¢1 (w), gi (u)) , p(¢2(w), 2(u)) ) plz, z')} 
for all w,u € D(a,r) and all z,2’ € P'(C,). (5.20) 


(In the notation of Lemma 5.34, we have set a = ¢,(w), 8 = ¢2(w), a’ = $1(u), 


B' = $2(u).) 
We next use the fact that @, and dé, themselves satisfy a Lipschitz condition. 
More precisely, Proposition 5.10 says that 


|oi(w) - di(u)| < Weil — ul for all w,u € D(a,r) andi = 1,2. 


Since w and u are bounded, this implies that there is a constant C’ > 1 such that 
(di(w), di(u)) < C’p(w,u) forall w,u € D(a,r) andi = 1,2. 
Substituting this into the inequality (5.20) yields 
p(Lw(z), Lu(z’)) < CC’ max{ p(w, u), p(z,2’)} 
for all w,u € D(a,r) andall z, 2’ €P'(C,). (5.21) 


We are now ready to prove Theorem 5.36. The idea is that we know that each 
@ € © omits at least two values, but the omitted values may vary with ¢, so we use 
the linear transformations L,, to move the omitted values to two specific points. Thus 
for each ¢ € ® we define a new function 


de(w) = Li, (ew), 
and we consider the family of functions 
Y= {yo : 6 € }. 


Each wg can be expressed as a rational function of $1, $2, and @, so it is a 
meromorphic function on D(a,r). Further, since we are given that ¢(z) 4 $1(z) 
and ¢(z) 4 ¢2(z) for all z € D(a,r), it follows that 


ve(w) #0 and vy(w) #1 forallw € D(a,r). 
To see why this is true, note that 
Ye(w) =0 —> Ly '(d(w))=0 <> $(w) = Li (0) = o:(w), 


contradicting the assumption on ¢, and similarly for %g(w) = 1. Hence the family 
of maps VY on D{a,r) omits at least the two values 0 and 1, so Montel’s theorem 
(Theorem 5.27) tells us that V satisfies a uniform Lipschitz inequality, 


p(de(u),ve(w)) <C"p(u,w) forall ¢ € @andallu,w € D(a,r). (5.22) 
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Using this and our earlier estimates, we compute, for ¢ € © and u, w € D(a,r), 


p(P(u), P(w)) = pLulde(u)), Lu (be(w))) by definition of yg, 
< CC’ max{p(u,w), p(¥a(u),de(w))} from (5.21), 
< CC'C" plu, w) from (5.22). 
This completes the proof that the family of maps ® is uniformly Lipschitz. O 


We now have the tools to prove the main theorem of this section. 


Theorem 5.37. (Hsia (208]) Let ¢(z) € K(z) be a rational function of degree d 
with d > 2. Then 


J(¢) C Per(9), 


i.e., the closure of the periodic points of @ contains the Julia set of ¢. 


Proof. We may clearly assume that .7(@) is not empty. Take any open set U having 
nontrivial intersection with 7(¢). We must show that U contains a periodic point. 
The Julia set is a perfect set (Corollary 5.32), so the open set U actually inter- 
sects 7 (¢) in infinitely many points. In particular, there is a point P € UN. J(¢) that 
is not the image of a ramification point of ¢, since @ has at most 2d — 2 ramification 
points. This implies that there is a neighborhood D(P,r) C U of P such that 


o '(D(P,r)) =Vi UVaU-s-U Vg 
consists of d disjoint open sets with the property that the maps 
¢:V; — D(P,r) forl<i<d 
are bijective. In particular, they have inverses 
$i): D(P,r) > Vi 


given by convergent power series. (This is a p-adic version of the one variable inverse 
function theorem. See Exercise 5.5.) We take i = 1 and i = 2 and consider the 
maps $1 and $2 and the disjoint sets V; and V2 as illustrated in Figure 5.2. 

We now examine the effect of applying the iterates 6” of ¢ to the disk D(P,r). 
The assumption that D(P,r) contains a point of the Julia set of ¢ means that ¢ is 
not equicontinuous on D(P, r), so Theorem 5.36 tells us that the iterates of ¢ cannot 
avoid both of the moving targets described by the power series ¢; and @2. Hence 


there exists an iterate $” of ¢ and a point Q € D(P,r) such that either 


P'(Q)=(Q) or $"(Q) = G2(Q). 


Applying ¢ to both sides and using the fact that 0.6; and $0 2 are both the identity 
map on D(P,r) yields 
e"'(Q) =Q, 


so Q € D(P,r) CU isa periodic point. oO 
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Figure 5.2: Inversion of ¢ over a critical-point-free neighborhood. 


Remark 5.38. In the classical setting over C, one can further show that the Julia set is 
equal to the closure of the repelling periodic points. This follows from the complex 
analogue of Theorem 5.37 combined with the fact that a rational function over C has 
only finitely many nonrepelling periodic points. Unfortunately, a rational function 
over C, may well have nonempty Julia set and infinitely many nonrepelling periodic 
points. However, one still hopes that the classical result is true in the nonarchimedean 
setting. 


Conjecture 5.39. (Hsia [208]) Let ¢(z) € K(z) be a rational function of degree 
d > 2. Then the Julia set J () is equal to the closure of the repelling periodic points 


of o. 


Some evidence for Conjecture 5.39 is provided by the following result of Bézivin. 
It says that if the conjecture is false, then there are maps with nonempty Julia set 
containing no periodic points. 


Theorem 5.40. (Bézivin) If a rational function ¢(z) € Cp(z) has at least one re- 
pelling periodic point, then J () is the closure of the repelling periodic points of ¢. 
In particular, one repelling periodic point implies infinitely many repelling periodic 
points. 


Proof. See [71] for the first assertion. The second then follows immediately from 
Corollary 5.32(d), since an uncountable set cannot be the closure of a finite set. O 


However, some evidence against Conjecture 5.39 is provided by Benedetto [58, 
Example 9], who shows that it is possible for a rational function to have a sequence 
of attracting periodic points whose limit is a repelling periodic point! Further, a 
slight variation of [57, Example 3] shows that for every n > 0 there is a polyno- 
mial ¢(z) € C,[z] of degree p + 2 that has no repelling periodic points of period 
smaller than n, yet (z) does have repelling periodic points of higher periods. 


Example 5.41. Consider the polynomial map 
zP— Zz 
Dp 


(2) = 
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It is clear that the Julia set of ¢ is contained in D(0, 1), since if |a| > 1, then |a?| > 

|a|, so 

aP—a 
D 


Hence ¢"(a) — co, so a € F(¢), since a: is attracted to the attracting fixed point at 
infinity. 

We also observe that if a € D(0,1) 1 Q, = Zp, then Fermat's little theorem 
tells us that a? = a (mod p), so d(a) € Zp. Thus Zp is a completely invariant 
subset of ¢. Hsia [206, Example 4.11] (see also [449]) explains how to identify the 
dynamics of ¢ on Z, with a shift map on p symbols, similar to the example studied 
in Section 5.5, from which one deduces the following facts: 


© J(¢,Qp) = Zp. 

e 7(¢,Qp) contains all of the periodic points of ¢ (other than oo), so in partic- 
ular all of the periodic points of ¢ are defined over Q,, and all except oo are 
repelling. 

¢ J(¢,Q,) = J(¢,C,), since Theorem 5.37 tells us that 7(¢, C,) is contained 


in the closure of the periodic points of ¢. Thus 7(¢,C,) is compact. (See 
also [73].) 


|$(a)| = 


=p-|a? —al =p-|a?| > pial. 


Example 5.42. Let p > 5 be a prime, and let ¢(z) = pz? + az? + b with a,b € Zs 
We first consider the fixed points of ¢, which are the roots of the equation 


pz +az7—-z+b=0. 


The assumption that a,b € Z; implies that the roots satisfy |a;| = p and |a2| = 
|a3| = 1. (Look at the Newton polygon!) We also observe that pa? and aa? have 
norm p”, while a, — 6 has norm p, so a; must have the form 


a . 
a,=—-—+e — forsome c with |c| = 1. 
Pp 


This allows us to compute 


|d’(a1)| = |3pa? + 2aa, — 1| 
= |a1(3pa; + 2a) — 1| = |ay(—a + 3pe) — 1] = |ay| = p. 


Thus a; is a repelling fixed point of ¢. 

A similar, but more involved, calculation can be used to show that there are re- 
pelling periodic points of higher orders. Alternatively, we can invoke Bézivin’s The- 
orem 5.40, which says that the existence of the single repelling fixed point a implies 
that ¢ has infinitely many repelling points whose closure is .7(). 

In order to study the periodic points in the Fatou set, we observe that ¢ is non- 
expanding on D(0, 1). To see this, note that # maps the disk D(0, 1) to itself, so in 
particular |||] < 1. Applying Proposition 5.10 yields 


|o(z) — o(w)| <|z-—w] forall z,w € D(0,1). 
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Hence ¢ is uniformly Lipschitz on D(0, 1), so D(0, 1) C F(@). Notice that the n™ it- 
erate of @ has the following form (think about the reduction of 6" modulo p, which 
is the same as the n" iterate of the reduction 6(z) = Gz? + b): 


O"(z) = A +--+ B41 4 C2" 4 Do 14-.-4 Ex + F. 
a ie, 


coefficients in pZy C q zZ coefficients in Zp 
€ Zt 
p 


Again using the Newton polygon, we see that the polynomial $"(z) — z has ex- 
actly 2” roots a (counted with multiplicity) satisfying Ja| <1. These roots are 
points of period dividing n for and they are in the Fatou set, since we showed 
that D(0,1) ¢ F(@). One can prove that this gives infinitely many distinct periodic 
points in D(0, 1). See [206, Example 4.11]. 


5.8 Nonarchimedean Wandering Domains 
We first recall a famous theorem from complex dynamics (see Theorem 1.36). 


Theorem 5.43. (Sullivan’s No Wandering Domains Theorem [426]) 

Let $(z) € C(z) be a rational function of degree d > 2 over the complex numbers 
and let U Cc F(@) be a connected component of the Fatou set of @. Then U is prepe- 
riodic in the sense that there are integers n > m > 0 such that 


e"(U) = 6" (U). 


In other words, the connected component U does not wander, whence the name of 
the theorem. 


The first obstacle to translating Sullivan’s theorem to the nonarchimedean setting 
is the fact that Q, and C,, are totally disconnected. Thus with the classical definition 
of connectivity, there is no good way to break up the Fatou set into “connected” com- 
ponents. Various alternatives have been studied, including disk connectivity, rigid 
analytic connectivity, and the use of Berkovich spaces. 

In this section we consider disk connectivity, which is the simplest of the three to 
describe. We state a theorem of Benedetto to the effect that a large class of rational 
maps in Q,,(z) have no wandering “disk domains” and illustrate the result by proving 
it under the somewhat stronger hypothesis that there are no critical points in the Julia 
set of ¢. We also note that Benedetto has shown that the statement is false over Cp, 
that is, there are rational maps over C, that do have wandering disk domains. 

Much work has been done on this problem, especially in a series of papers by 
Benedetto [54, 56, 57, 58, 59, 63, 62] and Rivera-Letelier [372, 373, 375, 376, 378], 
but there are still many open questions. The material that we cover in this section is 
due to Benedetto. 
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5.8.1. Disk Domains and Disk Components 


The ordinary definition of connectivity is not useful for studying the totally discon- 
nected spaces Q,, and C,, nor is the notion of path connectedness helpful. We begin 
with an abstract notion of connectivity that uses a chain of “disks” in place of a path. 


Definition. Let X be a topological space and let D be a collection of open subsets 
of X. (In practice, D will be a base for the toplogy of X.) For convenience, we refer 
to the sets in D as disks. 

Let U C X be an open subset and let P € U. The disk component of U con- 
taining P (relative to D) is the set of Q € U with the property that there is a finite 
sequence of disks D,, Do,...,D, C U such that 


PeD,, QeéeDn, DN Divi #9 foralll <i<n. 


In other words, Q is connected to P by a path of disks, as illustrated in Figure 5.3, 
although as we shall see, in the nonarchimedean world, Figure 5.3 is somewhat mis- 
leading. Note that we define disk components only for open subsets of X. It is easy 
to see that U breaks up into a disjoint union of disk components (Exercise 5.22), 


Dr-1 


Figure 5.3: A path of disks from P to Q. 


Example 5.44. Let X = C and let D be the usual collection of open disks in C. 
Then the disk components of an open set U C X are the same as the usual path- 
connected components. This is clear, since if [ is a path from P to Q, then T can 
be covered by open disks contained in U, and the compactness of I shows that it 
suffices to take a finite subcover. Thus the definition of disk components and the 
related notion of disk connectivity (see Exercise 5.23) are reasonable. For example, 
Sullivan’s theorem may equally well be stated in terms of the disk components of the 
open set F(¢). 


For the purposes of this section, we modify slightly our definition of disks 
in P’(C,). The resulting topology is the same, and indeed the disks contained within 
the unit disk D(0, 1) are the same, but the alternative definition is more convenient 
for working with disks that may contain the point at infinity. 


Definition. The standard collection of closed disks in P* (C,), denoted by Detoseds is 
given by 
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all closed disks D(a, r) and 
Detosed = 1 . 
the complement P*(C,) \ D(a,r) of all open disks D(a,r). 
Of course, despite the name, all of the disks in Dgtoseq are both open and closed sets. 
Note that Detoseqd includes all such disks, not only the disks of rational radius (cf. 
Remark 5.7). One can show (Exercise 5.24) that the disks of rational radius in Delosea 
are exactly the images of the unit disk D(0, 1) via elements of PGL2(C,). 
Similarly, the standard collection of open disks in P'(C,), denoted by Dopen, is 
given by 
__ Jallopen disks D(a,r) and 
pen | the complement P!(C,) \ D(a,r) of all closed disks D(a, r). 
In the nonarchimedean world, every disk component has a very simple form. 
More precisely, it is either a disk, the complement of a single point, or all of P!(C,). 


Proposition 5.45. Let Dopen and Delosea be, respectively, the collections of standard 
open and closed disks in P1(C,) as defined above. 
(a) Let D1, Dz € Detosea. Then one of the following is true: 


(i) Di N Dz = 0. (iii) Dy C Dy. 
(ii) D, UD, = P*(C,). (iv) Dy C Dy. 


(b) Let U c P'(C,) be an open set and let V be a disk component of U relative 
to Delosea- Then V has one of the following forms: 


(i) V=P'(C,). Gi) V=P'(Cy)\{P}. iii) V © Detosed U Dopen- 


Proof. (a) If D,; U Dz = P'(Cy), we are done. Otherwise, choose any point in the 
complement of D, U Dz and use a linear fractional transformation to move that point 
to co. This reduces us to the case that neither D, nor D2 contains co, so they have 
the form 


dD, = D(ai,71) and Do = D(a2,72). 


If D, and Dg are disjoint, we are done, so we may assume that there is a point 
aé€ Dyn Da, 


and switching D, and Do if necessary, we may also assume thatr; < ro. Let @ € Dy. 
Then 


|8 — ae| < max{|8 —a,|,|a1 — al, |a — a2|} < max{ri,7i,72} =Te, 


so GB € Dg. Hence D, C Do. 

(b) If V = P'(C,), we are done, so we assume that V # P'(C,). Using a linear 
fractional transformation to move a point not in V to oo, we are reduced to the case 
that oo ¢ V. 
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Let Di,...,Dn € Dotosea be any path of disks contained in V. Each pair of 
adjacent disks (D;, D;,) has nonempty intersection, so (a) tells us that one of them 
is contained within the other. Applying this reasoning to each pair, we see that the 
union Ure D, is itself a closed disk, i.e., the union is in Dejoseq. This shows that 
every disk path in V actually consists of a single disk. 

Fix some point a € V and let 


R=sup{r > 0: D(a,r) c V}. 


Note that R > 0, since a € V and V is open. If R = oo, then V = C, and we are 
done, so we assume that R < oo. We claim that 


D(a,R) CV © D(a, R). (5.23) 


The lefthand inclusion is clear from the definition of R. For the righthand inclusion, 
suppose that b € V and consider a disk path from a to 5 lying within V. From our 
previous remarks, this disk path consists of a single disk D(a, s). The definition of R 
and the fact that D(a, s) C V tell us that s < R, and then the fact that b € D(a, s) 
tells us that b € D(a, R). This gives the other inclusion. 
But we get even more. If there is even a single b € V satisfying |b — a| = 

then s = R and D(a, R) = D(b, s) C V, so we find that V = D(a, R) € a 
On the other hand, if |b — a| < R for every b € V, then V C D(a, R), so (5.23) tells 
us that V = D(a, R) € Dopen- This completes the proof of Proposition 5.45. O 


5.8.2 Hyperbolic Maps over Nonarchimedean Fields 


In this section we prove that the Julia set of a rational map ¢ contains no critical 
points if and only if ¢ is strictly expanding on its Julia set. This result is used later to 
prove that such maps, which we call (p-adically) hyperbolic, satisfy a p-adic version 
of Sullivan’s no wandering domains theorem. On first reading, the reader may wish 
to omit the somewhat technical proof of the main theorem in this section and proceed 
directly to the application of the theorem in proving Theorem 5.55 in Section 5.8.3. 


Theorem 5.46, (Benedetto [56]) Let K/Q, be a finite extension of p-adic fields and 
let 6(z) € K(z) be a rational function of degree d > 2. Proposition 5.20(c) tells us 
that F(~) # 0, so changing variables if necessary, we may assume that oo € F(¢@). 
Then the following are equivalent: 

(a) There are no critical points in (0). 

(b) For every finite extension L/K there exists an integer m > 1 such that 


(@™")'(a)| >1  forallae J(@)NL 
In other words, 6” is strictly expanding on J(@) 0 L. 


Definition. Let K/Q, be a finite extension. A rational function ¢ € K(z) will be 
called p-adically hyperbolic if it satisfies the equivalent conditions of Theorem 5.46. 
See Exercise 5.25 for the relationship with the classical definition of hyperbolicity. 
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Remark 5.47. The classical analogue of Theorem 5.46 over C is much weaker. It 
says that some iterate of ¢ is strictly expanding on the Julia set if and only if the 
closure of the postcritical set is disjoint from the Julia set. (The postcritical set is the 
union of the forward orbits of the critical points.) 


Proof of Theorem 5.46. The implication (b) = (a) is clear, since if a is a critical 
point in 7(@), we can take L = K(q) and observe that 


m1 
(o)'(a) = [] ¢'(¢'(a)) =0 ince 4'(a) = 0). 
i=0 
Thus the existence of a critical point in 7(@) implies that (¢”)’ has a root in 7(@) 
for every m, so (b) cannot hold. 
The other implication is more difficult. Using the assumption that ¢’ does not 
vanish on .7(¢), we can apply Proposition 5.16(c) to every point a in 7(¢) NL to 
find a disk D(a, ro.) with the property that 


|o(z) — $(w)| = |¢'(a)|-|z-w| forall z,w € D(a, ra). 


These disks form an open covering of the compact set 7(¢) ML, so we can find a 
finite subcover. Let ¢ be the smallest radius of the disks in this finite subcover. We 
then consider a finite covering of 7(¢) M L by disks of radius e, say 


I(@) NL Cc D(ay,€) U Diag, €) U-+-U D(an, €)- 


The (nonarchimedean) triangle inequality implies that each disk in this covering is 
contained in one of the disks of the previous covering, so we conclude that ¢ stretches 
by a constant factor on each D(a;,€). In other words, there are constants S; such that 
foreach1 <i<n, 


|o(z) — o(w)| = Si|z-w| forall z,w € D(ai,€). 
The next step is to show that for any fixed a € 7(¢) 1M L, the set of derivatives 
\(e")'(a)|, n= 1,2,3,..., (5.24) 
is unbounded. We prove this by contradiction, using the following claim: 
Claim 5.48. Let a € 7(¢) ML and suppose that there is an R > 1 such that 


\(¢")’(a)| <R foralln>1. 
Then 
o"(D(a,e/R)) C D(é"(a),€) foralln>1. (5.25) 


Proof of Claim 5.48. We verify the claim by induction on n. The inclusion (5.25) is 
clearly true for n = 0, since R > 1. Suppose the inclusion (5.25) is known for all 
0<n< N. Ourchoice of ¢ ensures that for any @ € 7(¢) M L, the map ¢ stretches 
by a constant factor on the disk D((, ¢), so in particular each of the maps 
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$:"(D(a,¢/R)) — o*"(D(a,e/R)), OS n<N, 
stretches by a constant factor. It follows that 
go” : D(a,e/R) — 6% (D(a, ¢/R)) 
stretches by a constant factor. In other words, there is a constant S' such that 
| (z) - a (w)| = S\z-w| for all z,w € D(a,€/R). 


Taking w = a and letting z — a, we see that S = \( (6% )'(a)|, 
w=a and 2 z € D(a,€/R) arbitrary, we conclude that 


|e" (2) — 6 (a)| = |(6")'(a)| -|z - a 
Riz — al since |(@”)'(a)| < R for all n by assumption, 
€ since z € D(a,¢/R). 


and then taking 


IA IA 


This shows that the inclusion (5.25) is true for n = N, hence for all n by induction. 
O 


Recall that we are in the midst of a proof by contradiction that the deriva- 
tives (5.24) are unbounded. Under the assumption that the derivatives are bounded, 
we have proven the inclusion (5.25), which in turn certainly implies that 


L) (D(a), /R) c LJ D(é"(a,6)) ¢ Ue P(G9. 


n>1 n>1 BET(o 


However, the Julia set is bounded (since we assumed that co € F(¢)), so an 
e-neighborhood of the Julia set is also bounded. In particular, the above union omits 
at least two points, so by the nonarchimedean Montel theorem (Theorem 5.27), the 
map ¢ is equicontinuous on D(a, €/R). This is a contradiction, since a € 7(d) by 
assumption, which completes the proof that the derivatives (5.24) are unbounded. 

We now know that for each point a € J(¢) 1M L there is some integer m, 
such that |(ome)! (a)| > 2. (There is no significance to the number 2; any number 
strictly larger than 1 would suffice.) By continuity, there is a disk D(a, sq) such that 
|(oms)! | > 2 at every point in the disk. Taking a finite subcovering, we can cover 
J(¢) OL by disks 

FT(@)NLCD,UD2,U---UD, 


with the property that there are integers m1,...,™m, > 1 such that 
\@™)'(z)| 22 forall] <i<tandallz € D,. 


For convenience, we may assume that the disks D,,..., D, are pairwise disjoint, 
since if two closed disks have a point in common, then one is contained in the other 
and may discarded. It remains to show that there is a single iterate 6” that is expand- 
ing on all of the disks. In fact, we show that this is true for all sufficiently large m. 
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To ease notation, we let 7); = ¢. Given any point a € 7(¢) VL, we map 
out an orbit and an itinerary for a by applying ; whenever we land in D;. More 
formally, define inductively an orbit ag, a1,... and a sequence of indices 19, 71,... 
by the following procedure: 


ao =a and io = (index so that ao € D;,), 
a1 = Wi, (a0) and i, = (index so that a1 € Di,), 
a2 = Wi, (a1) and ig = (index so that ag € Di,), 
Op = Wi, (Ok-1) and ix = (index so that ay € Dj,). 


In other words, if a, is in D;, then a+, is obtained by applying 7); = ¢™ to Qn. 
We note that 
\(vi,)'(a:,)| 22  foralln =0,1,2,..., (5.26) 


since by construction, the point a;, is in D;,, and y;,, = 6. 

We next observe that the derivative ¢’(z) is continuous and nonvanishing on the 
compact set .7(¢) NM L. (Continuity follows from the assumption that oo ¢ .7(@) and 
nonvanishing is our assumption (a) that .7(@) contains no critical points.) It follows 
that there is a constant j: > 0 such that 


\¢'(8)| > forall BE J(4)NL. 
(We may assume that  < 1.) Using the chain rule and applying this repeatedly 
yields 


n-1 
\(@"Y(8)| = []|¢'@A)| =u” forall 6 € F(g)N Landalln > 0. (5.27) 
i=0 


Let M = max{m},..., mz} and let N be any integer satisfying 
QN 4M yoM?, (5.28) 


We claim that |(¢%)'| > 1 on 7($) OL, which will complete the proof of the 
theorem. 

To verify this claim, let a € 7(¢) 1 L and let ao, a1,... and ig, 41,... be the 
orbit and itinerary of a as described earlier. We use the chain rule to compute 


(o%)'(a) = Wi, (a0), (a1) i, (a2) +> Wi, (ak) + (gN— min Ma ~~ Min) (CRG). 


We continue this process until the exponent N — m,, — mj, — --- — mj, first be- 
comes smaller than /. Notice that this implies that 


M>N-m, —mi, -—-+::-— mi, > N—-(k+1)M, 


sok +2 > N/M. We have thus found integers k and r satisfying 
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(6) (a) = Vig (O10) Vi, (a1)vi, (a2) wh (ax) - (9°) (@n41) 
with k > N/M —2andr < M. 


|(o”)'(a)| = |, (ao) Wi, (a1)W%, (a2) Wi, (ax)| . (0) (en+1)| 
— Se Neen pore” 


> 2* from (5.26) > yp" from (5.27) 
> QN/M—2, 1M since k > N/M —2andr < M, 
>1 from the choice (5.28) of N. 


This shows that |(¢% )/(a)| > 1 for all N > M?logy(u-') and all a € J(¢) OL, 
which completes the proof of Theorem 5.46. O 


5.8.3 Wandering Disk Domains 


If U is a disk component of the Fatou set ¥() of a rational map ¢ € C,(z), 
then ¢(U) may not be a full disk component of #(¢). This situation, which does 
not occur in the complex case, prompts the following definition. 


Definition. Let ¢(z) € C,(z) be a rational map defined over a nonarchimedean 
field, and let 


DC() = {disk components of the Fatou set F(¢) } 


be the collection of disk components of the Fatou set of ¢. Then ¢ induces a map of 
the set DC(@) to itself according to the rule 


DC(¢) —> DC(9), U +— (disk component of F(¢) containing ¢(U)). 
(5.29) 
We say that U € DC(¢@) is periodic, preperiodic, or wandering according to the 
behavior of U under iteration of the map (5.29). 


Example 5.49. Let p be an odd prime and let 
waz 


D 


o(z) = 


be the function that we studied in Section 5.5. We proved (Proposition 5.22) that the 
Julia set of ¢ is contained in the union of two open disks, 


I(¢) ¢ D(0,1) U D(1,1), 


and that .7(¢) contains the repelling fixed points 0 and 1. 

For a € C,, let B(a) denote the disk component of a in F(¢). We claim 
that B(—1) = D(-1,1). To see this, we observe that B(—1) cannot contain any 
larger disk, since it does not contain 0. On the other hand, D(—1,1) is in F(¢), 
since it is disjoint from D(0, 1) U D(1, 1). Hence B(—1) = D(-1, 1). 
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-1 


Now consider the image point ¢(—1) = 2p~* and the image of the associated 


disk component 
$(B(-1)) = ¢(D(-1,1)) = Dp", p). 


The disk D(2p~',p) is contained in F(¢), but it is certainly not the largest disk 
around 2p—! contained in F(@). Indeed, 


2p-' € P'(Cy)  D(0, 1) c F(¢). 


It is not hard to check that P'(C,) \ D(0, 1) is the full disk component of F(¢) 
containing ¢(B(-—1)). 


Conjecture 5.50. (No Wandering Disk Domains Conjecture) Let K/Q, be a finite 
extension and let ¢(z) € K(z) be a rational map of degree d > 2. Then the Fatou 
set F(@) has no wandering disk components. 


Benedetto proves Conjecture 5.50 for a large class of rational maps. In order to 
state his result, we give four definitions (some of which we already know): 


Definition. Let ¢ € C,(z) be a rational map of degree d > 2 and let P € P*(C,). 
We say that P is: 


(i) Julia if P € 7(¢). 
(ii) critical if ep(¢) > 2. 
(iii) wildly critical if ep(@) = 0 (mod p). 


(iv) recurrent if there is a sequence of integers n; — oo such that ¢"*(P) > P, 
ie., if P is in the closure of the set {¢”(P) : n > 1}. 


Theorem 5.51. (Benedetto [54]) Let K/Q, be a finite extension of p-adic fields 
and let 6(z) € K(z) be a rational map of degree d > 2. Assume that ¢ has no wildly 
critical recurrent Julia points (defined over K). Then the Fatou set F() has no 
wandering disk components. 


We make three short observations concerning Theorem 5.51. 


Remark 5,52. If p is odd, then Theorem 5.51 is true for “almost all” rational maps 
in C,(z). This is true because if ¢(z) has a wild critical point P, then in particular it 
has a point whose ramification index satisfies ep(¢) > p > 3. It is not hard to show 
that all of the critical points of a “generic” rational map of degree d have ramification 
index equal to 2. (See Exercise 4.23 for a more precise statement.) 


Remark 5.53. For a fixed degree d, Theorem 5.51 is true for all primes p > d, 
since p > d rules out the existence of wild critical points. 


Remark 5.54. Ifa recurrent critical point P is in the Fatou set F(@), then one can 
show that P is in fact periodic (Exercise 5.26). On the other hand, if P is critical, 
then locally around P the map ¢ looks like ¢(z) = ¢(P) + a(z — 2(P))* +--- 
for some a € C, and some k > 2. Thus if Q is sufficiently close to P, then 
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p(6(Q), (P)) = p(P,Q)*, so ¢ is highly contractive near P. And if P is also 
recurrent, then ¢”(P) gets very close to P infinitely often, so it receives the highly 
contractive effect of ¢ infinitely often. This should cause points near P to remain 
near P, and thus force P into the Fatou set. The critical recurrent condition and the 
Julia condition are thus in opposition to one another, which means that nonperiodic 
recurrent critical points should be quite rare. On the other hand, Rivera-Letelier [378] 
has shown that there are maps having wildly critical recurrent points (which are then 
necessarily in the Julia set) in P'(Q,). It is not known whether Rivera-Letelier’s 
examples have wandering disk domains. 

In the other direction, it is known that there are rational maps defined over C, 
that have wandering disk domains [63, 59, 62, 378]. In these examples the critical 
points are in the Fatou set, so Theorem 5.55 implies that the maps cannot be defined 
over a finite extension of Qy. 


We now use Theorem 5.46 and a simple compactness argument to prove that 
the Fatou sets of p-adically hyperbolic maps over finite extensions of Q, have no 
wandering disk domains. This is not as strong as Theorem 5.51, but still covers an 
important class of maps. The proof of Theorem 5.51 uses similar ideas, but is more 
complicated; see [54]. 


Theorem 5.55. (Benedetto [56]) Let K/Q, be a finite extension of p-adic fields, let 
$(z) € K(z) be a rational map of degree d > 2, and assume that the Julia set J (¢) 
contains no critical points of @, i.e., assume that @ is p-adically hyperbolic. Then the 
Fatou set F(@) has no wandering disk components. 


Proof. Proposition 5.20 assures us that #(@) is nonempty, and it is open, so it con- 
tains an algebraic point. (Note that Q, is dense in C,.) Replacing K by a finite 
extension and changing coordinates, we may assume that 00 € F(@), and indeed we 
may even assume that .7(¢) C D(0,1). Equivalently, we may assume that the disk 
component of oo contains P!(C,) . D(0, 1). 

We suppose that UV C F(@) is a wandering disk component of F() and de- 
rive a contradiction. Replacing U with the disk component containing ¢"(U) for a 
sufficiently large n, we may assume that the orbit of U does not include the disk 
component at oo. In particular, @"(U) C D(0,1) for all n > 0. 

Again taking a finite extension of K if necessary, we can find a point ap € K 
and a radius ro such that 

D(ao,7o) < U. 
At this stage we fix the field A and we use Theorem 5.46 to find an integer m such 
that |(¢™)’| > 1 on J(¢) MK. Replacing ¢ by ¢”, it suffices to consider the case 
that |¢’| > lon 7(@) NK. 

For each n > 0, the image ¢"(D(ao,70)) is a (closed) disk centered at the 
point a, = 6" (aq), say 


g” (D(ao, r0)) = D(an,Tn)- 


In particular, 6(D(an,Tn)) = D(an+41,Tn41), 80 applying Proposition 5.16(b) 
yields 
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Tn|@'(an)| < Pagt (5.30) 


We also know that the disks D(a, rn) are disjoint, since D(an, rn) is contained 
in ¢"(U), and further, each disk D(a, 77) contains a point of D(0, 1)NK. It follows 
that the radii must satisfy 

fim, Tn = 0, (5.31) 
since the set D(0,1) 9 K has finite volume, so can contain only finitely many 
nonempty disjoint disks of any fixed radius. 

It follows from (5.30) and (5.31) that there are infinitely many n with the property 
that 


|¢'(an)| <i, 


i.e., since r,, > 0, we must have r,41 < 1, infinitely often. Consider the infinite set 
of points 
{an :|9'(an)| <1, n=1,2,3,...}. 


It is contained in the compact set D(0, 1) N K, so it contains an accumulation point 
8 € K. The continuity of ¢’ implies that \¢’ (8)| < 1, which shows that 3 € F(¢), 
since we used Theorem 5.46 to ensure that |¢’| > 1 on 7(¢). 

Let V be the disk component of #(¢) containing 6. Then by construction V 
contains infinitely many of the iterates a,, = ¢"(ao). Since the radii of @"(U) and 
$"(V) shrink to 0 as n — ox, it follows that some iterate 6”(U) is contained in V 
and that some (nontrivial) iterate of ¢"(V) is contained in V. Therefore U is not 
wandering, contradicting our original assumption. O 


5.8.4 Wandering Disk Domains Exist in C, 


We have proven that p-adically hyperbolic maps defined over Q, have no wandering 
disk domains. More generally, Theorem 5.51 shows that rational maps ¢(z) € Q,(z) 
with wandering disk domains are very rare, if they exist at all. And of course, Sul- 
livan’s theorem 5.43 says that rational maps ¢(z) € C(z) defined over the complex 
numbers never have wandering domains. It is thus somewhat surprising to discover 
that there are very simple polynomial maps defined over C, that have wandering disk 
domains. 


Theorem 5.56. (Benedetto [59]) For c € Cy, let ¢,(z) be the polynomial 
be(z) = (1—c)2?** 4+ c2?. 


Then there exists a value a € C, such that: 


(1) T(¢a) #4, 
(2) F(¢a) has a wandering disk domain, 
(3) F(a) contains every critical point of da. 


Proof. See [59] for a proof of this specific theorem, and see [63, 62, 373, 378, 380] 
for generalizations and related results. O 
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5.9 Green Functions and Local Heights 


The canonical height he associated to a morphism ¢ : P! — P! is defined as the 
limit of d~"h(¢”"(P)) as n — oo. The utility of hg lies in the two formulas 


hg(P) =hA(P)+O(1) and hg (@(P)) = dhg(P), 


where the first says that he contains arithmetic information and the second says 
that hg transforms canonically. 
It is tempting to try a similar construction locally and define (say) 


1 
(v-adic local height of ~) = lim qa logmax{|o"(a)|,.1}- (5.32) 
N00 


It is clear that if the limit (5.32) exists, then it transforms canonically, and indeed 
if d(z) is a polynomial, then the limit does exist and everything works quite well 
(see Exercise 3.24). Unfortunately, for general rational maps the limit (5.32) may 
not exist. 

Rather than working directly with a rational map ¢ : P! — P", it turns out to be 
easier to develop a theory of local heights by first lifting ¢ toa map ® : A? — A? and 
then constructing a real-valued function G on A? that satisfies the canonical trans- 
formation formula G(®(zx,y)) = dG(z, y). In this section we construct the Green 
function G, prove some of its basic properties, and then use G to construct local 
canonical height functions on P! as described in Theorem 3.27. 

A point in projective space [x, y] € P! is given by homogeneous coordinates, so 
it is really an equivalence class of pairs (x, y). We make explicit the natural projec- 
tion map 

1: (A? \ {0, O}) — FP, (x,y) [z, y}, 
that sends a point (x, y) € A? to its equivalence class [x,y] € P+. To ease notation, 
we write 
A? = A? \ {0,0} 
for the affine plane with the origin removed. 

Let ¢: P! > P' bea rational map of degree d. Then @ can be written as usual 
in the form ¢ = [F’, G] with homogeneous polynomials F' and G of degree d having 
no common factors. The polynomials F’ and G then define a map 


®:A° >A, O(z,y) = (F(z, y),G(z,y)), 
that fits into the commutative diagram 


® 
A? —— A? 


pl ? , pl 
We call © a lift of ¢. By homogeneity, if 6 = [F, G] is one lift of d, then every other 
lift of @ has the form c® = [cF,, cG] for some constant c € K*. 
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Definition. Let K be a field and let v be an absolute value on K. We denote the 
absolute value (or sup norm) of a point (x,y) € A?(K) by 
II(z,¥)||,, = max {|2|,, lulu}. 


Similarly, the absolute value (or sup norm) of one or more polynomials is the maxi- 
mum of the absolute values of their coefficients. (We have already made use of this 
convention in the proof of Theorem 3.11.) 


We begin by recalling how a map ® : A?(K) — A?(K) affects the v-adic norm 
of a point. 


Proposition 5.57, Let K be a field with an absolute value v. Let 
® = (F,G): A? = A? 


be given by homogeneous polynomials F,G € K|x,y] of degree d > 1, and assume 
that F and G have no common factors in K|z, y}. 
(a) There are constants Cc, C2 > 0, depending only on ® and v, such that 


[Pell 
< 2 
Ie. 


(b) If v is nonarchimedean and ® satisfies |\\®||, = 1, then (a) is true with the 
explicit constants 


<cy forall (x,y) € A2(K). (5.33) 


< leew. <1 for all (x,y) € A2(K). (5.34) 


*~ Walls 


Proof. (a) We proved inequality (5.33) for general morphisms P’ — P™ during the 
course of proving Theorem 3.11. More precisely, see (3.6) on page 92 for the upper 
bound with an explicit value for co(®,v), and see (3.7) on page 93 for the lower 
bound. 

(b) By homogeneity, it suffices to prove (5.34) for points satisfying I (x,y) ll. =1. 
Then the upper bound is obvious from the triangle inequality, and the lower bound 
was proven during the course of proving Theorem 2.14, see (2.5) on page 57. O 


|Res(F, G)| 


The next result describes a kind of v-adic canonical height associated to a 
map ® : A? — A?. The construction is the same as the one that we used to construct 
canonical heights in Section 3.4. 


Proposition 5.58. Let K be a field with an absolute value v, let ¢: P! — P! bea 
morphism of degree d > 2, and let 6 = (F,G) : A? — A? be alift of ¢. 
(a) For all (x,y) € A2(K) the following limit exists: 


1 
Go(z,y) = lim =; log||®"(z,y)|I,, (5.35) 


We call Gg the Green function of ®. 
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(b) The Green function is the unique function A2(K) — R having the following 
two properties: 


Go (®(x,y)) = dGo(z,y) forall (x,y) € AX(K). (5.36) 
Ge(x,y) = log||(x,y)||,+O() forall (x,y) € AZ(K). (5.37) 


(c) Ifv is nonarchimedean and ® satisfies \|®||,, = 1 and |Res(F, G)|, =Lie if 
the map ¢ = [F,G]| : P' — P* has good reduction at v, then 


Ga(x,y) =log||(x,y)||, for all (x,y) € AZ(K). 


(The converse is also true. See Exercise 5.27.) 
(d) Forall (x,y) € A2(K) andallc € K*, the Green function Ge has the following 


homogeneity properties: 
Ga (cx, cy) = Ga(z, y) + log |cly. (5.38) 
1 
Gew(2,y) = Galz,y) + 7— log |elv- (5.39) 


(e) The Green function Ge : A2(K) — R is continuous. (In fact, Ga is Holder 
continuous, but this is more difficult to prove. See Exercise 5.28.) 


Proof. We consider the two functions 
BAK) —+ AK) and log] - ||: A2(K) OR. 
Proposition 5.57(a) tells us that they satisfy 
log||®(a, y)||,, = dlog||(x,y)||, +OML) forall (a,y) © AZ(K). (5.40) 


This is exactly the situation needed to apply Theorem 3.20, from which we conclude 
that the limit (5.35) exists and satisfies (5.36) and (5.37). Further, Theorem 3.20 says 
that Go is the unique function satisfying (5.36) and (5.37). This completes the proof 
of (a) and (b). 

(c) The assumptions ||®j|,, = 1 and |Res(F,G)|, = 1 combine with Proposi- 


tion 5.57(b) to tell us that |O(, ¥) I, = Ia wlIs for all points (x,y) € A?(K). 
Hence by induction we obtain 


e 


v- 


|S" (x.y), = (9) 


which 


vw 


Then the definition of Gp immediately gives Go(r,y) = log||(x, )| 
proves (c). 
(d) The map ©” is homogeneous of degree d”, so 6" (cx, cy) = c¥ ®"(z, y). 
Substituting this into the definition of Ga gives (5.38). 

Similarly, if we let ®,(x, y) = c®(z, y), then homogeneity and an easy induction 
argument show that 


290 5. Dynamics over Local Fields: Bad Reduction 


2 hes m—1 
O2(a,y) = cl PEt TE O(a, y). 
Hence 


: 


Jim nh Gn ci (el L,Y) Yl. +o te le 


II 


Ga(x,y) + log |el». 


d—1 
(e) Let G,(z,y) = d- log||®"(a, y)||,. Then for any fixed value of n, the func- 
tion G,, : A2(K) — R is continuous, since it is the composition of the continuous 
maps 6” : A2(K) — A?(K) and log || - ||, : AZ(K) — R. Further, the telescoping 
sum argument used in Theorem 3.20 to prove the existence of limn—oo Gn(x, y) 
implies that 


|Ga(z,y) —Gn(x,y)| < for alln > 1 and all (x,y) € A2(K), 


C 
(d —1)d" 
where C' = C(®,v) depends only on the O(1) constant in (5.40). (In the inequal- 
ity (3.15) on page 98, switch the roles of m and n and then let m — oo.) Hence the 
sequence of continuous functions G,,(z, y) converges uniformly to Ga(x, y), so the 
limiting function Gg is also continuous. (See also Exercise 3.14.) Oo 


The Green function allows us to decompose the canonical height hg into a sum 
of local terms. 


Theorem 5.59. Let K be a number field, let ¢ : P! — P* be a rational function 
of degree d > 2 defined over K, and let ® be a fixed lift of ¢. For each absolute 
value v € Mx, let Ga.» be the associated Green function as described in Propo- 
sition 5.58, where we now include v in the notation so as to distinguish between 
different absolute values. Then the (global) canonical height decomposes as a sum 


hg(P) = S> mGaele,y) forall P = [x,y] € PK). 
veMxK 
Proof. Let 


n(a,y) = D> rGev(a,y) — for (@,y) € Al(K), 


veMxK 


so a priori the function 7 is a function on A?(K). However, applying the Green func- 
tion homogeneity property (5.38) from Proposition 5.58(d) and the product formula 
(Proposition 3.3), we see that 


n(cx,cy) = S> ny (Gor(z,y) +loglely) = S> mGo,o(x,y) = n(a, 9), 


vEMK vEMK 
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so 7 gives a well-defined function on P!(K). 
Next we use the transformation property (5.36) from Proposition 5.58(b) to com- 
pute 


n(O(P)) = S> mGowv(®(P)) = S> nrdGon(P) = dn(P). 


vEMK veEMK 


Similarly, we use the normalization property (5.37) from Proposition 5.58(b) to esti- 
mate 


n(P) = > NyGo,v(P) 


veMK 
= S> m(log Ply + Ov(1)) =A(P)+ S> m,0.(1), (5.41) 
veEMK vEMK 


where h(P) is the usual height of the point P € P!(K) and the O,(1) are the 
bounded functions appearing in (5.37). We further observe that Proposition 5.58(c) 
says that we may take O,,(1) = 0 for all but finitely many v € Mx. More precisely, 
we may take O,(1) = 0 for all v satisfying 


(i) ve ME, (ii) |||, = 1, and (iii) [Res(®)|, = 1. 


Hence the final sum in (5.41) is a bounded function. 
We have now proven that 7 : P!(K) — R satisfies 


n(o(P)) =dn(P) and (P) = A(P) + O(1). 


It follows from the uniqueness of the canonical height (Theorem 3.20) that 7 is equal 
to hg. 


In Section 3.5 we described a decomposition of the canonical height he as asum 
of local canonical height functions X4,,, but we deferred the proof. The intuition in 
Section 3.5 was that the local canonical height should measure 


\o.v(P) = — log(v-adic distance from P to oo). 


More generally, it is convenient to define a local canonical height that measures the 
v-adic distance from P to a collection of points. In the following theorem we de- 
scribe a set of points, possibly with multiplicities greater than 1, by specifying the 
homogeneous polynomial E' € K(x, y] at which they vanish. In slightly fancier ter- 
minology, we are identifying positive divisors in Div(P!) with homogeneous poly- 
nomials in K' |x, y). 


Theorem 5.60. Let K be a field with an absolute value v and let ¢ : P' — P} be 
a rational function of degree d > 2 defined over K. Fix a lift ® = (F,G) of ¢ and 
let Go be the associated Green function. 
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(a) For any homogeneous polynomial E(x, y) € K |x, y] of degree e > | we define 


Ag,e([2,y)) = eGo(a,y) — log|E(x, y)|, 
for [x,y] € P'(K) with E(x, y) £ 0. 


Then do. g is a well-defined function on FP’, i.e., the value of Ne, E(P) does not 
depend on the choice of homogeneous coordinates |x, y| for P. 
The function do, g is called a local canonical height associated to ¢ and E. 
In the special case that E(x,y) = y, we drop E from the notation and refer 
simply to a local canonical height associated to ¢. 
(b) For all P € P'(K) with E(P) #4 0 and E(®(P)) £ 0 we have 


(Eo 6)(P) 
E(P)4 


Age (O(P)) = dAo,n(P) — log 
(Note that the homoegeneity of E and © ensures that the ratio (E 0 ®)/E* is a 
well-defined function on P+.) 

(c) The function 

|E(P) lv 

Pls” 

which a priori is defined only at points P satisfying E(P) 4 0, extends to a 

bounded continuous function on all of P\(K). 


(d) Given the particular choice of lift ®, the function Ne, ge defined in (a) is the 
unique real-valued function 


P+ \g.n(P) + log (5.42) 


P'(K)\{E=0} —R 


satisfying (b) and (c). If c® is a different lift, then with the obvious notation, 


€ 


log |cly. 


In particular, any two local canonical heights differ by a constant. 


Proof. The Green function satisfies Ga(cx,cy) = Go(z,y) + log |cly, while the 
polynomial E satisfies E(cx, cy) = c° E(a, y), so the difference 


eGa(z,y) — log |E(z,y)|» 


defining do, ge does not change if we replace (x, y) by (cx, cy). This proves (a). 
(b) We compute 
Ap,n(O(P)) = eGa(®(x,y)) — log|B(@(e,¥))|, 
= edGa(x,y) — log|E(®(a, y))|,, from Proposition 5.58(b), 
= dXo,n(P) + dlog |E(x,y)\» — log|E(®(«,y))|,. 
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(c) Directly from the definition of Neo. ge we see that the righthand side of (5.42) is 
equal to 

e(Ga(P) — log || Pllv). (5.43) 
The boundedness of (5.43) is exactly (5.37) in Proposition 5.58(b). Further, we know 
from Proposition 5.58(e) that Ge(x,y) is a continuous function on A?(K), and it 
is clear that log||(«, 9)||,, is also a continuous function on A2(K), so the differ- 
ence (5.43) is a continuous function on A?(K). Further, the difference is invariant 
under (x, y) + (cx, cy), $0 it descends to a continuous function on P'(K). 
(d) Suppose that \ and ’ both satisfy (b) and (c), and let M = \—. Writing 


N'(P) = (a) + log oe - (0) + log aE} ; 


we see from (c) that \”’ extends to a continuous bounded function on all of P!(K). 
Let C be an upper bound for |X’|. 
From (b) we find that 


\"(@(P)) = dX\"(P) forall P € P'(K) with E(P) # 0 and B($(P)) #0, 
and iterating this relation yields 
\"($"(P)) =d"\N'(P) provided E(¢'(P)) 4 0 for all0 <i <n. 


Hence 1 C 
|A"(P)| = am N"(¢"(P))| < i (5.44) 
for all points P € P!(K) satisfying E(¢'(P)) #0 for all0 <i <n. 

But each equation E(¢'(P)) = 0 eliminates only finitely many points, so the 
inequality (5.44) is true for all but finitely many points of P'(K’). Then the continuity 
of X” tells us that |\”"(P)| < Cd~” is true for all P € P!(K). Since n is arbitrary, 
this proves that \’(P) = 0, s0 \ = X. 

Finally, the effect of replacing ® by c® follows immediately from the definition 
of \g,z in terms of the Green function Ga and from the corresponding transformation 
formula for Gs given in Proposition 5.58(d). 


Finally, as promised in Section 3.5, we prove that the global canonical height is 
equal to the sum of the local canonical heights. 


Theorem 5.61. Let K be a number field, let ¢ : P! — P! be a rational func- 
tion of degree d > 2 defined over K, and fix a lift ® = (F,G) of ¢. Choose a 
homogeneous polynomial E(x, y) € K |x, y}, and for each absolute value v € Mx, 
let \g, @,y be the associated local canonical height described in Theorem 5.60, where 
we now include v in the notation so as to distinguish between different absolute 
values. Then the (global) canonical height has a decomposition as a sum of local 
canonical heights, 

* 1 

hg(P) = a aE 


So nvAg.eu(P) forall P € P\(K) with E(P) # 0. 


vEeMK 
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Proof. We use the definition of Ne, E,v in terms of the associated Green function Ga 
from Theorem 5.60(a) to compute 


1 ‘ 1 
deg yy My Ag,Eu(P) = iE > ny ((deg E)Go,v(P) — log|E(P)|,) 
1 
= > NyGo,»(P) — degE Ss; Ny log|E(P)|,,. 
vem veMK 


Theorem 5.59 says that the first sum is equal to hg(P), while the product formula 
(Proposition 3.3) tells us that the second sum is 0. (Note that this is where we use the 
assumption that E(P) # 0.) O 


Remark 5.62. If v € M®. is nonarchimedean and ¢ has good reduction at v, then the 
Green function and the local canonical height are given by the simple formulas 


max{|r}y, ph | 


Goo(a,y) = logmax{|slo,|ylo} and A4,2.0([2,¥]) = ox ( |E(a,)| 


Thus it is only for maps with bad reduction that the Green and local canonical height 
functions are interesting. This should not come as a surprise to the reader, since 
bad reduction is the situation in which dynamics itself becomes truly interesting. Of 
course, this is said with the understanding that every rational map over C has “bad 
reduction,” so the dynamics of holomorphic maps on P1(C) are always interesting 
and complicated. 


Remark 5.63. For additional material on dynamical Green functions and dynamical 
local heights, see [21, 88, 234, 233]. 


5.10 Dynamics on Berkovich Space 


We have seen that C, is a natural space over which to study nonarchimedean dy- 
namics, since it is both complete and algebraically closed. However, the field C, has 
various unpleasant properties: 


e C, is totally disconnected. 


e C, is not locally compact, so the unit disk {z € C, : |z| < 1} and projective 
line P!(C,,) are not compact. 


e The value group |C3| = p® consists of the rational powers of p, so it is not 
discrete in R;,9, yet neither is it all of Ryo. 


This list suggests that it might be better to work in some larger space. There is 
a general construction, due to Berkovich [64, 67], that solves these problems for C, 
and other more complicated spaces. The study of dynamics on Berkovich spaces 
started during the 1990s and is an area of much current research. In this section we 
briefly describe the Berkovich disk and associated affine and projective lines and 
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discuss some very basic dynamical results. In a final subsection we state without 
proof some recent results. For further reading, see [26, 51] for an introduction to 
dynamics on Berkovich space and see [373, 375, 376, 379, 377, 380, 381] for Rivera- 
Letelier’s fundamental work in this area. 


5.10.1 The Berkovich Disk over C, 


The unit Berkovich disk D® is a compact connected metric space that contains the 
totally disconnected non-locally compact unit disk in C,. We describe two construc- 
tions of D®, the first an explicit description as the union of four types of points and 
the second as a set of bounded seminorms on C,|[z]. 


§.10.1.1 The Four Types of Berkovich Points 


The most concrete description of D® is as the union of the following four sets of 
points: 


Type-I Berkovich Points. Each point a in the standard unit disk D(0,1) of Cy is 
associated to a point of the Berkovich disk, which we denote by 


£a,0 E DP. 


Type-II Berkovich Points. Each closed disk D(a, r) contained in D(0, 1) with ra- 
dius r € |C*| = p® is associated to a point of the Berkovich disk, which we 
denote by 

Ear € DP. 


Type-IH Berkovich Points. Similarly, each closed disk D(a,r) C D(0,1) with 
positive radius r ¢ |C}| = p® is associated to a point of the Berkovich disk, 
which we naturally also denote by €,,,. 


Type-IV Berkovich Points. These are the trickiest points in D®. They are associ- 
ated to nested sequences of closed disks 


D(0, 1) 2) D(a1,71) 2 D(az,r2) ») D(a3,r3) Det 


with the property that 
() D(an,Tn) = @. 


n>1 


We denote these points by €,,,, where, as the notation suggests, the vectors a 
and r are a = (a1, a2,...) andr = (r1,19,...). 


Remark 5.64. Note that Berkovich points €,,, of Types II and III are disks D(a,r), 
so different values of a may yield the same Berkovich point. Indeed, we have 


ar = bb, ifandonlyif r=s and |a-—b| <r, 
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since these are the conditions for the disks D(a, r) and D(b, s) to coincide. Similarly, 
two Berkovich points of type IV are the same if their sequences of disks can be 
suitably intertwined. See Exercise 5.40 for details. 


Remark 5.65. A point £4,, of Type-I, Il, or III corresponds to a disk (possibly of 
radius 0), so we define the radius of £,,, to be r. The radii ro, 71, r2,... of a Type- 
IV point €,,, are nonincreasing, so the limit r = lim,;_,.o rj exists and is called the 
radius of €a.r- 

We claim that the radius of a Type-IV point is strictly positive. To see this, sup- 
pose that €,, has radius 0. Then the sequence of points a1, a2,... is a Cauchy se- 
quence in C,, so it converges to a point a € Cp. Let 


6;= inf |z-al 
z€D(a;,7i) 


be the distance from a to the i disk. Notice that 0 < 6, < dg < 53 <---, since the 
disks form a decreasing sequence. On the other hand, 5; < |a — a;| > 0as i — oo. 
Hence 6; = 0 for all i, so a € D(a;,r;) for all i and the intersection is nonempty, 
contradicting the assumption that €, , is a Type-IV point. 


§.10.1.2 The Berkovich Disk as a Set of Seminorms 


The description of the Berkovich disk D® as a union of points of Types 1, Il, IIL, 
and IV is very concrete, but it can be awkward to apply, since one must deal with four 
different kinds of points.‘ There is an alternative description of D® as a collection of 
seminorms on the ring C,[z] that is sometimes easier to use and that also naturally 
generalizes to other rings and other spaces. 


Definition. Fix R > 0. The Gauss norm || - ||p on C,[z] is defined by 
[fll = max|en|R" for f(z) = do enz” € Cplz]. 


The maximum modulus principle (Theorem 5.13(a)) tells us that the Gauss norm is 
equal to the sup norm, 


Ifle= sup |f(2)|. 


E€D(0,R) 


Definition. A (nontrivial) || - || p-bounded seminorm on C,[z] is a nonconstant map 
| |:C,[zZ] +R 
with the following properties: 


1. |f| > 0 forall f € C,[z]. 
2. |fg| = |f|-|9| forall f,9 € C,[z]. 


4One can unify the four types of points by defining all of them as equivalence classes of nested se- 
quences of closed disks. See Exercise 5.40. 
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3. |f +g] < max{| fl, |gl} forall f,9 € Cp[z]. 
4. |f| < ||fllz for all f € C,[z]. (This is the boundedness condition.) 


Thus a seminorm has all of the properties of an absolute value except that there may 
be nonzero elements f € C,[z] with |f| = 0. 


Definition. The (closed unit) Berkovich disk D® is the set 
D® = {|| - ||,-bounded seminorms on C,[z]}. 
More generally, the closed Berkovich disk of radius R is the set 
D>, = {|| - ||p-bounded seminorms on C,[z}}. 


The definition of D® as a set of bounded seminorms is quite unintuitive, but 
its utility becomes clear when one examines Table 5.2 and sees how each of the 
four types of Berkovich points naturally defines a seminorm on C,[z]. A funda- 
mental theorem of Berkovich, whose proof we omit, says that every bounded semi- 
norm on C,/[z], and more generally on certain power series rings containing C,[z], 
comes from one of the four types of Berkovich points. (See [64, page 18] or [26, 
Proposition 1.1].) Notice that the seminorm | - |, , corresponding to the Berkovich 
point €,; is exactly the Gauss norm | flo. = ||f ila, so following Baker and Rumely, 
we call £91 the Gauss point. 


Point Seminorm 
Type-I Ea,0 |fla,o = |f(a)| 
Types-H& TE} far | |flar = sup (f(z) 
z€D(a,r) | 
Type-IV bar lflar = lim |flan.rn 
naw 


Table 5.2: Seminorms on C, 


2] associated to Berkovich points. 


Remark 5.66. It is easy to see that the seminorms associated to points of Type-II, III, 
and IV are actually norms. (See Exercise 5.35.) However, the seminorm associated 
to a point £49 of Type-I is not a norm, since | f!,.9 = 0 if and only if f vanishes at a. 
For example, |z — a|a,9 = 0. This explains why the Berkovich disk is defined using 
seminorms, rather than norms. 


Remark 5.67. In order to properly develop function theory on the Berkovich disk 
and to glue disks together to create larger spaces, it is advantageous to use sets of 
seminorms on more general rings, such as power series rings. For example, let Tz 
be the ring of power series in C,|z] that converge on the closed disk D(0, R) of 
radius R, 1.e., 


Tr= {F(2) = So en2” € C,[z] : Jim, |en|R” = of. 


n>0 
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The ring Tp is a Banach algebra over C, using the Gauss norm, 
= max |c,|_R” 
[file = max en|R", 


which the maximum modulus principle tells us is the same as the sup norm. The 
Berkovich disk D8 is often defined to be the set of bounded seminorms on the 
ring Tr. One can show, using the Weierstrass preparation theorem, that this leads 
to the same set of points and the same topology as taking the || - || p-bounded semi- 
norms on the polynomial ring C,|z]; see [26]. The ring Tz is an example of a Tate 
algebra. Applying the same construction to more general Tate algebras allows one 
to construct Berkovich spaces for the associated rigid analytic spaces. 


§.10.1.3 Visualizing the Berkovich Disk 


In order to visualize the Berkovich disk, we place the Gauss point £,; at the top of 
the page and observe that there is a line segment running from any point € 4 £1 up 
to the Gauss point. If € = €,,,. is of Type-l, Il, or II], then this line segment is the set 
of points 

Lar = {Eat 27 St < Lh. 


Notice that any two line segments L,,, and Ly, merge with one another at the 
point £4 = & 4 determined by 


t= max{r, s, |b — al}. 


This is the smallest allowable value of t for which the disks D(a,t) and D(b,t) 
acquire a common point, hence for which they coincide. Thus one can imagine the 
various line segments continually merging as they run upward toward the Gauss point 
at the top of the tree. 

The line segment running up from a Type-IV point €4,r is slightly more compli- 
cated. It is the set of points 


Lar = {far} U U {€a,,t rg Sts rir} = {Ear} U U Lay ri: (5.45) 
i=l i=l 
(Note that ro = 1 by definition.) The Type-IV point €, , is included in the Berkovich 
disk precisely to provide an endpoint for the union of line segments J La, 7, 
Now imagine starting at the Gauss point and moving downward through the tree. 
We claim that at any instant, there are three possible scenarios: 


1. If you have reached a point &, 9 of Type I or a point €,, of Type IV, then you 
have hit the end of a segment and cannot proceed further. 


2. If you have reached a point €,,, of Type II, then r > 0 is in the value group 
of C, and there are countably infinitely many branches along which you can 
move down the tree. 


3. If you have reached a point €,,, of Type III, then r > 0 is not in the value 
group of C, and there is only one direction to move down the tree. 
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The picture for points of Type I is clear. In order to understand Types II and III, 
suppose that we fix a point £,, of Type II or Ill. Each 6 € D(a,r) gives a line 
segment Ly that runs up from the Type-I point 9 and through the point €,.q. 
Two such line segments Ly and Ly 9 merge before reaching €,,, if and only if 
|b — b’| <r, so it is really each open disk D(b,r) inside the closed disk D(a, r) that 
gives a line segment running up to €,,-. 

If £4, is of Type Ill, then D(b,r) = D(a,r) for any b € D(a,r), so there is only 
one segment running downward from €, -. 

The situation is much more interesting, and complicated, if €,,, is of Type II. In 
this case D(a,r) is covered by a countable union of open disks D(b,r), so there is 
a countable set of branches downward from €,,,. A convenient, although noncanon- 
ical, way to describe the branches is as follows. Let $ = {z € C, : |z| < 1} denote 
the maximal ideal in the ring of integers of C, and fix some c € C, with |c| = r. 
Then the open disks of radius r are in one-to-one correspondence with the residue 
field F,, via the map 


{disks D(6,r) inside D(a,r)} —+F,, — D(b,r) > (b/c) mod §. 


The surjectivity of this map is clear, and the injectivity follows from the fact 
that D(b,r) = D(b’,r) ifand only if |b — b'| < r = |e. 
In order to fit the Type-IV points into the picture, let 


D(a1,71) > D(a,r2) >) D(a3,r3) Dee 


be any sequence of nested disks and consider what happens as we move down the 
line segments L,,-,. The fact that the disks Dai, r;,) are nested implies that the 
line segments Lo,,,, extend one another downward as i increases. If the intersec- 
tion () D(a;,7r:) is nonempty, then it is equal to D(a,r) for some a € C, and 
some r > Q, so the intersection corresponds to a point €,,, of Type I, Il, or Il 
and the union () La, ,, together with the endpoint €,,, forms a closed line segment. 

However, if the intersection (] D(a;,r;) is empty, then there is no actual disk 
D(a,r) sitting at the bottom of the union of the line segments ) La,,r,. Thus as 
already noted, the points of Type IV exist precisely to remedy this situation and to 
ensure that every downward path has a termination point. Further, this explains why 
we defined La, by (5.45) to be the line segment running from 4; to £91. (See 
Exercise 5.41.) 

The Berkovich disk D® is “illustrated” in Figure 5.4. Of course, Figure 5.4 is 
at best a pale imitation of the true glory of the Berkovich disk, since in a complete 
picture of D®, every line segment contains a countable number of Type-II points, off 
of each of which there is a countable number of downward branches. Unfortunately, 
despite advances in modern technology, there are still no computer packages capable 
of fully rendering a (countably) infinitely branched broomstick. 


5.10.1.4 The Gel’fond Topology on the Berkovich Disk 


The next step is to put a topology on the Berkovich disk. 
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£0,1 +4 Gauss point 


Type-IV point} j 


ar 6 


[pe pein] 


Ea,0 £0,0 £0 


Figure 5.4: The Berkovich disk D®. 


Definition. The Gel’fond topology on D® is the weakest topology such that for 
every f € C,[z] and every B > 0, the following sets are open: 


U(f,B)={2eD®:|fl,e<B} and V(f,B)={a«e D®:|fl, > B}. 


Theorem 5.68. (Berkovich) The Berkovich disk D® with the Gel’fond topology is 
a compact path-connected Hausdorff space. 


Proof. See [64, Theorem 1.2.1] or [29, Appendix D] for the proof that D® is compact 
and Hausdorff and [64, Corollary 3.2.3] for the proof that it is path connected. O 


Basic open sets for the Gel’fond topology on D®, viewed as a tree, can be de- 
scribed by taking (and deleting) branches of the tree as described in the following 
definition. 


Definition. The closed branch of D® rooted at (a,r), denoted by \,, ,.. consists of 
all points €,., such that £,,, is on the line segment L»,, running from &, to €o,1, 
together with whatever Type-IV points are needed to finish off the bottom of any 
open line segments. Thus 


Nar = {&,5 28 <7 and |b — al < r} U {appropriate Type-IV points}. 


The open branch rooted at (a,r), denoted by Now is obtained by starting with 
the closed branch Nar? removing the point €, ,, and then taking the connected com- 
ponent that contains £, 9. If £,,, is of Type IIL, this is simply the closed branch at £4, 
with the single point €,,, removed; but if €,,, is of Type II, then there are countably 
many branches at £,,, and we select the one that includes the point €, 9. It is not hard 
to see that 


Nir = {6,5 8 < rand |b—al <r}U {appropriate Type-IV points}. 


Then a base of open sets on D® for the Gel’ fond topology consists of all sets of 
the following three types: 
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e Open branches. 
e Open branches with a finite number of closed subbranches removed. 


e The entire tree with a finite number of closed branches removed. 


Remark 5.69. There is a natural inclusion 
D(0,1) — D®, at— Ea, 


that identifies the unit disk D(0,1) as the set of Type-I points in the Berkovich 
disk D®. It is not hard to check that the Gel’fond toplogy on D®, restricted 
to D(0, 1), is the usual topology induced by the metric on C,. See Exercise 5.44. 


5.10.2 The Berkovich Affine and Projective Lines 


It is relatively easy to construct the Berkovich affine line A® and the Berkovich 
projective line P® as topological spaces, which we do in this section. It is more 
difficult to construct them as ringed spaces with sheaves of functions appropriate for 
doing analysis. See Remark 5.74 for a brief discussion and references. 


§.10.2.1 The Berkovich Affine Line A? 


Recall that the Berkovich disk D® consists of four types of points. Each may be 
described in terms of disks that are contained in the closed unit disk D(0, 1). Equiv- 
alently, D® is the collection of || - ||;-bounded seminorms on C, [2]. 

More generally, we define the Berkovich disk D3 of radius R to be the collection 
of || - ||p-bounded seminorms on C,[z]. It is given the Gel’ fond topology and has 
its own Gauss point £9, corresponding to the seminorm 


flo = max|e,|R° = sup |f(z)| for f(z)=S enz” €C,[z]. 
On = mae “ae | » P 


It is clear how to define points of Type I, II, III, and IV in D8 using closed disks 
contained in D(0, R), just as we did for D®. Further, there is an inclusion 


DR, Cc Di, for Ry < Ro. 


This is clear from the definition of DB as a set of seminorms. In terms of the picture 
of DB as a branched tree, we see that DE. is the closed branch of D5, lying below 
the Gauss point £,z, of DB. 


Definition. The Berkovich affine line A® is the union of the increasing collection of 
Berkovich disks, - 
A’ = | J Di, 


R>0 


with the topology induced by the direct limit topology on the individual Berkovich 
disks. It suffices, of course, to take the union over any increasing sequence of radii, 
for example, over R = p* with k > oo. 
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Thus every point a € C,, every disk D(a,r) C Cp, and every nested sequence of 
disks with empty intersection gives a point in the Berkovich affine line A®, and A® is 
composed of exactly this collection of points. In particular, there is a natural inclusion 
of C,, as the set of Type-I points in AB, 


Cp = A(C,) c AP. 


We also note that A® inherits a tree structure from the natural tree structure of the 
Berkovich disks D3. However, the tree A® extends infinitely far upward; there is no 
Gauss point sitting at the top of A®. 


5.10.2.2 The Berkovich Projective Line P? 


The easiest way to construct the Berkovich projective line P® as a topological space 
is to glue together two copies of the Berkovich disk D® along their annuli 


Ann® = {Ear € DB : |a| = 1} 


using the map 
f: Ann? — Ann® , f (Ear) = €a-1,r- 


We note that the map f is induced from the inversion map f (z) = 1/z, since it is 
easy to check (Exercise 5.37) that if0 ¢ D(a,r), then 


f(D(a,r)) = {27* : |z-a| <r} = D(a“, r/|al?). 


In particular, if |a| = 1, then f(D(a,r)) = D(a7!,r), so f (Ear) = 4-1, 
The full Berkovich disk is the disjoint union of the annulus and the open branch 
containing &o,0, 
D® = Ann” U Aoi. 


Thus when we glue two copies of D® along their annuli, the only parts of the two 
disks that are not identified are the two open branches Now Hence another way to 
construct P® is to take one copy of D® and attach one extra copy of Noo running 
vertically upward from the Gauss point £91. The result is illustrated in Figure 5.5. 

It is natural to denote the extra vertical branch by A\., and to label its points 
using the reciprocals of the points in D(0, 1), 


No = {far :|al>1 and r<1}U {& 0,0}. 


The open and closed branches in A”, are defined using the natural identification 


No 1 = Noo ba,r ar: 


? 


For example, a basic open neighborhood of the Gauss point £),1 is obtained by re- 
moving from P® a finite number of closed branches, some of which may be in the 
vertical branch A\°,, at infinity. 
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Extra branch 
“at infinity” 


Figure 5.5: The Berkovich projective line P®. 


Remark 5.70. There is a natural embedding of A® into P®. However, the inversion 
map f(z) = 1/z used to glue together the two pieces of P® can cause notational 
confusion regarding the “radius” of points of Types II and III. For example, the 
point €,-2,,-s in the branch A”, of P® would be denoted by Ep-1,p when viewed 
as a point in A®. Thus it might be wiser to denote the points in AY. using some 


alternative notation, for example bors but we will not do so. 


Remark 5.71. A useful alternative construction of P? mimics the construction of the 
scheme P3, as the set of homogeneous prime ideals. It starts with the set of bounded 
seminorms on the two-variable polynomial ring C,|[z, y] that extend the usual ab- 
solute value on C, and that do not vanish on the maximal ideal (x, y). Two semi- 
norms | - |, and | - |, are considered equivalent if there is a constant c > 0 such 
that 

[fla = e884] flo for all homogeneous f € C,[z, y]. 


Then P® is the set of equivalence classes of such seminorms. For details of this 
construction, see [66]. 

Let P € P'(C,). To create a seminorm from P, choose homogeneous coordi- 
nates P = [a, b] and set |f| = |f(a,b)|. Notice that a different choice of homoge- 
neous coordinates for P gives an equivalent seminorm. This embeds P1(C,) into P®. 


5.10.2.3 Properties of A? and P® 


As repayment for the effort required to construct them, Berkovich spaces have many 
nice properties that C,, lacks. 
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Theorem 5.72. (a) The Berkovich disks DE are compact, Hausdorff, and uniquely 
path connected.° 
(b) The Berkovich affine line A® is locally compact, Hausdorff, and uniquely path 


connected. 
(c) The Berkovich projective line P® is compact, Hausdorff, and uniquely path con- 
nected. 
Proof. See [26] and [64]. oO 


Remark 5.73. As noted earlier, the Berkovich affine line A? contains a copy 
of A1(C,) = Cy, since each a € Cy gives an associated Type-I point £49 in DB 
provided R > |a|. Similarly, the Berkovich projective line P? contains a copy of the 
classical projective line P'(C,) via the map 


£40 € D(0,1) if al <1, 
P(Cpy) > P®, are fo EN, if 1 < |a| < 00, 
bs0,0 EM, ifa = oo. 


One can show that the restriction of the Gel’ fond topology on A® and P® to A(C,) 
and P!(C,), respectively, gives the topology induced by the usual metric on A'(C,) 
and the chordal metric on P1(C,,). See Exercise 5.44. This explains why the Gel’ fond 
topology is the “right” topology to use on Berkovich spaces. 


Remark 5.74. We have constructed A? and P® purely as topological spaces. It is 
more difficult, but very important, to refine this construction and make A® and P® 
into ringed spaces with structure sheaves built up naturally from rings of functions. 
There are two approaches, both due to Berkovich. The first takes unions of open 
Berkovich disks, which have a natural structure as analytic spaces, and glues them 
along open annuli; see [26, 64]. The second glues affinoids (which are closed) using 
nets; see [65]. This second construction is less intuitive, but it allows one to functo- 
rially attach a Berkovich analytic space to any reasonable rigid analytic space. 


5.10.3 Dynamics on Berkovich Space 


Having constructed the Berkovich spaces D®, A®, and P®, we are finally ready to 
study iteration of maps on these spaces. 


5.10.3.1 Polynomial! and Rational Maps on Berkovich Space 


Let ¢(z) € C,[z] be a polynomial. There is a natural way to extend the map 
@: A!(C,) — Al(C,) to a map on Berkovich affine space ¢ : A8 — A®. In terms 
of seminorms, the action of ¢ is simply given by composition, 


bo: AB —A®, — |flee =f 0 dle. 


5Recall that a topological space X is path connected if given any two points xo,21 € X there is a 
continuous map f : [0,1] + X with f(0) = xo and f(1) = 21. Then X is uniquely path connected if 
any two such paths f1 and f2 are homotopic to one another, i.e., f; an be continuously deformed to fo. 
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However, it is perhaps easier to understand the map ¢ : A® — A® by looking at 
the action of é on points of Types I-IV. Recall (Proposition 5.16) that ¢ maps disks 
to disks, say 


o(D(a,r)) = D(¢(a),R) for some R = R(¢,a,r). 
Then for points of Types I, II, and III we define 


$(£a,r) = €6(a),R(¢,a,r)> 


and for points of Type IV we take the usual limit 
(Ear) = jim (Ea;.r:) = jim E6(a:),R(d,airi)° 


Remark 5.75. The maximum modulus principle (Theorem 5.13) allows us to explic- 
itly describe the radius R(¢,a,r) of the image ¢(D(a,r)). First expand ¢(z) as a 
polynomial in powers of z — a, say 


Then 


R(¢,a,r) = max |ea(¢, a)|r’ = cup lo) — ¢(a)|. 


A rational function ¢(z) € C,(z) similarly induces a map on the Berkovich 
projective line P® extending the usual map on P!(C,). If 6 has no zeros or poles on 
the disk D(a, r), then it is relatively easy to describe the value of }(€,,-). We know 
in this situation that ¢(D(a,r)) is a disk, say equal to D(¢(a), s). Then 


_ J §d(a),s if |9(a)| <1, 
ow) ee if |@(a)| > 1. 


Note that the assumption that ¢ does not vanish on D(a,r) is equivalent to the in- 
equality |¢(a)| > s, so the indicated points are in D®. 

The description of ¢(€,,-) when ¢ has zeros and/or poles on D(a,r) is more 
complicated. An explicit description in terms of open annuli is given by Rivera- 
Letelier (373, 375, 376]. (See also [26, Section 2].) A succinct, but less explicit, way 
to specify the induced map ¢ : P® — P® is to use the construction of P® as a 
space of homogeneous seminorms as described in Remark 5.71. Then for a given 
seminorm £ € P®, the seminorm ¢(€) is determined by writing ¢ = [F, G] using 
homogeneous polynomials F and G and setting 


F(@, 9) ae) = |f(F(z,y), Gla, y))| for all homogeneous f € C,[x, y]. 
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5.10.3.2 The Julia and Fatou Sets in Berkovich Space 


A natural way to put a metric on the Berkovich spaces D®, A®, and P® is to use 
the underlying tree structure and measure distances along line segments. Unfor- 
tunately, this path-length metric does not give the Gel’fond topology, and as we 
have observed, it is the Gel’fond topology that extends the natural metric topolo- 
gies on D(0, 1), A1(C,), and P!(C,) . (See Exercises 5.42 and 5.44.) It is possible 
to define a metric that does yield the Gel’fond topology, but the definition of the 
“Gel’fond” metric is quite indirect. See [26, Corollary 1.3]. 

So rather than using a metric, we instead characterize the Fatou and Julia sets in 
Berkovich space using an abstract topological version of equicontinuity. 


Definition. Let X and Y be topological spaces and let ® be a collection of con- 
tinuous maps X — Y. The set ® is (topologically) equicontinuous at x if for every 
point y € Y and every neighborhood V c Y of y there are neighborhoods U Cc X 
of z and W c Y of y such that for every ¢ € ®, the following implication is true: 


gU)NWA#O => gU)CV. 


Intuition: ® is equicontinuous at x if for each y € Y, whenever @ € ® sends some 
point close to x to a point that is close to y, then @ sends every point close to x to a 
point that is close to y. 

One can show that if Y is a compact metric space, then topological equicon- 
tinuity agrees with the usual metric definition of equicontinuity. (See [26, Proposi- 
tion 7.17].) We say that ® is (topologically) equicontinuous on X if it is topologically 
equicontinuous at every point of X. 


Definition. Let ¢(z) € C,(z) be a rational map. The (Berkovich) Fatou set of > is 
the largest open subset of P? on which ¢ is equicontinuous, or more precisely, on 
which the set of iterates {¢"} is equicontinuous. The (Berkovich) Julia set of o is the 
complement of the Berkovich Fatou set. We denote these sets by ¥?() and 77(¢), 
respectively. 


Remark 5.76. Recall that the classical points in P®, i.e., the points of Type-I, form 
a copy of P'(C,) sitting inside P®. As noted earlier in Remark 5.73, the restric- 
tion of the Gel’fond topology on P® to the classical points gives the same topol- 
ogy on P!(C,) as that induced by the chordal metric. Using this one can show that 
equicontinuity at a classical point of P® using the Gel’ fond topology is equivalent to 
equicontinuity using the chordal metric. Hence the classical Fatou and Julia sets sit 
within their Berkovich counterparts: 


F(¢) =F3(¢)NP(C,) and = J(¢) = F(¢) NP'(C,). 


Remark 5.77. Let ¢(z) € C,(z) be a rational map of degree at least 2. Various 
authors have shown that there is a unique probability measure jzg on P® satisfying 


Pug =d- pe and — daflg = He 
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(Recall that a probability measure is a nonnegative measure of total mass 1.) We 
call zg the canonical measure associated to $, since the property $* ug = d- pe 
resembles the analogous property he (¢(P)) =d- ho(P) of the canonical height. 
The reader should be aware that other common names for jg in the literature in- 
clude Brolin measure, Lyubich measure, and invariant measure. For the construction 
and applications of ug, see Baker and Rumely [26, Theorem 7.14], [29], Chambert- 
Loir [98], Thuillier [434], and Favre and Rivera-Letelier [168], as well as [360]. 


Theorem 5.78. Let ¢(z) € C,(z) be a rational map of degree at least 2. The sup- 
port of the canonical measure j14 is equal to the Julia set J?($). In particular, the 
Berkovich Julia set 7? () is not empty. 


Proof. This theorem is an amalgamation of results due to Baker, Rumely, and Rivera- 
Letelier. We refer the reader to [26, Section 7.5] for the construction of the canonical 
measure and to [26, Theorem 7.18], [27, Theorems 8.9 and A.7], and [381] for the 
proof that jzg is supported exactly on 7%(¢). The last part of the theorem is then 
clear, since the empty set cannot provide the support for a nontrivial measure. OO 


Example 5.79. Let 6(z) € C,(z) be a rational map of degree at least 2 and sup- 
pose that ¢ has good reduction. We know (Theorem 2.17) that the classical Julia 
set J(¢) C P'(C,) is empty. Using the construction of the canonical measure, it is 
not hard to show [26, Example 7.2] that for a map of good reduction, the canonical 
measure is entirely supported at the Gauss point, i.e., 


pg(U) =1 if £01 EU and pig(U) =0 if £01 ¢ U. 


Thus 77(¢) = {£,1}, so the nonempty Julia set guaranteed by Theorem 5.78 is not 
very interesting, since it consists of a single point. Hence even in Berkovich space, 
the most interesting dynamical behavior occurs for maps of bad reduction. On the 
other hand, if the conjugates 4/ of ¢ have bad reduction for every f € PGL2(C,), 
then 7 (¢) is a perfect set, and hence uncountable. (See Theorem 5.82.) 


5.10.3.3. The Map ¢(z) = z? on Berkovich Space 


To conclude our brief foray into Berkovich space, we illustrate Berkovich dynamics 
by studying the simplest possible map, namely ¢(z) = z*. For any a € Cy, we 
expand 


o(z) — ¢(a) = 2° — a? = 2a(z — a) +. (z — a)’. 


Assuming henceforth that p > 3 and using our convention that all points in P? have 
radius satisfying r < 1, we find that 


b(Ea,r) = €4(a), with s= max{|2a|r, rh =f: max{|al, r}. (5.46) 


This explicitly gives the action of ¢ on points of Types I, II, and III in D®, and the 
action of ¢ on Type-IV points is given by the appropriate limit. 
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The formula (5.46) allows us to compute many orbits O(€,,,). For example, 
suppose that |a| < 1 and r < 1. Then |o” (a)| — 0, so the radius of $"(£,,-) also 
goes to 0. Thus 


jaj< 1 and r<l => Jim, 0” (fa,r) = £0,0- 


In other words, the open branch /\j, , is in the attracting basin of the fixed point £0. 
(We leave it to the reader to make this informal argument rigorous using the Gel’ fond 
topology on D®.) 

What are the fixed points of 6? For a point £,, € D® of Type I, Il, or II in the 
Berkovich disk, we have 


(far) = Ear <=> r=r-max{lal,r} and D(a,r) = D(a’,r) 


r=0 and a=a?, or 
= 
max{|a|,r$}=1 and ja—a?| <r. 


There are three cases to consider. First, ifr = 0, then a = a”, so we see that £0,0 
and 19 are the only fixed points of Type I in D®. Second, if r = 1, then £,, 
is equal to the Gauss point £1, which is clearly fixed by ¢(z). Finally, suppose 
that 0 < r < 1. Then €,,, is fixed if and only if 


jaj=1 and = ja-Ij=|a-a@|<r<l. 


Thus €,,, is fixed if and only ifa € D(1,7r), in which case €,,. = &1,r. This exhausts 
the Type-I,-II, and-III fixed points in D®. A similar analysis on the branch leading 
up to 50,9 yields one more fixed point, namely the Type-I point €,.,9 at the top of 
the tree. Hence aside from Type-IV points, the fixed-point set of ¢ on P® consists of 
two (attracting) Type-I fixed points €,9 and €,,,9 and the line segment running from 
the Gauss point £),; down to the (neutral) Type-I fixed point €; 0, 


Fix(@, P?) = {€0,0, €00,0} U {f1,7 :0 <r < 1}. 


We leave it as an exercise to show that ¢(z) = z? has no fixed points of Type IV 
(Exercise 5.36). 

We have seen that every point in No,o is attracted to &) 9, and the Gauss point £1 
is fixed. We next show that every other point in D® of Type II or III is preperiodic. 
Let £7 € D® be such a point, which means that 


O<r<l and la| = 1. 


Then the disk D(a,r) has positive radius, so it contains points that are algebraic 
over Q, (note that Q, is dense in C,). Replacing a with such a point, we may as- 
sume that a is algebraic over Q,. Next we observe that (5.46) combined with the 
assumption that |a| = 1 implies 


P(Ea,r) = €6(a),r3 so by iteration 0” (Ear) = €4(a),r° 


5.10. Dynamics on Berkovich Space 309 


Hence 
0” (Ear) =O" (Ear) <=> D(b™(a),r) OD(O"(a),r) FO. 
Let K = Q,(a) and notice that 


LJ D(¢"(a),r) NK c DOIN K. 
n>0 


The disk D(0,1)  K cannot contain infinitely many disjoint disks of radius 7, so 
there must exist m > n such that 


D(¢™(a),r7) ND(o"(a), 7) NK £0. 


Then 6 {fa,r) = 6" (Ea,r), 80 &a,r is preperiodic. 

We conclude this section by using the definition of topological equicontinuity to 
directly demonstrate that the Gauss point £ ,1 is in the Julia set of @. The intuition is 
that any neighborhood of €o,; contains points &,, on the line segment connecting 0,1 
to €o,9. If r < 1, then the iterates 6" (£9) approach £9, but the Gauss point 5,1 is 
fixed. Hence ¢”(£o,1) does not remain close to ¢” (&o,,). We now make this argument 
rigorous. 

We suppose that x = £91 € F8(¢) and derive a contradiction. Let y = &,9, and 
let V = Now /2 be our chosen neighborhood of £9. The definition of equicontinuity 
says that there are neighborhoods & ; € U and £9,9 € W such that for all n > 0, 


eU)OW AO = = 6"U)C Noape- (5.47) 
The implication (5.47) remains true if we replace U and W by smaller neighbor- 


hoods, so we may assume that 


U=Pe~ U Nair: with 0 < r; < 1 forall 2, and 


W = Nor withO<r<l. 
Choose a value of s satisfying 


maxr<s<l. 
1<i<k 


Then £9, € U, since €9,, is not on any of the closed branches Magne’ On the other 
hand, 
0” (€0,s) = £0,007 EW = Now for sufficiently large n, 


since we just need to ensure that s” < r. This proves that 
fos € d*(U) NW, 


so the assumption that ¢ is equicontinuous at £9; implies that 
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$°(U) C No.2 


But this inclusion is clearly not true, since, for example, 1 € U is fixed by @, 
but &1 ¢ Noa /g- Therefore ¢ is not equicontinuous at 9,1, 80 0,1 € 7 Big). 

A similar case-by-case argument using the explicit description (5.46) of the ac- 
tion of ¢ shows that every other point in P® is in the Fatou set. We leave the details 
for the reader. 


5.10.3.4 Further Results 


We briefly describe, without proof, some deeper results on Berkovich dynamics. Our 
exposition follows [27], and the author is grateful to Baker and Rumely for making 
their preprint available. 


Theorem 5.80. (Strong Montel Theorem on P8) Let 6 € C,(z) be a rational map 
of degree at least 2, let € € P®, let U c P® be an open neighborhood of €, and let V 
be the union of 6”(U) for all n > 1. 

(a) If P1(C,) \ V contains at least 3 points, then  € F®(4). 

(b) If P? \ (VUP(C,)) is nonempty, then £ € F®(9). 


Proof. This theorem is due to Baker and Rumely [27, Theorem 7.1] for maps ¢ 
defined over a finite extension of Q,, and to Rivera-Letelier in the general case; 
see (27, Theorem A.1] and [381]. Oo 


The proof is based on Rivera-Letelier’s classification of periodic components in 
the Fatou set. In order to describe this classification and its applications, we need 
to define what it means for a periodic point in Berkovich space to be attracting or 
repelling. For Type-I points, i.e., for points in P'(C,), we use the usual definition. It 
turns out that all attracting periodic points in P? are Type-I points. (See Exercise 5.45 
for an explanation of why this is reasonable.) The definition of repelling periodic 
points is more complicated. Repelling periodic points are all of Type I or H [376, 
Proposition 5.5], where we use Rivera-Letelier’s definition that a Type-II periodic 
point is repelling if its residual degree (see [376, Section 5]) is at least 2. 


Definition. Let 6 € C,(z) be a rational map of degree at least 2 and let € € P® be 
an attracting periodic point of period n. The basin of attraction of € is the set 


{n € PB : 6™*(n) > Eask — oo}. 
The connected component of this set is called the immediate basin of attraction of &. 


Definition. Recall that a point P is called recurrent for ¢ if it is in the closure 
of {$"(P) :n > 1}. The domain of quasiperiodicity of ¢ is the interior of the set of 
points in P® that are recurrent for ¢. 


We are now ready to state Rivera-Letelier’s strong Montel theorem for rational 
maps on the Berkovich projective line. 
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Theorem 5.81. (Rivera-Letelier) Let, be the set of points € € P® with the property 
that there is a neighborhood U of & such that 


P(C,)\ U ") 


n>1 


contains at least 3 points. 
(a) Every periodic connected component of Uy is either an immediate basin of at- 
traction of @ or a connected component of the domain of quasiperiodicity of . 
All such components are in F®(@). 
(b) Every wandering component of Ug, is contained in F®(¢). 


Proof. The proof of (a) is given in [27, Theorem A.2] and the proof of (b) is in [27, 
Corollary A.5]. CJ 


As in the classical setting, Montel’s theorem has a large number of important 
consequences, some of which we state here. 


Theorem 5.82. Let ¢ € C,(z) be a rational map of degree at least 2. 

(a) If there is some f € PGLo(C,) such that the conjugate o/ has good reduction, 
then the Julia set J°(@) consists of a single point. 

(b) If every conjugate ¢4 of ¢ has bad reduction, then the Julia set J9(¢) is a 
perfect set, and hence in particular it is uncountable. 

(c) Let € € J?(¢), let U © P® be an open neighborhood of £, and let V be 
the union of o"(U) for all n > 1. Then (i) V contains P® ~ P!(C,),; (ii) V 
contains J®(); and (iii) P!(Cp) \ V consists of at most two points. 

(d) The Julia set J? (@) is either connected or else it has infinitely many connected 
components. Further, it has empty interior. 

(e) Let € € J3(@). Then the backward orbit of € is dense in T®(¢). 

(f) Let V c P® be a closed completely $-invariant set containing at least 3 points. 
Then V D JF? (¢). 

(g) The Julia set J®() is exactly equal to the closure of the repelling periodic 
points in P®. 


Proof, (a) See {27, Lemma 8.1]. 

See [27, Corollary 8.6]. 

\ See (27, Theorem 8.2]. 

) See [27, Corollary 8.3 and Corollary 8.7]. 

\ See (27, Corollary 8.5]. 

) See [27, Corollary 8.8]. 

g) See [27, Theorem A.7]. oO 
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Exercises 


Section 5.1. Absolute Values and Completions 


5.1. Prove that up to equivalence, the only nontrivial absolute values on Q are the usual 
archimedean absolute value and the p-adic absolute values. (This result is known as Os- 
trowski’s theorem.) 


Section 5.2. A Primer on Nonarchimedean Analysis 


5.2. (a) Let #(z) be a holomorphic function on D(a,r). Prove that the Taylor series coeffi- 
cients of ¢(z) are uniquely determined by ¢. 
(b) Let @(z) be a function that is represented by a convergent Laurent series on the punc- 
tured disk D(a,r) ~ {a}. Prove that the coefficients of its Laurent series are uniquely 
determined by ¢. 


5,3. (a) Let ¢(z) and ~(z) be holomorphic functions on D(a,r). Prove that the prod- 
uct (z)¥(z) is a holomorphic function on D(a, r). 
(b) Let ¢(z) and a(z) be meromorphic functions represented by Laurent series on D(a, r). 
Prove that the product #(z)w(z) is a meromorphic function and is represented by a 
Laurent series on D(a, r). 


5.4. Let 6{z) € Cp[z] be a nonconstant polynomial. 
(a) Prove directly (i.e., without using Newton polygons) that @ sends a closed disk D(a,r) 
to a closed disk D (9(a), s). 


(b) Prove that ¢ maps D(a, r) bijectively to D(¢(a), s) if and only if 
|6(z) - o(a)| = lz —a| forall z € D(a,r). 


5.5, This exercise outlines a prove of a p-adic inverse function theorem. Let ¢ € C,(z)} bea 
rational function of degree d > 1 and let P € P'(C,) be a point that is not a critical value 
of ¢, ie., P is not the image of a critical point of ¢. 
(a) Prove that there is a disk D(P,r) centered at P such that ~'(D(P,r)) consists 
of d disjoint open sets 


¢ '(D(P,r)) =ViU Vo U-- UVa. 


Show that the V; are disks. 

(b) Let ¢; : V; > D(P,r) be the restriction of ¢ to V; for each 1 < i < d. Prove that ¢, is 
bijective. 

(c) Possibly after reducing r, prove that the inverse maps 6;' : D(P,r) — V; are given 
by convergent power series. (If oo € ¢~'(P), either change coordinates or instead use 
a convergent Laurent series.) 


5.6. (a) Let K be an algebraically closed field that is complete with respect to a (nonar- 
chimedean) absolute value and let ¢ : P’(K) — P’(K) be a rational map. Prove that ¢ 
is an open map, i-e., the image of an open set is an open set. 

(b) Consider the map ¢ : P!(Q3) — P!(Qs) defined by ¢(z) = z?. Prove that ¢ is not an 
open map by showing that the image of the open disk D(0, 1) in P*(Qs) is not open. 
Thus rational maps over complete, but not algebraically closed, fields need not be open. 
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5.7. Let 6(z) € Cp[z] be analytic on D(a,r) and assume that (a) 4 0. Prove that 1/¢(z) 
is analytic on some closed disk centered at a. More precisely, prove that 1/¢(z) is analytic 
on D(a,t) for any t < r|d(a)|/||dl]. 


Section 5.3. Newton Polygons and the Maximum Modulus Principle 


5.8. This exercise generalizes Proposition 5.16(b) by asking you to prove a general Cauchy 
estimate for p-adic analytic functions. Let ¢(z) € C>p[z] be a power series that converges 


on D(a,r) and let (D(a, r)) = D(¢(a), s). Prove that 


dd 


dz” 


8 


for alln > 1. 


(a)| < 


~ [nl|re 
(Note that as n increases, the estimate becomes worse, since |n!| — 0 as n — 00.) 
Section 5.4. The Nonarchimedean Julia and Fatou Sets 


5.9. Prove the implications between uniform Lipschitz, uniform continuity, and equicontinu- 
ity stated in Section 5.4. More generally, give a definition of what it means for a family of 
functions to be equi-Lipschitz and prove the following implications: 


uniformly Lipschitz | => | equi-Lipschitz at every point 


uniformly continuous | => | equicontinuous at every point 


5.10. This exercise develops the abstract theory of residues (on P’) in order to prove Theo- 
rem 1.14 in arbitrary characteristic. Let (z) € K(z) and a € K. The function (z) can be 
written as a partial Laurent series 

Q—Nn Q@—N+4+1 a—1 


02) = Gort +---+ —— + Wz) with p(z) € K[z - a], 


z-—a)N-l (z— a) 


and we define the residue of ¢ at a to be 
Res(4(z) dz) = 4-1. 
The residue of ¢ at oo is defined by using the substitution z = 1/w; thus 


Res (¢(z) dz) = Res(—d(w "Jw dw). 


(a) Compute all of the nonzero residues of each of the following functions. In each case, 
check that the sum of the residues is 0. 
; 27 +2 , 2742 
@) dilz)= Posy = $2(z) = Bode 4bend’ 
(b) If (z) has a simple pole at a, prove that the residue of # at @ is the value of the 
function (z — a)@(z) evaluated at z = a. 
(c) More generally, for any integer n > 0, let 4,,(z) be the function 


Un(2) = GS ((z-0)"*"4(2)). 
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Here we are taking formal derivatives in A(z). Note that in characteristic p, one must 
be careful to “cancel” the n! before setting p = 0. (If you have not seen this kind of 
computation before, rewrite the expression for 7,,(z) to make it clear that it makes sense 
in any characteristic.) Suppose that ¢(z) has a pole of exact order n > 1 at a, ie., 
writing ¢(z) = F(z}/G(z) as a ratio of polynomials with no common factors, we have 
n = ordz=a (G(z)). Prove that 


Res($(z) dz) = Yn-1(a). 


(d) Prove that 
{P € P'(K) : Res($(z) dz) #0} 


is a finite set. 
(e) Assume that K’ is algebraically closed and prove the Cauchy residue formula 


> Res(9(z) dz) = 0. 


PePl(K) 


(This is a hard exercise. Try it first under the assumption that ¢(z) has simple poles 
and ¢(00) 4 00, which suffices for (f).) 

(f) Use (e) to prove that Theorem 1.14 is true in arbitrary characteristic, and use it to deduce 
that Corollary 5.19 and Proposition 5.20(c) are true. Hence Fatou sets are nonempty for 
all algebraically closed nonarchimedean fields. 


5.11. (a) Let p > 3 bea prime and let c € C, satisfy |c| > 1. Prove that the function ¢(z) = 
z* + c has exactly one nonrepelling periodic point, namely the totally ramified fixed 
point at infinity. 

(b) * Suppose that d(z) € C,(z) has an indifferent periodic point, i.e., a periodic point P 
whose multiplier satisfies |Ap(@)| = 1. Prove that @(z) has infinitely many indifferent 
periodic points. (This result is due to Rivera-Letelier [372].) 

(c) ** Do there exist rational maps ¢(z) € C,(z) that have at least two, but only finitely 
many, nonrepelling periodic points? (From (b), the nonrepelling periodic points would 
have to be attracting.) 


Section 5.5. The Dynamics of (z? — z)/p 


5.12. Let S be a finite set, let S be the space of sequences on S with the symbolic dynamics 
metric, and let L : SN — S% be the left shift map. (See Section 5.5.1.) 
(a) Let a, 8 € S% and suppose that limn—.oo p(L"(a), L"(B)) = 0. Prove that there exists 
an m such that D(a) = L™(). 
(b) Prove that the periodic points of L are dense in S%, 
(c) Prove that there is an element 7 € S™ with the property that the orbit 


O1(y) = {L"(7) :n € N} 


is dense in SN. One says that L is topologically transitive on SN. (Hint. Create by first 
listing all possible blocks of length 1, then all possible blocks of length 2, and so on.) 


(d) Let a € S™. Prove that the backward orbit OF (a) = Uso Lb” ” (a) is dense in SN. 
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(ec) More precisely, prove that the backward orbit of any a € S* is equidistributed in the 
following sense: For all G € SN and all k > 0, 


lim #{y EL "(a) : p(y, 8) <p *} 1 
noo #L-"(a) (#5)*- 


(In fact, prove that the limit stabilizes as soon as n > k.) 


5.13. Let ¢(z) = (2? — z)/p with p > 3. Use Exercise 5.12 and the identification provided 


by Proposition 5.24 to prove that the backward orbit of a point a € .7(@) is equidistributed in 


the following sense: For all b € .7(@) and all radii r = p~*, 


COE) 
nove gn ~ Ok 


5.14, Let p > 3 and for any c € Cp, let $-(z) = (z* — cz)/p. 
(a) Ifc € Z, prove that the statement of Corollary 5.25 is true for dc. 
(b) More generally, prove an analogous statement if c is a unit in a finite extension of Zp. 
(c) What happens if c € pZp? 


§.15. Let d > 2 be an integer, let p > d be a prime, and consider the dynamics of the map 


z(z—1)(z-2)---(2-d+1) 


(2) = > 


over Cp. Prove that .7(@) can be described using symbolic dynamics and use this identification 
to prove the following generalization of Corollary 5.25: 7(¢) C Qz,, the set Per, (@) consists 
of the fixed point at oo and d” repelling points, the Julia set .7(¢) is the closure of the repelling 
periodic points, and ¢ is topologically transitive on .7(¢). 


Section 5.6. A Nonarchimedean Version of Montel’s Theorem 


5.16. Complete the proof of Theorem 5.26 (see page 265) by writing down the details in the 
case that a = 0. 


5.17. Let ® be a collection of power series that converge on D(a,r), and suppose that there 
is a point a € K such that a ¢ ¢(D(a, r)) for all ¢ € ®. We proved in Theorem 5.26 that 
there is a constant C = C(a,a,r) such that 


o(¢(z), @(w)) < Ce(z,w) forall ¢ € © and all z,w € D(a,r). 
Find an explicit value for the Lipschitz constant C’ in terms of a, a, andr. 
5.18. Let ® be a collection of rational, or more generally meromorphic, functions 
D(a,r) > P’(K), 


and suppose that a, 3 € P'(K) do not lie in ¢ (D(a, r)) for all @ € ®. Our proof of the nonar- 
chimedean Montel theorem (Theorem 5.27) shows that there is a constant C = C(a, 3, a,r) 
such that 


p(o(z), d(w)) < Co(z,w) forall ¢ € ® andall z,w € D(a,r). 


Find an explicit value of C in terms of a, 8, a, and r. 
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Section 5.7. Periodic Points and the Julia Set 


5.19. As in the statement of Lemma 5.34, let A, B C Cy be bounded sets for which there are 
constants 0 < 6 < 1< A such that 


sup ja| << A, su <A, and inf a,B)=6>0. 
sup | Is pep a ac ien Pl B) 


For each (a, 8) € A x B, let La.g(z) = (8 — a)z + a. During the proof of Lemma 5.34 we 
showed that 


4 


A 1 
p(La,a(z), Lat ,p! (z’)) < g2 ‘ max{ p(a, a ); p(B, 8’), p(2, z')} 
for all a,a’ € A,all G, 6 € B, andall z,z’ € P'(C,). 


Improve this result by reducing the exponent of A and/or 6 in the constant. Try to find the 
best-possible exponents. 


5.20. Let A, B,C C P'(C,) be three sets that are at a positive distance from each other, i.e., 
there is a constant 6 > 0 such that 


inf a, B) > 4, inf a,y) > 4, inf 1y) > 6. 
ache m8) 2 act Amy 2 act ec PFD) 2 


For any triple of points (a, 8, y) € A x B x C, define 
La,p(z) € PGLa(Cp) 
to be the unique linear fractional transformation satisfying 
Leex0)=o, Lasy1)=68, Laa.y(00) = 1- 
Prove that the map 
Ax BxCxP(Cy) +P (Cp), (@,8,%,2) > Lasr(2); 


is Lipschitz and find an explicit Lipschitz constant depending only on 6. (This exercise gener- 
alizes Lemma 5.34, which is the case that C = {oo} is the single point at infinity.) 


5.21. This exercise can be used in place of Lemma 5.34 to prove Montel’s theorem with 
moving targets (Theorem 5.36). 
(a) Let P,Q € P'(K) be distinct points. Prove that there is a linear fractional transformation 
A= Apg € PGL2(K) satisfying 


A(0)=P, A(oo) =Q, —_[Res(A)| = p( P,Q). 


(Hint. If A = (%°) is normalized to satisfy max{|al, |bl, |cl, \a|} = 1, then Exer- 
cise 2.8 says that the resultant of A is equal to the determinant ad — bc.) 

(b) Let A,B C Cy be bounded sets that are at a positive distance from each other. Prove 
that the map 


AxBxP'(K)—P'(K), (P,Q, R)+—> Apo(R), 


is Lipschitz. 
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Section 5.8. Nonarchimedean Wandering Domains 


5.22. Let X be a topological space and let D be a collection of open subsets of X that form 
a base for the toplogy of X. We use D to define disk components as described on page 277. 
(Note that the sets in D need not be actual disks, since the space X is merely assumed to be a 
topological space.) 
(a) Let U Cc X be an open set, let P;, P2 € U be points, and let Vi and V2 be the 
disk components of U containing P, and P2, respectively. Prove that either Vi = V2 
or Vine = 90. 
(b) Prove that U is a disjoint union of disk components. 
(c) Prove that the disk components of U are open. 


5,23. Let X be a topological space and let D be a collection of open subsets (disks) of X that 
form a base for the topology of X. An open set U Cc X is defined to be disk-connected 
(relative to D) if for every pair of points P,Q € U there is a finite sequence of disks 
D,, De,...,Dn CU such that 


Pen, Q€ Dy, DADiwi #9 foralli<i<n. 
(a) Let U; and U2 be disk-connected subsets of X. Prove that either 
U,=U2 or ULNU2 =F. 


(b) Let U C X bean open set and let P € U. Prove that there is a maximal disk-connected 
open subset of U containing P. 

(c) Prove that the maximal disk-connected open subset of U containing P described in (b) 
is in fact the disk component of U containing P. This gives an alternative definition of 
disk component. 


5.24. Prove that the standard closed disks with rational radius (cf. Remark 5.7) in P' (Cp) are 
exactly the images via elements of PGL2(C,) of the unit disk D(0, 1). Similarly, the standard 
open disks of rational radius are the images of D(0, 1). 


5.25. Let K/Qp be a finite extension and let ¢(z) € K(z) be a rational function of degree 
d > 2 with oo € F(¢). Prove that @ is hyperbolic, i.e., ¢ satisfies the conditions of Theo- 
rem 5.46, if and only if ¢ has the following property: 


For every finite extension L/K there are a set U C L containing .7(@)  L, positive 
constants b > a > 0, and a continuous function o : U — [a, 6] such that 


o((a)) \¢(a)| > a(a) for alla € U. 


This shows that p-adic hyperbolicity and classical (complex) hyperbolicity can both be char- 
acterized as saying that a map is everywhere expanding on the Julia set with respect to some 
reasonable metric. For further information about hyperbolic maps in the classical setting; see, 
for example [95] or [302}. 


5.26. * Let d : P’ — P' be a rational map of degree at least 2 and let P € P'(Cyp) bea 
recurrent critical point that is in the Fatou set ¥(¢). Prove that P is a periodic point. 
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Section 5.9. Green Functions and Local Heights 


5.27, Let K be a field with a nonarchimedean absolute value v, let ¢ : P!' > P! bea 
morphism of degree d > 2, let 6 = (F,G) : A? — A? bea lift of ¢ satisfying ||®||, = 1, 
and let Gs be the associated Green function. If |Res(F, G) > # 1, or equivalently if ¢ has 
bad reduction at , prove that there exists a point (x, y) € A2(K) such that 


Ga(x,y) # log||(«, y)||,,- 


This is the converse to Proposition 5.58(c). 


5.28. Let K be a field with an absolute value v, let ¢ : P? — P* be a morphism of de- 
gree d > 2, and let ® : A? = A? be a lift of @. 
(a) Prove that the map 


9(2,y) = log||®(z,y)||_, — dlog||(x,»)|], 


induces a well-defined function g : P’(K) — R. 
(b) Prove that g is Lipschitz, i.e., prove that there is a constant C = C(@) such that 


|g(P) - 9(Q)| < Cp.(P,Q) forall P,Q € P'(K). 


(c) If v is nonarchimedean, prove that g is locally constant. More precisely, if the lift ® is 
chosen to satisfy ||®||, = 1, prove that 


9(P) = 9(Q) forall P,Q € P'(K) with po(P,Q) < |Res(®)| 
(d) Define a modified Green function Ga by 
Go(z, y) = Ga(z,y) _ log|| (x, y)||,,- 


Prove that Gs is a Hélder continuous function on P!(). In other words, prove that Ge 
is well-defined on P!(K’) and that there are positive constants C’ and 6 such that 


|Ga(P) — Ga(Q)| < Cp.(P,Q)? forall P,Q € P*(K). 


(Hint. Show that Ga(P) is given by the telescoping series aan d-"g($"(P)). For 
small n, say n < N, estimate the difference | 9(¢"(P)) — 9(#"(Q))| using (b) and 
the fact that ¢ is Lipschitz, and for large n use an elementary bound. Then make an 
appropriate choice for NV.) 


5.29. The definition of the canonical height hg(P) as the limit of d-"h(¢"(P)) is not prac- 
tical for numerical calculations, even for P € P'(Q), because one would need to compute 
the exact value of points ¢”(P) whose coordinates have O(d”) digits. A better method to 
compute f.s(P) is as the sum of the Green functions Gs,.(P) as described in Theorem 5.59. 

Let ¢ : P’ — P' be a morphism of degree d > 2 and fix a lift © of ¢. If v € Mx 
is a nonarchimedean absolute value such that ||®||,, = 1 and | Res(®)|, = 1, then Proposi- 
tion 5.58(c) says that 

Go,v (x,y) = log||(x, y)lv- 

This covers all but finitely many absolute values, so it remains to devise an efficient method 
to compute Ga »(z, y) in the remaining cases. 
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Let P = [x,y] € P'(K) and use the algorithm described in Figure 5.6 to define a 
sequence of triples 
(ti, Lis Yair with ui, ti, ys € K. 
This exercise asks you to prove that N iterations of the algorithm gives the value of Ga,»(x, y) 
to within O(d—), 
(a) Prove that |u|» <1 for all i > 0. Hence the computation of quantities such as F(u:, 1) 
in the algorithm do not involve excessively large numbers. 
(b) Prove that for alli > 1 we have 


_=los||®*@.9)]|, ~ dose"), 


log|| (a, y:) 

(c) As in Exercise 5.28, we let 

9(X,¥) =log|}®(X, Y) || — dlog||(x, Y)|,. 

The homogeneity of ® shows that g is a well-defined function on P'(K), and Proposi- 
tion 5.57 says that g is bounded. Prove that 


Ge (2,9) = logl|(x,y)||, + > Fa(# (2,9). 


i=l 


(d) Prove that 


N 
Go(z,y) = log||(#,y)||, + 5— : log max{|zilv,lyile} +O(-™), (5.48) 


i=l 


where the big-O constant depends only on ©. Deduce that the algorithm described in 
Figure 5.6 computes Ga (x, y) to within O(d~’). 

(e) Find an explicit value for the big-O constant in (5.48) in terms of the quantities d, ||®||., 
and |Res(®)| .. 


5.30. Implement the algorithm described in Figure 5.6 to compute the Green function Gg 00 
for the archimedean absolute value on P' (IR). 

(a) Let d(z) = z+ 1/z and compute Gy .0(x, y) to (say) 8 decimal places for each of the 

points (1, 1), (2, 1), and (5, 2). Check your program by verifying that your values satisfy 


Go,00(5, 2) & 2G ¢,00(2, 1) ws) 4G4,00(1, 1). 


Compute the canonical height s(1) and compare it with the value that you obtained in 
Exercise 3.20. (Hint. The map ¢ has good reduction at all primes.) 

(b) Let d(z) = (327 — 1)/(z? — 1) and note that $?(1) = 3 and ¢°(1) = 423. Com- 
pute G4,.0(x, y) for each of the points (1, 1), (3, 1), and (13, 4). Why does Gg,.0(3, 1) 
not equal 4Gy ..(1, 1)? What is the difference between these two values? 


5.31. Let d € Q(z) be a rational map of degree at least 2 and let P € P'(Q). Write an effi- 
cient computer program to compute he(P) as a sum of Green functions. (For primes p not di- 
viding Res(®), use Proposition 5.58 to compute Gy ,»(x, y). For primes dividing Res(®) and 
for the archimedean place, use the Green function algorithm in Figure 5.6.) Compute hg(a) 
to 8 decimal places for each of the following maps and points. 

(a) oz) =27-1, a=i. 
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INITIALIZATION 
Write ® as 6=(F,G) with F,GeE K|X,Y] 
Set N = Desired number of iterations 
Set x» =z and y =y and Green=0 
MAIN LOOP: i =0,1,2,...,N 
Increment Green By d~‘logmax{|zi|v, |yilv} 
If |x| < Yale 
Set uj= xi | Yi 
Compute #41 = F(uj,1) and yi+1 = G(ui, 1) 
Else lyily < |2il» 
Set us = yi/i 
Compute 244); = F(1,u;) and yi4i = G(1, uw) 
END MAIN LOOP 
Return the Value Green 


Figure 5.6: An algorithm to compute the Green function Ga(zx, y). 


(b) d(z)=27 +1, a=}. 
(c) o(z) =327-4, a=1. 
(d) oe) =2t5, a=. 


327-1 


a 8 1 and a = 3. Check that hg(3) % 4h (1). 


5.32. Let K be an algebraically closed field with an absolute value v, let ¢ : P’ — P’ 
be a morphism of degree d > 2, fix a lift ® of ¢, and for each homogeneous polyno- 
mial E € K[zx,y], let \g,= be the associated local canonical height function. (See Theo- 
rem 5.60.) 

(a) If £1, Ho € K[z, y] are homogeneous polynomials, prove that 


No.1 Bg(P) = No,e;(P) + Ag, (P) 


at all points such that F,(P) 4 0 and E2(P) 4 0. 


(b) Let D = n1(Q1) + n2(Q2) +--+ n+r(Q,) bea divisor on P’, i.e., D is a formal sum 
of points with ni,...,,r € Z. Use (a) to associate to D a local height function 


Nop : P'(K) \ {Q1,...,Qr} OR. 
(c) Prove that there is a rational function fp € K(z) with the property that 
49,0 (¢(P)) = d6,n(P) — log| fo(P)|, 


at all points where \g,p (¢(P)) and \4,p(P) are defined. 


(d) Let g(z) € K(z) bea rational function and let D, be the divisor of g, which by definition 
is the formal sum 
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Dy= > orda(g)(Q). 
QePl(K) 
(Here ordg(qg) is the order of vanishing of g at the point Q; see Example 2.2.) Prove that 
the function 
P+— Xo,p,(P) + log|g(P)|, 


extends to a bounded continuous function on all of P’(K). 
Section 5.10. Berkovich Space and Dynamics 


5,33. Let 6(z) € Cp[z] be a polynomial and let a € D(0,1). Write (z) as a polynomial 
in z — a, say 


0(z) = co + e1(z — a) + c2(z — a)” +++ + ca(z — 2)’. 


Prove that 7 7 
¢(D(a,r)) = D(¢(a), 8), 


where the radius s of the image disk is given by 
s=r- max{|ei|, lca|r, les|r?, ..., lealr*}. 


(Hint. We already proved that (D(a, r)) is a disk; see Proposition 5.16. Now use the maxi- 
mum modulus principle to find the radius.) 


5.34. This exercise develops some elementary properties of bounded seminorms as defined 


on page 296. 
(a) Let | - | be a nonconstant seminorm. Prove that |0| = 0 and |1| = 1. 
(b) Suppose that | - | is an || - || R-bounded seminorm. Let f(z) = c be a constant polyno- 


mial. Prove that | f| = jc| is the usual absolute value on Cy. 

(c) Suppose that we replace property (3) of bounded seminorm with the usual triangle in- 
equality |f + g| < |f| + |g|. Prove that | - | satisfies (3). 

(d) Suppose that we replace property (4) of bounded seminorm with the weaker statement 
that there is a constant « such that |f| < «| f||z for all f € C,[z]. Prove that (4) is true, 
i.e., we can take « = 1. 


5.35. Prove that the seminorms associated to points of Types II, ITI, and IV are actually norms. 
(Hint. For Type IV, use the fact that the limiting radius is positive. See Remark 5.65.) 


5.36. Let d > 2. Prove that the map ¢(z) = 2“ has no Type-IV fixed points in A®. Does ¢(z) 
have any Type-IV periodic or preperiodic points? 


5.37. Let D(a,r) be a disk with 0 ¢ D(a,r) and let f(z) = 1/z. Prove that 
f(D(a,r)) = fz! :|z-al< r} = D(a", r/jal*). 


5.38. Let 
d 
o(z) = > cz’ € C,[z] bea polynomial with |c;| < 1 and {ca| = 1. (5.49) 
i=0 
The polynomial ¢ induces a map ¢ : D® — D® on the Berkovich disk. 
(a) Prove that the Gauss point £0, is fixed by ¢. 
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(b) Let a € C, bea fixed point of 6 : C, — Cp. Prove that £2, is fixed by ¢. 

(c) Let a € C, be a neutral fixed point, i-e., |¢"(a)| = I, and let 0 < r < 1, Prove 
that €,,, is fixed by @. (In other words, if a is a neutral fixed point, then the entire line 
segment Lao C D® is fixed by ¢.) 

(d) Prove that every Berkovich fixed point of ¢ of Type I, IL, or III is one of the three types 
listed in (a), (b), (c). (Hint. Use the explicit description of 6(£.,,) given in Exercise 5.33.) 

(e) Can ¢ have fixed points of Type IV? 


5.39. Let d(z) = >> ciz* € Cp[z] be a polynomial as in (5.49). Prove directly that the Julia 
set of @ is 77(6) = {&, o}. (This is a special case of the result described in Example 5.79, 
since the conditions on ¢ imply that it has good reduction.) 


5.40. For any nested sequence of closed disks 
D(0,1) D D(a1,71) D D(a2,r2) D+, 
regardless of whether the intersection is empty, we define a seminorm in the usual way, 
[flac = lim sup |f(2)|- 
14 2ED(ai,ri) 


(a) Let r = limry. If the intersection (] D(ai,ri) is nonempty and a is a point in the 
intersection, prove that |f|a,r = |f|a,r. Thus every point in D®, regardless of whether it 
is of Type I, I, III, or IV, can be represented by a nested sequence of closed disks. 


(b) Two nested sequences of closed disks 


are defined to be equivalent if the following two conditions are true: 
e For every 4 > 1 there exists aj > 1 such that D(b;, 8;) C D(ai, ri). 
e For every i > 1 there exists a j > 1 such that D(a;,rj) C D(bi, :). 


Prove that two sequences of disks are equivalent if and only if their seminorms | - |, , 
and | - |,,,, are equal. 


5.41. Let fa, € D® bea Type-IV point. We defined the “line segment” running from £4, to 
the Gauss point € ,1 to be the set 


Lar = {Ear} UL) {fare iri StS raf. 


t=1 
(Note that rp = 1 by definition.) Let r = lim; ri. Prove that the map 


far ift=r, 


h: [r,1] — Lay, mo={% . iff;<t<rica 


is a homeomorphism, where [r,1] C R has the usual topology and D® has the Gel’fond 
topology. Thus La,r is indeed a line segment. 
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5.42. There is a natural metric on the Berkovich disk D® coming from the tree structure. We 
first identify the interval [0, 1] with each of the line segments 


Lao = {Ear :0<r<1pe D®, 


so each La,o has length 1. We then define the distance between two points €.,, and £,; 
to be the length of the shortest path in the tree connecting them. Denote this distance 
by «(€a,r, &b,s). (For Type-IV points, take the limit.) 
(a) If €a,- and ,5 both lie on some line segment Lo, prove that K(£0,r, £,s) = |r — s| is 
simply the distance between them on that line segment. 
(b) In general, prove that 


K(€a,r, &b,5) = max {|r — s|,2|b -a| -—r—- s}. 


(Hint. How far above €,,, and &,, do the line segments L,,, and Ly, merge? Go up one 
line segment and then down the other.) 
(c) Prove that the set 
= 1 
{6 € DP: x(€,€01) < 5} 
contains no Type-I points. Prove that every neighborhood of £0,1 in the Gel’ fond topol- 
ogy contains infinitely many Type-I points. Deduce that the path metric « does not define 
the Gel’fond topology, and indeed that « is not even continuous in the Gel’fond topol- 
ogy! _ 
In Baker and Rumely’s terminology, the set D® with the metric « is called the small model. 
There is also a big model, in which the edges are reparameterized so that if D(a,r) C D(b, s), 
then the distance from £2, to £5,5 is |log(r /s) |. In particular, points of Type I are at infinite 
distance from each other and from all points of Types II, III, and IV. It is the big model that is 
best adapted for doing potential theory on Berkovich space; see [26] for details. 


§.43. For points of Type I, I, and II in D® , the Hsia kernel is defined to be 
5(£a,r, b,s) = max(r, 8, |a— bl). 


(For points of Type IV, one takes the appropriate limit.) The Hsia kernel is used in studying 
potential theory on D®; see [26, 209]. 
(a) Prove that d(£a,r,€a,r) = 1. 
(b) Prove that 6(£2,0,&,0) = |a — b|. Thus 3 extends the usual norm on Cp, where we 
identify the unit disk in Cp with the Type-I points in D®. 
(c) Let &c, be the point where the line segments La, and Lz, first meet. Prove that 
b(Ea,rs £4,s) =t. 
(d) Prove that 


5(E,6”) < max{6(é,€'),6(€,€")} forall g,€’,6"” € D®. 
5.44, There are natural inclusions 
D(0,1) + DB, = AN(Cy) — AB, ~~ PP(C,) > P®. 


In each case, prove that the restriction of the Gel’fond topology on the Berkovich space 
yields the usual metric topology on the smaller space, where we use the usual p-adic met- 
ric on D(0, 1) and A*(C,) and the p-adic chordal metric on P’(C,). 
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5.45. Let ¢ be a rational map of degree at least 2, let P € P®, and let U Cc P® be a neighbor- 
hood of P with the property that 


gU)CU and () "(U) = {P}. 


n>o0 


Prove that P is a Type-I point and that, considered as a point in P*(C,), the point P is an 
attracting fixed point for ¢. 


Chapter 6 


Dynamics Associated to 
Algebraic Groups 


In the forest of untamed rational maps live a select few whose additional structure 
allows them to be more easily domesticated. They are the power maps, Chebyshev 
polynomials, and Lattés maps, whose complex dynamics were briefly discussed in 
Section 1.6. The underlying structure that they possess comes from an algebraic 
group, namely the multiplicative group for the power maps and Chebyshev poly- 
nomials and elliptic curves for the Lattés maps. Although such maps are special in 
many ways, they yet provide important examples, testing grounds, and boundary 
conditions for general results in dynamics. In this chapter we investigate some of 
the algebraic and arithmetic properties of the rational maps associated to algebraic 
groups. 


6.1 Power Maps and the Multiplicative Group 
The simplest rational maps are the power maps given by monic monomials, 
Mz:P' > F', M,(z) = 24, 


where the integer d may be positive or negative. These maps obviously commute 
with one another under composition, 


Ma(M.(2)) = 2% = M, (Ma(z)). 


A more intrinsic description of the maps associated to the monic monomials Mj is 
that they are endomorphisms of the multiplicative group, 


Ma: Gn — Gn, ar Mala) = af, 
More precisely, there is an isomorphism of rings, 
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Z—— End(G,,), dt— Mg. 


The fact that the Mg are endomorphisms of the multiplicative group G,, makes it 
quite easy to describe their preperiodic points. 


Proposition 6.1. Let d € Z with |d| > 2 and let Mz : P! -> P! be the power 
map Ma(z) = z4. Then 


PrePer(Ma) = (Gm)tors = {¢ € Gm: 6° = 1 for some n > 1} = U Ba) 
n>1 
where recall that j2,, denotes the group of n“ roots of unity. 


Proof. We proved this long ago for any abelian group G and homomorphism z > z@ 


with d > 2; see Proposition 0.3. The proof for d < —2 is similar and left to the 
reader. O 


The iterates of M, are given by 
Mj (z) = 2" = Mar(2), 
so the periodic points of M4, are also easy to characterize, 
Per, (Ma) = Fix(M?}) = Fix(Man) = {6 € Gm i 67 = C} = pogn_y U {0}. 


Proposition 6.2. Let |d| > 2 and let ¢ € Per?*(Ma) be a point of exact pe- 
riod n > 2. Then the multiplier of Mg at ¢ is given by 


A¢(Ma) = d”. 
Proof, Using M?(z) = z*", we can directly compute 


dz 


aMi(z)) 
z=¢ ~ dz 


dz 


_ dnce-1 = qd". oO 


¢(Ma) = _ 


In particular, if we are working over C, then every periodic point of Mg in C* is 
repelling. On the other hand, over a p-adic field with p { d, the multiplier d” is a unit, 
so the periodic points are indifferent. And if p | d, then all of the periodic points are 
attracting. Of course, there are also the two superattracting fixed points 0 and co. 

It is not hard to find all rational maps that commute with the power maps. In 
particular, we can compute the automorphism group Aut(Mq). 


Proposition 6.3. Let K be a field and let Ma(z) = z¢ be the d*-power map for 
some |d| > 2. Further, if K has finite characteristic p, assume that p { d. 
(a) The set of rational maps that commute with Ma(z) is given by 


{o(z) € K(z):60Ma = Magoo} = {cz* :c € prg_, ande € Z}. 
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(b) The automorphism group of Mg is 
Aut(Mq) = faz: a € pg_}U {bz7! be py 4}, 


where we recall that the automorphism group Aut(¢) of any rational map ¢ is 
the set of f € PGL2(K) satisfying ¢f = ¢. In particular, Aut(Mg) is a dihe- 
dral group of order 2n, where n is the number of (d — 1)* roots of unity in K*. 


Proof. (a) It is clear by a direct computation that the indicated maps cz® commute 
with M4(z), so it suffices to prove that they are the only commuting maps. Suppose 
that o(z) € K(z) commutes with Mg(z), so 


Let ¢ € K bea primitive d® root of unity. (This is where we use the assumption 
that p { dif K has positive characteristic p.) Then 6(¢z)¢ = ¢(z)4, so 


o(¢z) = ¢*d(z) for some d™ root of unity ¢*. 


Consider the function 7)(z) = z~*d(z). It satisfies 
(C2) = (Cz) *b(62) = (Cz) *C*6(z) = 2 * (2) = ¥(2). 
Hence 7 is a function of z7. In other words, there is a rational function 7 (z) € K(z) 
such that y(z) = w(z4), and thus ¢(z) = z*y (24). 
More generally, for any n > 1 we have 60 M? = M? od, s0 d(z@) = 


o(z)*. The above argument then yields an integer 0 < k, < d” and a rational 
function Y,(z) € K(z) such that 


G(2) = 2p (2%). 


We write %n(z) = 27r,(z) for some integer j and some A,,(z) € K(z) satisfy- 
ing A,,(0) 4 0 and 2,,(0) 4 oo. Then 


deg(¢(z)) = deg (z*" W,(z"" )) 
= deg(z*"tI®" ),,(27")) > deg(An(z*”)) = d” deg(An(z)). 
Hence deg(\,,) = 0 for sufficiently large n, which proves that (z) has the 
form ¢(z) = cz® for some c € K* and some e € Z. With this information in hand, 
it remains only to observe that 6(z7) = ¢(z)¢ if and only if c = c*, ie., if and only 
if either c = Oorc € feg_}. 
(b) By definition, Aut(d) is the set of rational maps of degree 1 that commute 


with ¢. It follows from (a) that Aut(¢) is the set of all cz*! with c € wy_3. In 
particular, if we let f,(z) = az and g(z) = z~1, then 


Aut(Ma) = {faa € Mai} U {faog:@€ as}, 
and the dihedral nature of the group law is evident from the identities 


g =hi, fa? fo = fab, fa°g= 9° fa-1. Oo 
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Example 6.4. We can use the map M,(z) = 2? to illustrate the construction of 
dynamical units in Section 3.11. First we use Theorem 3.66, which says that if a: has 
exact order n and ged(i — j,n) = 1, then 
at —o® 
q 1s a unit. 
at — 


Taking j = 0 and gcd(i, n) = 1, this implies that 


d'-1 
Ty is a unit for all primitive (d” — 1)* roots of unity a. 
These are examples of classical cyclotomic units. 

Similarly, let m and n be positive integers with m {n and n { m. Then Theo- 
rem 3.68 says that if a is a primitive (d™ — 1)* root of unity and if @ is a primi- 
tive (d” — 1)* root of unity, then a — (3 is a unit. These are again classical examples 
of cyclotomic units. 


Example 6.5. Recall that a nontrivial twist of a rational map ¢(z) € K(z) is a 
rational map 7)(z) € K(z) such that o(z) is PGL2(K)-conjugate to ¢(z), but ~(z) 
is not PGL2(K)-conjugate to ¢(z). See Section 4.9 for the general theory. Since 
the power maps M,(z) = 24 have a large automorphism group, they tend to have 
many twists. For example, the twists associated to the subgroup {cz c€ Ha} 
of Aut(@) are given by (cf. Example 4.81) 


K* /(K*)*-! — Twist(Ma), ar az. 
There are also some rather complicated-looking twists associated to the subgroup 
{z,z~1} C Aut(Ma). 
Each b € K*/(K*)? leads to a twist 
a\ kok d k 2k+1 
en (4° z erty (on i)! gett (6.1) 


See Example 4.82 for the derivation of this formula. 


6.2 Chebyshev Polynomials 


The multiplicative group G,, has a nontrivial automorphism given by inversion 
zt» z—!, and the quotient of G,, by this automorphism is isomorphic to the affine 
line A! via the map 


Gm/{z = 2z'} — Al, zeezt2z}, 


The inversion automorphism commutes with the d'-power map M,(z) = 2%, so 


when we take the quotient of G,,, we find that Ma(z) descends to give a map on 
the quotient space A!. This leads to the following definition (cf. Section 1.6.2). 
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Definition. The d Chebyshev polynomial is the polynomial Ty(w) € Z{w] satisfy- 
ing the identity 


Talzt27')= 244274 inthe field Q(z). (6.2) 


Of course, we need to show that that J, exists. In the next proposition we prove 
the existence of the Chebyshev polynomials and describe some of their algebraic 
properties. 


Proposition 6.6. For each integer d > 0 there exists a unique polynomial Ty(w) € 
Q|w] satisfying 


Talz +271) = 244274 in the field Q(z). (6.3) 


We call T, the d'" Chebyshev polynomial. 

(a) Ta(w) is a monic polynomial of degree d in Z|w). 

(b) Ta(Te(w)) = Tae(w) for all d,e > 0. 

(c) Ta(—w) = (—1)?Ty(w). Thus Ty is an odd function if d is odd and it is an even 
function if d is even. 

(d) The Chebyshev polynomials satisfy the recurrence relation 


Ta42(w) = wlayi1(w) —Ta(w) forall d > 0. (6.4) 


(e) For all d > 1, the d” Chebyshev polynomial is given by the explicit formula 


Ta(w) = So (ays (‘ k *) ut (6.5) 


O<k<d/2 
Proof. Suppose first that there do exist polynomials Tz(w) satisfying (6.3). Then 
To(zt+2")= 29 +279 =2, 
Ty(zt+27¢)=24271, 
Tzte')=24277% = (2421) -2, 
so we see that To(w) = 2, 7\(w) = w, and To(w) = w? —2 are uniquely determined 
monic polynomials with integer coefficients. Still assuming that the set of Chebyshev 
polynomials exists, we next observe that they satisfy 
(2+ 271 )Tayi(2 +271) — Ta(z +274) 
_ (2+ zt)\(z44} + 27%) _ (24 4 z 4) 
= z4+1 4 y-d-2 


= Tay2(z +277). 


Putting z + z~' = w, this means that Ty42(w) = wTa11(w) — Ty(w). Hence if the 
Chebyshev polynomials exist, they are unique, because they are completely deter- 
mined by the recurrence 
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To (w) = 2, Ty (w) =W, and Ta+2 (w) = wTa+1(w) _ Ta(w) for d > 0. 
(6.6) 
And from this recurrence we see immediately by induction that Ty(w) is a monic 
polynomial of degree d in Z[w). 

We now turn this argument around and use the recurrence (6.6) to define a se- 
quence of polynomials Tz(w). We claim that Ty(w) then satisfies (6.3). This is clear 
for Ty and T;, so we assume that (6.3) is true for To,71,..., Ta41 and use (6.6) 
with w = z+ 271 to compute 


Taya(z +27") = (24271 )Tayi(z + 27!) — Ta(z + 271) 
_ (z 4 zt)(zt! + zt) _ (24 4 z 4) = zit2 + god 
Hence (6.3) is true for T7342, so by induction we have 
Ta(zt21')=24+274 — foralld>0. 


This proves that the recurrence defines polynomials satisfying (6.3), so Chebyshev 
polynomials of every degree exist. We have now shown that Chebyshev polynomials 
exist, are unique, and have the properties in (a) and (d). 

Next we make repeated use of (6.3) to compute 


Ta(Te(z +27')) = Ty(z®+27°) = (2°)84- (22) 8 = 2 $2 = Tae(z $273). 


Hence T, (Te(w)) = Tye(w), which proves (b). 
To prove (c), we replace z by ~—z in (6.3) to obtain 
Ta(—(2+27")) = Ta(-— 24+ (-2)7*) 
= (=2)" + (=2)7% = (-1)%(24 + 27%) = (-1)"Ta(z + 27). 
Therefore Ty(—w) = (—1)?T4(w), which is (c). 
Next we prove the explicit summation formula (6.5) given in (e). Substitut- 
ing d= 1 and d = 2 into the formula yields the correct values T;(w) = w and 


To(w) = w? — 2. We now assume that the formula is correct up to Ty; and use the 
recurrence (6.4) to check it for d + 2. Thus 


Ta+2(w) = wTa+1(w) — Ta(w) 


d+1 (d+1-—k 
—1)* d+1—-2k 
» Guresesi| k uw 
O<k<(d+1)/2 


- (ays (‘ k "ta 


il 
€ 


0<k<d/2 
d+1 (d+1-k 
_ aye att d+2—2k 
~ (-) al k uw 
O<k<(d+1)/2 
d  (d—-k+1 
_ _4)k-1 d—2k+2 
dV) imeri( k-1 )w 


1<k<d/241 
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Tz = w? —2 


3 By 


Tz3=w 
Ts = wt — 4w? +2 

Ts =w° —5w*® + 5w 

Te = w® — 6w* + 9w? — 2 

T, =w! — Tw? + 14w? — Tw 

Tz = w® — 8w® + 20w* — 16w? + 2 

Ty = w®? — 9w! + 27w® — 30w? + 9w 

Tip = w'? — 10w® + 35w® — 50w* + 25w? — 2 

Ty, = wl! — 11w? + 44? — 77w* + 55? — lw 

Tig = wl? — 12w! + 54w® — 112w® + 105w4* — 36w? + 2 


I 


Table 6.1: The first few Chebyshev polynomials. 


a@+y(** ~") (rit 


k k-1 ) d+2—-2k 
d+1—k a , 


- coy 
O<k<d/241 


where we use the standard convention that (”) =0ifn < morifm < 0. A simple 
algebraic calculation that we leave for the reader (Exercise 6.4) shows that 


arn") ea) | d+2 (275). 


d+1—k — d+2-k k 
Hence 
d+2 (d+2-k 
T _ _yjk_O 7 4 d+2—2k 
a+2(w) | ereeet| k jw ’ 
O<k<(d+2)/2 
which completes the proof of (e). O 


Remark 6.7. As mentioned in Section 1.6.2, the classical normalization for the 
Chebyshev polynomials is 


i, € =) _ gi4 274 


or equivalently, 
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Ty(cos9) = cos(d0) _—forall@ ER. 


The two normalizations are related by the simple formula T,(w) = $Ta(2w). We 
have chosen the alternative normalization because it has better arithmetic properties. 
In particular, the map Tz : P! — P! has good reduction at all primes. The classical 


normalization T has bad reduction at 2. 


As with the power maps, it is not difficult to describe the periodic points of the 
Chebyshev polynomials and to compute their multipliers. We state the result and 
leave the computation as an exercise. 


Proposition 6.8. Let Tz(w) be the d" Chebyshev polynomial for some d > 2. 
(a) The fixed points of Ta in A1(C) are 


2m7 .~d4+i 217 .d-1 
2 —— }:0<7 < — —— ]: —>. 
{200s ( =") 0<j< 5 us {200s ( 7) 0<g< 5 } 


(b) The multipliers of Tq at its fixed points are given by 


2773 _ dtl 
AT; (200s (774)) = —d forO<j< >" 
217 d-1 
AT, (200s (774) ) =a for0<j<——, 
Ar,(+2) = d?. 


(Note that —2 € Fix(Ta) if'and only if d is odd.) 
In general, the periodic points and multipliers of Tg can be derived from the above 
formulas using T? = Tan and Per, (Ta) = Fix(T?). 


Proof. See Exercise 6.5. Oo 
We now prove an analogue of Proposition 6.3 for Chebyshev polynomials. 


Theorem 6.9. Let K be a field and let Ta(w) be the d" Chebyshev polynomial for 
some d > 2. Further, if K has finite characteristic p, assume that p ¢ d. 
(a) The automorphism group of Tg is given by 


1 ifdis even, 


Aut(T,) = 
ut(Ta) th ifd is odd. 


(b) Assume that K does not have characteristic 2. Let ¢(w) € K(w) be a rational 
map that commutes with Ta(w), i.e. o(Ta(w)) = Ta(o(w)). Then 
é(w) =+T.(w)  forsomee > 1. 


The minus sign is allowed if and only if d is odd. (See Theorem 6.79 for a 
stronger result.) 
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Proof. (a) The assertion that Aut(T,) C jtg is an immediate consequence of (b), 
since (b) implies that any f € Aut(Ty) satisfies f(w) = +7\(w) = tw. However, 
since the proof of (b) is somewhat intricate, we give a direct and elementary proof 
of (a). 

Suppose that f € PGL2(K) satisfies Ti = T,,. The polynomial Tz has a unique 
totally ramified fixed point at oo (cf. Exercise 6.8), and Ti similarly has a unique 
totally ramified fixed point at f—!(oo), so the equality Ti = T, tells us that 
f~1(00) = 00. Hence f(w) = aw + 6 is an affine transformation. (The same ar- 
gument applies to any polynomial not of the form aw®.) 

Proposition 6.6(c) says that Ty(w) satisfies Ty(—w) = (—1)?Ty(w), so in par- 
ticular, 

Ta(w) = w4 + (terms of degree at most d — 2). (6.7) 


The identity Ti (w) = T, (w) with f(w) = aw + 6 can be written as 
Ty(aw + b) = aTy(w) + 6. 
We evaluate both sides using (6.7) and look at the top degree terms. This gives 


atw* + da?~!bw?! + (terms of degree at most d — 2) 


= aw? + (terms of degree at most d — 2). 
Hence 
at =a and da**b = 0. 


By assumption, d # 0 in the field K, so we conclude that a¢-! = 1 and b = 0. 
In order to pin down the value of a, we use the explicit formula for Ty(w) given 
in Proposition 6.6(e). In fact, we need only the top two terms, 


Ty(w) = wt — dwt? + (terms of degree at most d — 4). 
By assumption we have Ta(aw) = aTy(w), so 


atwt + dat wt? +... = aw? — adwt? +... . 

Hence a? = a and a‘~? = a, where we again use the assumption that d # 0 in the 
field K. It follows that a? = 1. Further, a = —1 is possible only if (—1)¢ = —1, 
so when d is odd. This completes the proof that Aut(Tz) is trivial if d is even and is 
equal to pt, if d is odd. 
(b) It is easy to verify that the Chebyshev polynomial Ty(w) cannot be conjugated 
to a polynomial of the form cw4 (Exercise 6.8). It follows that any rational map 
commuting with Tz(w) is necessarily a polynomial, a fact whose proof we defer until 
later in this chapter; see Theorem 6.80. We now describe a proof due to Bertram [69] 
that the only polynomials commuting with Tz are +T,. We begin with two lemmas. 
The first characterizes the Chebyshev polynomials as the solutions of a nonlinear 
differential equation, and the second explains how to exploit such equations. 
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Lemma 6.10. Assume that K does not have characteristic 2. Let d > 1 and let F(w) 
be a polynomial solution to the differential equation 


(4 — w?)F"(w)? = d?(4 — F(w)?). (6.8) 
Then F(w) = +Ta(w). 


Proof. We first check that +7y(w) are solutions. We differentiate the functional 
equation (6.2) defining the Chebyshev polynomials to obtain the identity 


Ti(z+ 274) — 277) = det) - dz," 


and then solve for T, 
/ 1) rca 7 z4 
T: = qd———_. 

WZ + 2 a 


Putting w = z + z~! as usual and noting that w? — 4 = (z — z~!)?, we compute 


ay 2 
(4—w*)Ti(w)? = (4- (e+ z71)?\d? (==) 
= —@ (24 _ zt)? 
= d?(4— (24 +27%)’) 
= d?(4—Ty(w)’). 


This proves that +7 4(w) are solutions to (6.8). 

Next suppose that F(w) is any polynomial solution to (6.8). If F’(w) is identi- 
cally 0, then (6.8) implies that F(w) = +2 = +Tp(w), so we are done. We may thus 
assume that F’(w) 4 0. We differentiate both sides of (6.8) and divide by 2F’(w) to 
obtain 

(4 —w?)F"(w) — wF'(w) + 2 F(w) = 0. (6.9) 


In particular, T;(w) is a solution to (6.9). Suppose now that F is any polynomial of 
degree k that is a solution to (6.9). We write F(w) = aw* + bw*-!+--.- witha £0 
and substitute into (6.9). The leading term is 


a(—k(k—1)—k +d?)w* = ad? — kw, 


so we must have k = d. In other words, we have shown that every nonzero poly- 
nomial solution of (6.9) has degree d. But F(w) — aTy(w) is a polynomial of 
degree strictly less than d that satisfies (6.9); hence F(w) = aTa(w). Finally, 
substituting w = 2 into (6.8) yields F(2) = +2, while we know that T(2) = 
Ta(1 +171) = 144 12 = 2. Hence F(w) = +Ty(w), which completes the proof 
of Lemma 6.10. CJ 


Lemma 6.11. Let A(w) be a polynomial of degree r > 1 and suppose that F(w) is 
a polynomial of degree d > 2 satisfying 


A(w)F"(w)" = d"A(F(w)). (6.10) 
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Suppose further that G(w) is a polynomial of degree e > 0 that commutes with F,, 
ie, F(G(w)) = G(F(w)). Then 
A(w)G"(w)" =e A(G(w)). 
Proof. Consider the polynomial 
B(w) = A(w)G"(w)" — e"A(G(w)). 


We assume that B(w) # 0 and derive a contradiction, which will prove the desired 
result. First we observe that the leading coefficients of A(w)G’(w)" and e” A(G(w)) 
cancel, so 

deg B < re (strict inequality). 


Next we use the various definitions and given relations to compute 


d" B(F(w)) 
= d" A(F(w))G' (F(w))" — d’e’ A(G(F(w))) definition of B, 
= d" A(F(w))G'(F(w))’ — de" A(F(G(w))) using Fo G = Go F, 
= A(w)F'(w)"G' (F(w))" —e"A(G(w)) F’(G(w))" using (6.10) twice, 
= A(w)(Go FY (w)" — e" A(G(w)) F’(G(w))" chain rule, 
= A(w)(F 0 G)'(w)’ — e"A(G(w)) F’(G(w))" using FoG=GoF, 
= A(w)F’(G(w))"G'(w)’ — e” A(G(w)) F’(G(w))" chain rule, 
= F'(G(w))' [A(w)G'(w)" — e" A(G(w)) | 
= F'(G(w))" B(w) definition of B 


Taking degrees of both sides gives 
(deg B)(deg F’) = r(deg F — 1)(deg G) + (deg B), 
and the assumption that deg F' > 2 means that we can solve for 
deg B = r(deg G) = re. 


This contradicts the earlier strict inequality deg B < re. Hence B must be the zero 
polynomial, which completes the proof of Lemma 6.11. O 


We now resume the proof of Theorem 6.9(b). Let ¢(w) be as in the statement (c) 
with ¢(w) a polynomial and let e = deg(@). Lemma 6.10 tells us that 


(4 — w?)Ti(w)? = d?(4 — Ta(w)’). 


Hence we can apply Lemma 6.11 with A(w) = 4 — w? and the commuting polyno- 
mials @ and Ty to deduce that 


(4—w*) p(w)? = e? (4 — o(w)*). 
Then another application of Lemma 6.10 implies that ¢(w) = +T.(w). Oo 
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Using Theorem 6.9, it is easy to describe all of the twists of the Chebyshev poly- 
nomials. 


Corollary 6.12. Continuing with the notation and assumptions from Theorem 6.9, 
if d is even, then Ty has no nontrivial K / K-twists, and if d is odd, then each a € K* 
yields a twist 

1 


vq lalvaw). 


Two such twists Ta, and Ta, are K-conjugate if and only if. a/b is a square in K*. 


Taya (w) = 


Proof. We use the description of Aut(@) from (a). If d is even, then the automor- 
phism group Aut(@) is trivial, so Proposition 4.73 says that ¢ has no nontrivial 
twists. For odd d we have Aut(¢) = {+2}, so the desired result follows from Ex- 
ample 4.81 (see also Example 4.75). O 


Remark 6.13. Over C, there is a short proof that Aut(Ty) C ply using the fact 
(Exercise 1.31) that the Julia set of Ty is 7(Ty) = [—2, 2]. Then the assumption 
that Tf = T, implies that f maps the interval [—2, 2] to itself. Since f is bijec- 
tive on P!(C), it follows in particular that f permutes the endpoints of the inter- 
val [-2, 2]. Hence f(2) = +2 and f(—2) = +2. Writing f as f(w) = aw + 8, this 
gives two equations to solve for a and b, yielding b = 0 and a = +1. Note that this 
proof does not carry over to characteristic p, since, for example, working over F,, we 
have Aut(T,) = PGLo(F,,); see Exercise 6.10. 
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The remainder of this chapter is devoted to rational maps associated to elliptic curves. 
In this section we give some basic definitions and review, without proof, some of the 
properties of elliptic curves that will be needed later. The reader should also review 
the summary of elliptic curves over C given in Section 1.6.3. For further reading on 
elliptic curves and for the proofs omitted in this section, see for example [96, 198, 
248, 250, 254, 257, 410, 412, 420]. 


6.3.1 Elliptic Curves and Weierstrass Equations 


Definition. An elliptic curve FE over a field K (of characteristic different from 2 
and 3) is described by a Weierstrass equation, which is an equation of the form 


E:y=2+art+b (6.11) 


with a,b € K and 4a? + 276? 4 0. Of course, we really mean that F is the projec- 
tive curve obtained by homogenizing equation (6.11), so & has one extra point “at 
infinity,” which we denote by O. If K has characteristic 2 or 3, then equations of the 
form (6.11) are insufficient, and indeed they are always singular in characteristic 2, 
so one uses the generalized Weierstrass equation 


E:y? +a,ry + agy = 2° + ag* + age + ag. (6.12) 
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Remark 6.14. Let E/K be an elliptic curve defined over a field A. When we write E, 
we mean the geometric points of E, i.e., the points in E(K) for some chosen alge- 
braic closure of EL. If we want to refer to points defined over A’, we always explicitly 
write E(k), and similarly we write E(L) for the points defined over some extension 


field L of K. 


More intrinsically, an elliptic curve is a pair (EF, ©) consisting of a smooth alge- 
braic curve F of genus 1 and a point O € &. For convenience we often call & an 
elliptic curve, with the understanding that there is a specified point O. We say that F 
is defined over a field K if the curve F is given by equations with K-coefficients and 
the point O is in E(k). 

Using the Riemann—Roch theorem, one can prove that every elliptic curve E/K 
can be embedded in P? by a cubic equation of the form (6.12) with O mapping to the 
point at infinity. (See [410, IIT §3].) Then, if the characteristic of K is neither 2 nor 3, 
we can complete the square on the left and the cube on the right to obtain the simpler 
Weierstrass equation (6.11). In order to simplify our discussion, we will generally 
make this assumption. 

The discriminant A(E) and j-invariant j(E) of the elliptic curve EF given 
by (6.11) are defined by the formulas 


4a? 


A(E) = —16(4a? + 2767), j(E) = aero 


Proposition 6.15. (a) Let a,b € K and let E be the curve given by the Weierstrass 
equation (6.11). Then E is nonsingular, and thus is an elliptic curve, if and only 
if A(E) # 0. 

(b) Two elliptic curves E and E' are isomorphic over K if.and only ifj(E) = j(E’). 
More precisely, E and E' are isomorphic if and only if there is au € K* such 
that a! = uta and b! = uSb 


Proof. See [410, HI §1). 


6.3.2 Geometry and the Group Law 


There is a natural group structure on the points of E that may be described as follows. 
Let L be any line in P*. Then counted with appropriate multiplicities, the cubic 
curve E and the line LE intersect at three points, say 


EnNL={P,Q,R}, 


where P, Q, and R need not be distinct. The group law on F is determined by the 
requirement that the sum of the points P, Q, FR be equal to O, 


P+Q+R=O. 


The point O serves as the identity element of the group. The inverse of a point P, 
which we denote by —P, is the third point on the intersection of E with the line 
through P and O. 
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Theorem 6.16. Let E/K be an elliptic curve defined over a field K. 
(a) The addition law described above gives E = E(K) the structure of an abelian 
group. 
(b) The group law is algebraic, in the sense that the addition and inversion maps, 


PrH-P 


(P,Q)>P+Q E, E E, 


EXE 


are morphisms, i.e., are given by everywhere defined rational functions. 
(c) The subset E(.K) consisting of points of E that are defined over K is a subgroup 
of E(K). 


Proof, See [410, III §§2,3]. oO 


It is not hard to give explicit formulas for the group law on an elliptic curve, as 
in the following algorithm. 


Proposition 6.17. (Elliptic Curve Group Law Algorithm) Let EF be an elliptic curve 
given by a Weierstrass equation 


E:y =a? +ax+6, 


and let P, = (21,41) and Pz = (x2, y2) be points on E. 
If, = £2 and y; = —Yo, then P, + P2 = O. Otherwise, define quantities 


_ Lo — Yor 
,- # ae yal 2—~ Y2 1 if, £2, 
tq- TZ, tq 1 
3x2 —x3 2b 
— wa p= ae 40 ifr, = 20. 
2y1 241 


Then y = Az + v is the line through P, and Ps, or tangent to E. if P,; = P, and the 
sum of P, and Py is given by 


Py + P, = (»? — £1 — %2, —3 + AL + Are _ v). 
As a special case, the duplication formula for P = (x, y) is 


z* — 2ax? — 8b + a? 


*(121P) = aap a db 


Proof. See (410, TI.2.3] O 


6.3.3. Divisors and Divisor Classes 


Definition. A divisor on EF is a formal sum of points 


D= Y= np(P), 


PEE 
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with np € Z and all but finitely many np = 0. The set of divisors under addition 
forms the divisor group Div( E). The degree of a divisor d is 


deg(D) = Ss; np. 
PEE 
The degree map deg : Div(E) > Z is a group homomorphism. 
There is a natural summation map from Div(£) to E defined by 


sum : Div(E) — E, > np(P)r> Ss; [np|(P). 


PCE PEE 


(N.B. The two summation signs mean very different things. The first is a formal sum 
of points in Div(E). The second is a sum using the complicated addition law on E.) 
The zeros and poles of a rational function f on EF define a divisor 


div(f) = S© ordp(f)(P), 


PEE 


where ordp(f) is the order of zero of f at P if f(P) = 0, and ordp(f) is negative 
the order of the pole of f at P if f(P) = oo. A divisor of the form div(f) is called a 
principal divisor. The principal divisors form a subgroup of Div(£), and the quotient 
group is the Picard group Pic(E). Within Pic(£) is the important subgroup Pic" (E) 
generated by divisors of degree 0. 

The next proposition describes the basic properties of divisors on E.. 


Proposition 6.18. Let E be an elliptic curve. 
(a) Every principal divisor on E' has degree 0. 
(b) A divisor D € Div(E) is principal if and only if both deg(D) = 0 and 
sum(D) = 0. 
(c) The summation map induces a group isomorphism 


sum : Pic®(E) — E. 
Proof. See [410, III.3.4 and IIL.3.5]. O 


6.3.4 Isogenies, Endomorphisms, and Automorphisms 


Definition. An isogeny between two elliptic curves FE, and E is a surjective 
morphism 7: E, > E satisfying 7(O) = O. (Note that any nonconstant mor- 
phism £, — £» is automatically finite and surjective.) The curves E, and E2 are 
said to be isogenous if there is an isogeny between them. 


Remark 6.19. Every nonconstant morphism 7 : £, — Ey is the composition of an 

isogeny and a translation (cf. [410, I11.4.7]). To see this, let ¢(P) = )(P) — (0). 

Then the map ¢: E — E is a morphism, and ¢(O) = O, so ¢ is an isogeny. Hence 
W(P) = oP) + ¥(O) 


is the composition of an isogeny and a translation. 


340 6. Dynamics Associated to Algebraic Groups 


Remark 6.20. We observe that an isogeny is unramified at all points. This fol- 
lows from the general Riemann—Hurwitz formula (Theorem 1.5) applied to the map 
wo: Fy Es, 


2g(E1) — 2 = (deg ¥)(2g(E2) 2) + S~ (ep() - 1). 
PEE, 


The elliptic curves E, and E> both have genus 1, and the ramification indices sat- 
isfy ep(w) > 1, so it follows that every ep(7) is equal to 1, so w is unramified. 


Theorem 6.21. An isogeny 1) : E, — Ez is a homomorphism of groups, i.e., 


w(P+Q)=V(P)+¥(Q) forall P,Q € E\(K). 
Proof, See [410, I1.4.8] O 


The degree of an isogeny y : E; — Ez is the number of points in the inverse 
image w—'(Q) for any point Q € E>. This number is independent of the point Q, 
since, as noted earlier, y) is an unramified map. It is clear that if deg() > 1, then w 
is not invertible, since it is not one-to-one. However, there does exist a dual isogeny 
that provides a kind of “inverse” for ~. 


Theorem 6.22. Let y : Ey — E» be an isogeny of degree d. Then there is a unique 
isogeny y) : Ey — Fy, called the dual isogeny of ), with the property that 


b(b(P)) =[dJP and = W(¥(Q)) = [dQ forall PE Ey andQ Ex. 
Proof. See [410, ITI §6]. ] 


Definition. Let E be an elliptic curve. The endomorphism ring of E’, which is de- 
noted by End(£), is the set of isogenies from £ to itself with addition and multipli- 
cation given by the rules 


(v1 + W2)(P) = vi (P) + Y2(P), (v1W2)(P) = vi (We(P)). 


(In order to make End(£) into a ring, we also include the constant map that sends 
every point to O.) The automorphism group of E, denoted by Aut(£), is the set of 
endomorphisms that have inverses. Equivalently, Aut(Z) = End(£)* is the group 
of units in the ring End(£). 


Every integer m gives a multiplication-by-m morphism in End(£). For m > 0 
this is defined in the natural way as 


m terms 
—_— aa 
[m]: BE — EB, [m|(P)=P+P+---+P. 
For m < 0 we set {m|(P) = —[—m](P), and of course [0|(P) = O. This gives an 


embedding of Z into End(E), and for most elliptic curves (in characteristic 0), there 
are no other endomorphisms. 
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Definition. An elliptic curve E is said to have complex multiplication if End(E) 
is strictly larger than Z. The phrase “complex multiplication” is often abbreviated 
by CM. 


Example 6.23. The elliptic curve FE: y* = 23+ has CM, since the endomorphism 
yp: EE, w(x,y) = (-2, iy), 


is not in Z. An easy way to verify this assertion is to note that 


w(x, y) = (x, —y) = —(z,y), 


so y)* = [1]. This gives an embedding of the Gaussian integers Z[i] into End(£) 
via the association m + ni ++ [m] + [n] o y, and in fact it is not hard to show 
that End(£) is isomorphic to Z[i]. 

Example 6.24. More generally, there are two special families of elliptic curves that 
have CM, namely those with a = 0 and those with b = 0. These are the curves 


El:y=a®+ar, j(E.)=1728, End(Bi)=Z[i], Aut(E)) = wy, 
Ej:y=a2°+b, j(Ef) =0, End(Ey)) = Z[p], Aut( Ey’) = we. 


Here p = (—1+./—3)/2 denotes a cube root of unity and y,, is the group of n™ roots 
of unity. 

Of course, all of the E’, are isomorphic over an algebraically closed field, since 
they have the same j-invariant, and similarly for all of the Ej’. However, the curves 
in each family may not be isomorphic over a field K that is not algebraically closed. 
This is an example of the phenomenon of twisting as described in Section 4.8 (see 
also [410, X §5]). 


Proposition 6.25. Let E'/K be an elliptic curve. Then the endomorphism ring of E 
is one of the following three kinds of rings: 

(a) End(£) = Z. 

(b) End(F) is an order in a quadratic imaginary field F. This means that End(E) 
is a subring of F and satisfies End(E) ® Q = F. In particular, End(E) is a 
subring of finite index in the ring of integers of F. 

(c) End(E) is a maximal order in a quaternion algebra. (This case can occur only 
if E is defined over a finite field.) 


Proof. See (410, TIT §9]. Oo 
The automorphisms of an elliptic curve are very easy to describe. 


Proposition 6.26. Let K be a field whose characteristic is not equal to 2 or 3 and 
let E/K be an elliptic curve. Then 


My if j(E) # Vand j(E) F 1728, 
Aut(E) = 4, if j(B) = 1728, 
Me ifj(£) =0. 
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Proof. See {410, III §10]. O 


Remark 6.27. It is easy to make the description of Aut(£) in Proposition 6.26 com- 
pletely explicit. Assuming that E is given by a Weierstrass equation (6.11) as usual, 
for an appropriate choice of n there is an isomorphism 


[-]: Hn —> Aut(Z), (El, y) = (€%x, Ey). (6.13) 


Here we take n = 4 if j(E) = 1728, we take n = 6 if j(E) = 0, and we take 
n = 2 otherwise. Of course, for n = 2 and n = 4 the formula simplifies somewhat 
to (x, €y) and (x, €—1y), respectively. 


6.3.5 Minimal Equations and Reduction Modulo p 


Let K be a local field with ring of integers R, maximal ideal p, and residue field k = 
R/p. As in Section 2.3, we write £ for the reduction of z modulo p. 


Definition. Let E/K be an elliptic curve defined over a local field K. A minimal 
Weierstrass equation for E is a Weierstrass equation whose discriminant A(E) has 
minimal valuation subject to the condition that the coefficients of the Weierstrass 
equation are all in A. 


Example 6.28. If k does not have characteristic 2 or 3, then a Weierstrass equation 
E:y=a +ar+b (6.14) 
for E is minimal if and only if 
a,b€R and  min{3ord,(a), 2ord,(b)} < 12. 


In general, if the residue field & does not have characteristic 2 or 3, then any Weier- 
strass equation (6.14) can be transformed into a minimal equation by a substitution 
of the form (x,y) ++ (u2z, uy) for an appropriate u € K*. 

If k has characteristic 2 or 3, then a minimal Weierstrass equation may require 
the general form (6.12). There is an algorithm of Tate [412, IV §9] that transforms a 
given Weierstrass equation into a minimal one. 


Definition. Fix a minimal Weierstrass equation for E/K. Then we can reduce the 
coefficients of E to obtain a (possibly singular) curve E’/k. We say that E has good 
reduction if E is nonsingular, which is equivalent to the condition that A(E) € R*. 
In any case, we obtain a reduction modulo p map on points, 


E(K) — E(k), PoP. 


Proposition 6.29. If E has good reduction, then the reduction modulo p map 
E(K) — E(k) is a homomorphism. 


Proof. See [410, VII.2.1}. O 
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Remark 6.30. For elliptic curves defined over a number field K’, we say that F has 
good reduction at a prime p of K if it has a Weierstrass equation whose coefficients 
are p-adic integers and whose discriminant is a p-adic unit. Note that one is allowed 
to use different Weierstrass equations for different primes. If there is a single Weier- 
strass equation that is simultaneously minimal for all primes, then we say that F/K 
has a global minimal Weierstrass equation. Global minimal equations exist for el- 
liptic curves over Q, and more generally for elliptic curves over any number field of 
class number 1, but in general the existence of global minimal equations is somewhat 
subtle; see [410, VIII §8] and [48]. We discussed a related notion of global minimal 
models of rational maps in Section 4.11. 


6.3.6 Torsion Points and Reduction Modulo p 


The kernels of endomorphisms help to determine the arithmetic properties of elliptic 
curves. 


Definition. Let E' be an elliptic curve. For any endomorphism % € End(E) we 
write 
E[v] = Ker(p) = {P € E: (P) =O}. 
Of particular importance is the kernel of the multiplication-by-m map, 
Elm] = {P € E: [m|P =O}. 
The group Em] is called the m-torsion subgroup of E. The union of all E[m] is the 
torsion subgroup of E, 
Evos = J Elm]. 
m>1 
Theorem 6.31. Let E/K be an elliptic curve and assume that either K has char- 


acteristic 0 or else that K has characteristic p > 0 and p{m. Then as an abstract 
group, 

E[m] = Z/mZ x Z/mZ. 
In other words, E|m] is the product of two cyclic groups of order m. 


Proof. See [410, III.6.4]. Oo 


The next result gives conditions that ensure that the reduction modulo p map 
respects the m-torsion points. It may be compared with Theorem 2.21, which tells us 
what reduction modulo p does to periodic points of a good-reduction rational map. 


Theorem 6.32. Let K be a local field whose residue field has characteristic p, 
let E/K be an elliptic curve with good reduction, and let m > 1 be an integer 
with p{m. Let E(K)|m] denote the subgroup of E|m| consisting of points defined 
over K, i.e., E(K)[m] = E[m| 9 E(K). Then the reduction map 


E(K)[m] — E(k) 


is injective. In other words, distinct m-torsion points have distinct reductions mod- 
ulo p. 
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Proof. See [410, VIL.3.1]. 


Let E'/K be an elliptic curve defined over the field A. Then the points in E[m 
are algebraic over K, so their coordinates generate algebraic extensions of kK. An im- 
mediate corollary of the preceding theorem limits the possible ramification of these 
extensions, 


Corollary 6.33. Let K be a local field whose residue field has characteristic p, 
let E/K be an elliptic curve with good reduction, and let m > 1 be an integer 
with ptm. Then the field K(E[m]) obtained by adjoining to K the coordinates 
of the m-torsion points of E: is unramified over K. 


Proof Sketch. Let K' = K(E{m]), let p' be the maximal ideal of the ring of integers 
of K’, and let k’ be the residue field. Suppose that 0 € Gal(K’/K) is in the inertia 
group. Then a fixes everything modulo p’, so in particular, 


o(P)=P (modp’) forall P € Elm. (6.15) 


But from Theorem 6.32, the reduction map E[m] — E(k’) is injective, so (6.15) 
implies that o(P) = P for all P € E[m]. The points in E[m] generate K'/K, so o 
fixes K’. Hence Gal(K’/K) has trivial inertia group, so K’/K is unramified. (For 
further details, see [410, VII.4.1].) O 


Remark 6.34. The coordinates of the points in E[m] are algebraic over K, so the 
absolute Galois group Gx = Gal(K/K) acts on E[m] compatibly with the group 
structure. In this way we obtain a representation 

p: GR — Aut(E[m]) = GL2(Z/mZ). 
In order to create a characteristic-0 representation, we fix a prime £ and combine all 
of the £-power torsion to form the Tate module 


Te(E) = lim E|é”] = Ze x Ze. 


(Here Zz denotes the ring of ¢-adic integers.) Then the ¢-adic representation of E is 
the homomorphism 


PEL: Gr— Aut(Ty(F)) = GL2(Ze). 


These representations are of fundamental importance in the study of the arithmetic 
properties of elliptic curves. 


6.3.7 The Invariant Differential 


Definition. Let E : y? = 2° + ax +b be an elliptic curve given by a Weierstrass 
equation. The invariant differential on E (associated to the given Weierstrass equa- 
tion) is the differential 1-form 


dx dy 


WE = Qy 322 ha 
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The next result explains why the invariant differential is so named and shows that 
it linearizes the group law in a useful way. 


Theorem 6.35. Let E be an elliptic curve given by a Weierstrass equation and let wr 
be the associated invariant differential on E. 
(a) For any given point Q € E, lettg : E — E be the translation-by-Q map 
defined by Tg(P) = P+Q. The differential form wg is translation-invariant in 
the sense that 


TOWe)=wWe  foreveryQE E. 


(b) The differential form wg is holomorphic at every point of E. 
(c) Up to multiplication by a nonzero constant, wp is the only holomorphic trans- 
lation-invariant 1-form on E. 


(d) For every m € Z the differential form wr satisfies 
im|*we = mwez. 
Proof. See [410, III §5]. im 


The invariant differential can also be used to fix an embedding of the endomor- 
phism ring of F into C. Of course, this is of interest only when E has CM, since 
there is only one way to embed Z into C. 


Proposition 6.36. Let E'/C be an elliptic curve, write E(C) = C/L for some lat- 
tice L as described in Section 1.6.3, and let 


R={aeC:aL CL}. 
Then for each a € R there is a unique endomorphism [a] € End(E) satisfying 
[a]"(w) = aw, (6.16) 
and this association defines a unique ring isomorphism 
[-]: R — End(E). 


(Without the normalization (6.16), the isomorphism R = End(E) is unique only up 
to complex conjugation of R.) 


Proof. We fix the isomorphism E(C) = C/Z so that the invariant differential w 
on F corresponds to dz on C/L. More formally, we use the Weierstrass function 
to define an isomorphism 


F:C/L— BIC), Fle) = (2) 5°) 
see Section 1.6.3 and [410, VI §3]. Then 


F*(w) = F* (= _ (2) _ 
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Let ~ € End(£), so using the identification E(C) = C/L, the endomorphism w 
defines a holomorphic map 7 : C/L — C/L satisfying (0) = 0. We claim that 
the analyticity implies that ~ lifts to a map ) : C — C of the form y(z) = az for 
a unique a € C, and hence in particular that ~ is a homomorphism. (Compare with 
the algebraic statement of this fact given in Theorem 6.21.) To prove this, we first 
observe that the covering map C — C/L is the universal cover of C/I, so we can 
lift ~) to some holomorphic map w : C — C. Further, the fact that 7) lifts ~) means 
that 7) satisfies 


W(z+w)—wW(z)EL  forallz € Candallwe L. 


Fixing w € L, we find that the map z > w(z + w) — (z) is a holomorphic map 
from C to the discrete set L, so it must be constant. Thus for each w € L there isa 
number c(w) € C such that 


W(z+w)=v(z)+cew)  forallz eC. (6.17) 


Writing w(z) = >> a,2z" as a convergent power series, one easily checks that the 
relation (6.17) forces v to be linear, say (z) = az+(@. Then the assumption (0) = 
0 tells us that 6 € L, so az and az + descend to the same map on C/L. Hence 1) 
lifts to a map of the form (z) = az. Further, a is unique, since if 7)(z) also lifts 
to az, then the map z ++ (a—a’)z sends C to L, hence must be constant, so a = a’. 
Finally, we observe that in order for az to descend to C/L, the complex number a 
must satisfy aL C L. Thus the association 7 ++ a gives a map End(E) — R, and it 
is clear that the map w(z) = az satisfies ~*(dz) = adz, so with our identifications, 
we have w*(w) = aw. 

Next we check that the resulting map End(E) — R is a ring homomorphism. 
Let #1, W2 € End(£). Then on C/L we have ,(z) = ayz and w2(z) = a2z, so 


(wh, + 2) (z) = (a1 + a2)z and (4, 0 W2)(z) = ayagz. 


It remains to check that every a € R comes from some 7) € End(£). By def- 
inition any a € A induces a map z + az on C that descends to a holomorphic 
homomorphism C/E — C/L. Using the theory of elliptic functions (see, e.g., [410, 
Theorem VI.4.1]), one can show that every such holomorphic map E(C) — E(C) 
is given by rational functions, which shows that End(R) — R is surjective. O 


6.3.8 Maps from F to P' 


The quotient of F by a finite group of automorphisms gives a map from E to P?. 
These quotient maps play an important role in dynamics. 


Proposition 6.37. Let T be a nontrivial subgroup of Aut(E). Then the quotient 
curve E/T is isomorphic to P' and the projection map nr : E + E/T & P' is given 
explicitly by 
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eg iff =p. (j(E) arbitrary), 

x? iff=p, (j(E) = 1728 only), 
MOV pT apy (i(E) =Oonb) 

x? ifT =p, (j(E) = only) 


Proof. By definition, the quotient curve E/T is the curve whose function field is the 
subfield of K(E) = K(z,y) fixed by I’. Using the explicit description (6.13) of the 
action of Aut(£) on the coordinates of E, it is easy to find this subfield. For example, 
if = pty, it consists of those functions that are invariant under (x, y) + (2, —y), so 
the fixed field K(E)' is K(x, y”) = K(x). As a second example, if ! = 2g, then 
we need functions invariant under (x, y) + (px, —y), where p is a primitive cube 
root of 1. This fixed field is K(E)' = K(x, y?) = K(x°), since in this case the 
elliptic curve is given by an equation of the form y? = x? + b. The other cases are 
similar. O 


For later use, we prove that the isomorphism class of an elliptic curve EF is deter- 
mined by the critical values of any double cover E — P?. 


Lemma 6.38. Let E be an elliptic curve defined over a field of characteristic not 
equal to 2. and let t : E — P' be a rational map of degree 2. Then x has exactly 
four critical values and they determine the isomorphism class of E. 


Proof. The Riemann—Hurwitz formula (Theorem 1.5) for the map 7 : E — P! says 
that 
2g(E) — 2 = (deg n)(2g(P") - 2) + D> (er(4) - 1). 
PEE 


The map 7 has degree 2, the elliptic curve E has genus 1, and P! has genus 0, so we 


find that 
37 (er(@) = 1) =4. 


PEE 


The ramification indices satisfy 1 < ep(¢) < deg a = 2, so we conclude that there 
are exactly four critical points, i.e., four points with ep(¢) = 2 and all other points 
satisfy ep(@) = 1. Further, these four critical points must have distinct images in P?, 
since for any point t € P! we have 


ep($) = deg(7). 


Pen-'(t) 


Let tz, te, t3, t4 € P! be the four critical values of 7, i.e., the images of the critical 
points, and let f € PGLz be the unique linear fractional transformation satisfying 


f(ts) =9, f(t2) =1, f(ts) = 


Explicitly, 
(tg — t3)(t — ty) 


fe) = (t — t3)(te — ti) 
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(If any of t;, t2,t3 equals oo, take the appropriate limit.) The quantity 


(ta = ta) (ta = th) 
(t4 — t3)(te — tr) 
is called the cross-ratio of t1, tg, t3, t4; cf. Section 2.7, page 71. 


We let x = f o7, so z is a rational function of degree 2 on F with critical 
values 0, 1, 00, and «. To ease notation, we let 


k= f(ta) = 


To=a'(0), Tran 3), Tr=al(n), O=77*(c0). 
Taking © to be the identity element for the group law on FE, we see that 
div(x) = 2(Tp)—2(O), div(a—1) = 2(T,)—2(O),  div(#—«) = 2(T,,)—2(0), 


so To, 71,7, are in E[2], i.e., they are points of order 2. The sum of the three non- 
trivial 2-torsion points on any elliptic curve is equal to O, so Proposition 6.18 tells 
us that there is a rational function y on £ with divisor 


div(y) = (Zo) + (Ti) + (Tn) ~ 3(0). 


After multiplying y by an appropriate constant, it follows that x and y are Weierstrass 
coordinates for & (cf. [198, IV.4.6] or [410, HI.3.1]). More precisely, the rational 
functions x and y map & isomorphically to the curve with Weierstrass equation 


E:y? = 2(¢—1)(4—k). 


It is easy to compute the j-invariant of £ in terms of « (cf. [410, IIT.1.7(b)]). We find 
that 
g (Kk? —K+1)3 

K2(K — 1)? ? 
so in particular 7(£) is uniquely determined by #1, ¢2, t3, t4. Then we apply Propo- 
sition 6.15 (or [410, III.1.4(b)]), which says that the isomorphism class of F is de- 
termined by its j-invariant. This completes the proof of Lemma 6.38. O 


j(B) =2 


6.3.9 Complex Multiplication 


Let E/K be an elliptic curve with complex multiplication defined over a number 
field. As described in Proposition 6.25, the endomorphism ring of & is isomorphic 
to a subring of the ring of integers of a quadratic imaginary field. We briefly recall an 
analytic proof of this important fact and then discuss the relationship between com- 
plex multiplication and the ideal class group of the associated quadratic imaginary 
field. This material is used only in Section 6.6, so may be omitted at first reading. 


Proposition 6.39. Let E./C be an elliptic curve with complex multiplication, i.e., the 
endomorphism ring End(£) is strictly larger than Z. Choose a lattice L C C such 
that E(C) = C/E, let 
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R={aéC:aL CL}, 


and let 
[-|:. R ——> End(E) 


be the isomorphism described in Proposition 6.36. Then R is a subring of the ring 
of integers of a quadratic imaginary field F', and for any a € R, the degree of {al is 
given by 

degla] = a& = Np/9(a), 


where a denotes the complex conjugate of a. 


Proof. To describe the ring R, we choose a basis for L, say L = Zw, + Zwy. We 
have R # Z by assumption, so there exists ana € R witha ¢ Z. Write 


QW, = aw, + bw. and awe =cw,+dwo with a,b,c,d€ Z. (6.18) 


The numbers w, and w are R-linearly independent, so the relation 


a-a —b wr\ (0 
—c a-djJ\ue/  \0 
implies that the matrix has determinant 0, 
a® — (a+ d)a + (ad — be) = 0. (6.19) 


Hence a is an algebraic integer in a quadratic field. Further, we must have a ¢ R, 
since if a were real, then the relation (a—a)w, = bw, (and a ¢ Z) would contradict 
the R-linear independence of w; and we. This proves that every element of R is an 
algebraic integer in a quadratic imaginary field, and hence F is a subring of the ring 
of integers of such a field. 

Finally, in order to compute the degree of the endomorphism [a] : E - E 
corresponding to a € R, we observe that 


deg(a) = # Ker (c/L 2202, C/L) =(L:aL). 


Ifa € Z, then it is clear that (L : aL) = a”, since L = Z? as an abstract group. 
Suppose now that a ¢ Z. Then continuing with the earlier notation, the transforma- 
tion formulas (6.18) imply that the index of aL in L is (L : aL) = ad — be. On the 
other hand, the product ad is the constant term in the minimal equation (6.19) for a 
over Q, hence also equal to ad — bc. Oj 


The theory of complex multiplication uses elliptic curves to describe the abelian 
extensions of a quadratic imaginary field F in a manner analogous to the descrip- 
tion of abelian extensions of Q using torsion points in G,,, i-e., using roots of unity. 
For a complete introduction to the theory of complex multiplication, see, for exam- 
ple, [257, Part II], [399, Chapter 5], or [412, Chapter IT]. We now describe the tiny 
piece of the theory that will be needed in Section 6.6 in order to prove Theorem 6.62. 
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Let F be a quadratic imaginary field, let Ry be the ring of integers of F, and 
let Zp be the group of fractional ideals of F’. If we fix an embedding F c C, then 
each fractional ideal a € Zp is a lattice a C C; hence it determines an elliptic 
curve /, whose complex points are 


E,(C) © C/a. (6.20) 


We observe that E, has complex multiplication by Ry, since any a € Rp has the 
property that aa C a, hence it induces a holomorphic map 


la] : C/ar-> C/a, Zr AZ, 


which in turn yields an isogeny [a] : Eg — Eq. In fact, since Rp is the maximal 
order in F’, we have End(E,) = Ry. We denote by Ef£( Rp) the set 


&l(Ry) = {isomorphism classes of elliptic curves E with End(E) = R r}. 
We thus have a natural map 
Tr — &e(Rp), at— (isomorphism class of E,). (6.21) 


We also observe that if we multiply a by a principal ideal, then the isomorphism 
class of FE, does not change, since for any c € K* there is an obvious isomorphism 


C/a —> C/ca, ze C2. 


Hence the map (6.21) induces a natural map from the ideal class group Cr = I /F* 
to elliptic curves with complex multiplication by Rr, 


Cr —_ Ell( Rr). 


Proposition 6.40. Let F be a quadratic imaginary field with ring of integers Rr 
and ideal class group Cr, and let hp = #Cp be the class number of F. Then with 
notation as above, the natural map 


Cr — &0(Rp) 


is a bijection. In particular, there are exactly hp isomorphism classes of elliptic 
curves whose endomorphism ring is Rp. 


Proof, See [412, 11.1.2]. Oo 


6.4 General Properties of Lattés Maps 


Chebyshev polynomials arise by restricting the power map 2” to the quotient of P! 
by the finite group of automorphisms {z, z~1}. As already briefly described in Sec- 
tion 1.6.3, quotients of elliptic curves lead similarly to rational maps called Lattés 
maps. In this section we define and discuss general properties of these Lattés maps. 
For an excellent introduction to Lattés maps over C, including historical remarks and 
proofs of their basic geometric and analytic properties, see [300]. 
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Definition. A rational map ¢ : P! — P! of degree d > 2 is called a Lattés map 
if there are an elliptic curve E, a morphism ~ : E — E, and a finite separable! 
covering 7 : E — P! such that the following diagram is commutative: 


v 


E — 
lr | (6.22) 


pi —_?_, pl 

Example 6.41. Let E : y? = 2° + ax +b be an elliptic curve. Then the classical 
formula for «(2P) (Proposition 6.17) and the isomorphism x : E/{+1} — P yield 
the Lattés map 
x* — 2ax? — 8bx + a? 

4x? + dax + 4b 
Here 7 is the duplication map w(P) = [2]P, and the projection 7 is given by 
m(P) = a(x,y) =o. 
Example 6.42. Let E be the elliptic curve E : y? = x® + az with j(E) = 1728 and 
again let (P) = [2]P be the doubling map. If we take m(x, y) = «, then we are in 
the b = 0 case of Example 6.41, and we obtain the Lattés map 


oa) = 2(2P) = 


However, for this curve we may instead take (x,y) = 2”. This gives a new Lattés 
map $1. We find a formula for ¢; using the relation 


6x(0) = (va) = (7e— ) = (ea) 


4/a(e+a)) ~~ 162(x +a)?" 


Note that the map a(z,y) = 2” corresponds to taking the quotient of E by its 
automorphism group Aut(E) © yz, via the association described in Remark 6.27. 


2 


Example 6.43. In a similar manner, the doubling map on the elliptic curve 
E:y=23+1 


with j(£) = 0 and Aut(E) = pe gives various Lattés maps corresponding to 
taking the quotient of E by the different subgroups of jzg. Explicitly, the Lattés maps 
corresponding, respectively, to pro, fg, and jg are 


2z(z° — 8b) 24 + 18b2? — 276? 2z(z — 8b)° 
Gay? 2(z) = 3(2) = a: 
A(z3 + b) 823 64(z + b)? 


i(z) = 


We leave the verification of these formulas to the reader; see Exercise 6.12. 


‘The assumption that 7 is separable is relevant only when one is working over a field of characteris- 
tic p, in which case it is equivalent to the assumption that 7 does not factor through the p-power Frobenius 
map. 
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We begin with an elementary, but useful, characterization of the preperiodic 
points of a Lattés map (cf. Proposition 1.42). 


Proposition 6.44. Let ¢ be a Lattés map associated to an elliptic curve E. Then 
PrePer(¢) = T(Etors): 


Proof, Let ¢ € P! and let P € E be any point satisfying 7(P) = ¢. We consider the 
orbits of ¢ and P. Thus 


m(Oy(P)) =m ({v"(P) :n > 0}) = {rb"(P) : n> 0} 
= {o°n(P) n> o} = {6"(¢) n> o} = O4(¢). 


The map 7 is finite, so this shows that O,,(P) is finite if and only if O4(¢) is finite. 
Hence 
PrePer(¢) = 7(PrePer(7)), 


and it is left to prove that PrePer(a)) = Ejoys. 

We observe that the map 7): E — E has the form ~(P) = Yo(P)+T° for 
some yo € End(£) and some point T € E. (See [410, II1.4.7].) We are going to 
prove Proposition 6.44 in the case that 7 = wo € End(F),i.e., assuming that T = O. 
For the general case, which requires knowing that the point T is a point of finite or- 
der, see Exercise 6.14. 

Suppose first that P € Ejors, say [n]P = O for some n > 1. Consider the images 
of the iterates w, 7/7, w°,... in the quotient ring End(£)/n End(£). It follows from 
the description of End(£) in Proposition 6.25 that this quotient ring is finite, so we 
can find iterates i > 7 > 1 such that 


y= (mod nEnd(£)). 
In other words, there is an endomorphism 3 € End(£) such that 
v= y + Bn. 

Evaluating both sides at P and using the fact that [n]P = 0 allows us to conclude 
that ¢'(P) = y(P). Hence P € PrePer(7), which proves that Etors C PrePer(7). 

Next suppose that P € PrePer(w), say w'(P) = yI(P) for some i > j. We 
rewrite this as (y° — y7)(P) = O and apply the dual isogeny w* — 1) described in 
Theorem 6.22 to obtain 

[deg(b* — ¥)](P) = O. 

We know that u*? 4 7, since deg(y) = deg(?) > 2 andi > j, so y* — y 
has positive degree. This proves that P € Eos, which gives the other inclu- 
sion PrePer(¢) C Etors- 


Many dynamical properties of a rational map can be analyzed by studying the 
behavior of the critical points under iteration of the map. This is certainly true for 
Lattés maps, whose postcritical orbits have a simple characterization, which we give 
after setting some notation. 
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Definition. Let ¢ : Cy — Cp be a nonconstant rational map between smooth 
projective curves. The set of critical points (also called ramification points) of ¢ is 
denoted by 


CritPt, = {P € C, : ¢ is ramified at P} = {P € C, : ep(@) > 2}. 


The set of critical values of ¢ is the image of the set of critical points and is denoted 
by 
CritValy = ¢(CritPt,). 


If é: C — C isa map from a curve to itself, the postcritical set is the full forward 
orbit of the critical values and is denoted by 


PostCrits = (J ¢"(CritVals) = |) CritValgn . 
n=1 


n=0 
(See Exercise 6.15.) 


Proposition 6.45. Let ¢ : P! — P! be a Lattés map that fits into a commutative 
diagram (6.22). Then 
CritVal, = PostCrit, . 


In particular, a Lattés map is postcritically finite. 


Proof. The key to the proof of this proposition is the fact that the map y : E > E 
is unramified, i.e., it has no critical points, see Remark 6.20. (In the language of 
modern algebraic geometry, the map 7 is étale.) More precisely, the map 7 is the 
composition of an endomorphism of F and a translation (Remark 6.19), both of 
which are unramified. 

For any n > 1 we compute 


CritVal, = CritVal,- because w is unramified, 
= CritValgnx from the commutativity of (6.22), 
= CritValgn U ¢"(CritVal,,) from the definition of critical value, 
> CritValge . 


This holds for all n > 1, which gives the inclusion 


CritVal, > (_) ¢”(CritVal,) = PostCrit, . 


n=0 


In order to prove the opposite inclusion, suppose that there exists a point Pp € E 
satisfying 

Po € CritPt, and (Po) ¢ PostCrit, . (6.23) 

Consider any point Q € 7~!(Po). Then Q is a critical point of ww, since 7 is 


unramified and 7 is ramified at )(Q) by assumption. But my = 7, so we see 
that Q is a critical point for oz. 
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On the other hand, 


o((Q)) = m(Po) ¢ CritVal, = o(CritPt,), 


so 7(Q) is not a critical point for ¢. It follows that Q is a critical point of 7. Further, 
we claim that no iterate of ¢ is ramified at 7(Q). To see this, we use the given fact 
that 1(P) is not in the postcritical set of @ to compute 


(Po) € PostCrits => 1(Po) ¢ 6" (CritPty) for all n > 1, 
—> 1(¥(Q)) ¢ "(CritPt,) for all n > 1, 
=> $(7(Q)) € o"(CritPts) for alln > 1, 
= 7(Q) ¢ 6” (CritPty) for all n > 0, 
=> 7(Q) ¢ PostCrit, . 


To recapitulate, we have now proven that every Q € w—!(Pp) satisfies 
Q € CritPt, and 7(Q) ¢ PostCrit,, . 


In other words, every point Q € w—1(Po) satisfies the same two conditions (6.23) 
that are satisfied by Py. Hence by induction we find that if there is any point Po 
satisfying (6.23), then the full backward orbit of 1) is contained in the set of critical 
points of 7, i.e., 


CritPt, > LJ v"(Po) 
n=l 


But 7 is unramified and has degree at least 2 (note that deg 7 = deg ¢), so 


#CritPt, > #(w"(Po)) = (deg vy)" —— o~. 
This is a contradiction, since 7 has only finitely many critical points, so we conclude 
that there are no points Po satisfying (6.23). Hence 


Py € CritPt, ==> m( Po) € PostCrit,, 


which gives the other inclusion CritVal, C PostCrity. O 


As an application of Proposition 6.45, we show that Lattés maps associated to 
distinct elliptic curves are not conjugate to one another. 


Theorem 6.46. Let K be an algebraically closed field of characteristic not equal 
to 2 and let ¢ and ¢' be Lattés maps defined over K that are associated, respec- 
tively, to elliptic curves E and E'. Assume further that the projection maps x and x’ 
associated to and ¢' both have degree 2. If ¢ and ¢' are PGL2(K)-conjugate to 
one another, then E and E" are isomorphic. 
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Proof. Let f € PGL2(K) be a linear fractional transformation conjugating ¢’ to ¢. 
Then we have a commutative diagram 


E—t7~opefpen pf 


re ae 


E—topef pet 


We let 7” = f o 7’. Note that since f is an isomorphism, the map 7” still has 
degree 2. This yields the simplified commutative diagram 


E> Pp FF 


a 


E—7 +p up 


showing that ¢ is a Lattés map associated to both elliptic curves E and E’. 
Applying Proposition 6.45, first to E and then to E’, we find that 


CritVal,, = PostCrit, = CritVal,. . (6.24) 


In other words, the degree-2 maps 7: E > P! and x” : E’ — P" have the exact 
same set of critical values. Then Lemma 6.38 tells us that E and E’ are isomorphic. 
O 


6.5 Flexible Lattés Maps 


A Lattés map is a rational map that is obtained by projecting an elliptic curve 
endomorphism down to P!. For any integer m > 2, every elliptic curve has a 
multiplication-by-m map and a projection E — E/{+1} & P’, so every elliptic 
curve has a corresponding Lattés map. As E varies, this collection of Lattés maps 
varies continuously, which prompts the following definition. 


Definition. A flexible Lattés map is a Lattés map ¢ : P! — P* that fits into a Lattés 
commutative diagram (6.22) in which the map y : EF — E has the form 


w(P)=([m|(P)+T — forsome m € Zand some T € E 
and such that the projection map x : E — P" satisfies 
deg(r)=2 and 2(P)=2(-P) forall Pe E. 


Remark 6.47. The condition that 7 be even, i.e., that it satisfy 7(—P) = a(P), is 
included for convenience. In general, if 7 : E — P" is any map of degree 2, then 
there exists a point Py € E such that 7(-(P + Po)) = 7(P + Po) forall P € E. 
Thus z becomes an even function if we use Po as the identity element for the group 
law on FE’. See Exercise 6.16. 
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Remark 6.48. We show in this section that the Lattés maps of a given degree have 
identical multiplier spectra. This is one reason that these Lattés maps are called “flex- 
ible,” since they vary in continuous families whose periodic points have identical sets 
of multipliers. We saw in Section 4.5 that symmetric polynomials in the multipliers 
give rational functions on the moduli space Mz, of rational maps modulo PGLo- 
conjugation. Flexible families of rational maps thus cannot be distinguished from 
one another in Mz, solely through the values of their multipliers. 


Example 6.49. We saw in Example 6.41 that the Lattés function associated to the 
duplication map 1)(P) = [2](P) on the elliptic curve E : y? = x? + ax + bis given 
by the formula 


x* — 2ax? — 8ba + a? 
4a? + daz + 46 


bap(t) = £(2P) = 


It is clear that if a and 6 vary continuously, subject to 4a° + 276? # 0, then the Lattés 
maps ¢.,, vary continuously in the space of rational maps of degree 4. 

More precisely, the set of maps ¢,,, is a two-dimensional algebraic family of 
points in the space Rat4, given explicitly by 


A? —> Rata C P’, (a,b) +> [1,0, —2a, —8b, a”, 0, 4, 0, 4a, 4b]. 
If we conjugate by f,,() = ua, the Lattés map ¢,, transforms into 
ON) = Un 'bas(ut) = by-2au-86 (2). 
Thus assuming (say) that ab 4 0, we can take u = b/a to transform ¢,,, into 
Oh? = bee with c= a2/B?, 


In other words, the two-dimensional family of Lattés maps {¢,»} in Rat, becomes 
the one-dimensional family of dynamical systems 


Al — Ma, cr (Ge,c): (6.25) 


Of course, it is not clear a priori that the map (6.25) is nonconstant. But if the Lattés 
maps @¢.,< and ¢--7 are PGLe-conjugate, then Theorem 6.46 tells us that their 
associated elliptic curves E and E” are isomorphic. The j-invariant of the elliptic 
curve E, : y? = 2° +cr+cis 


i(E.) = 28. 38 ; 
jE) 4c + 27 
so we see that j(E..) = j(E.) if and only if c = c’. This proves that the map (6.25) 
is injective, so these flexible Lattés maps do indeed form a one-parameter family of 
nonconjugate rational maps with identical multiplier spectra, i.e., they are a nontrivial 
isospectral family. 
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Example 6.50. The elliptic curve EF : y? = x° + ax? + ba has the 2-torsion 
point T = (0,0). To compute the Lattés function ¢: P! > P! associated to the 
translated duplication map 7{P) = [2](P) + T, we first use the classical duplication 
formula to compute 


x? —Qbe2 +b? 2° + 2ax> + 5Sbat — 5b22? — 2ab?x — b3 
oP = 
Ay? 8y3 


Then the addition formula and some algebra yield 


4b(x* + ax* + br) 
x4 — Qhx? + b? 


o(a) =2(2P+T) = 


As in the previous example, these Lattés maps form a one-dimensional family in Mg. 

We begin with a few elementary, but useful, properties of flexible Lattés maps. 
Proposition 6.51. Let ¢: P! > P' be a flexible Lattés map whose associated map 
w:E — E has the form 4(P) = |m|P + T. 

(a) The map ¢ has degree m?. 

(b) The point T satisfies |2|T = O. 

(c) Fix a Weierstrass equation (6.11) for E. Then there is a linear fractional trans- 
formation f € PGLe such that r = f o x. Hence of fits into a commutative 
diagram 

BE“ 4 E 


|= |: (6.26) 
of 
Pp! ——, Pp, 
Proof. (a) The commutativity of the diagram (6.22) tells us that 
deg(#) deg(m) = deg(7) deg(y). 


The map + has degree m?, since multiplication-by-m has degree m? and translation- 
by-T has degree 1. Therefore deg(¢) = m?. 

(b) We are given that the map  : E — P! has degree 2 and satisfies (P) = 
m(—P). It follows that 7(P) = m(Q) if and only if P = Q or P = —Q. We use the 
commutativity of (6.22) to compute 


m(—[m|P —T) = x([m]P + T) = a(o(P)) 
= o(m(P)) = o(n(—P)) = 1(h(—P)) = 2(—[m]P + T). 
Hence for every P € E we have either 
—(mJP-T=—-[m|P+T or -[m)P-T=-(-[m|P+T) =[m|P -T. 
Simplifying these expressions, we find that every point P € F satisfies either 


2I7T=O or [2mjP=O. 
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But there are only finitely many points P € E satisfying [2m]P = O; hence we 
must have [2]T = O. 

(c) The map = is a rational function on E satisfying 7(—P) = (P). It follows 
that 7 is in the subfield K(x) of the function field K (£); see [410, II.2.3.1]. In other 
words, there is a rational function f(z) € K(z) such that = f(x). Equivalently, 
the map 7 : E — P" factors as 


In particular, 


2 = deg(m) = deg(f ox) = deg(f) deg(x) = 2deg(f), 


so we see that deg(f) = 1. Hence f is a linear fractional transformation, which 
proves the first part of (c). Finally, we compute 


or=flodofor=flogon=ftorop=zroy, 
which proves the commutativity of (6.26). oO 


Our next task is to compute the periodic points and multipliers of flexible Lattés 
maps. For ease of exposition, we do the pure multiplication case, 1.e., for maps of the 
form w(P) = [m](P), and leave the general case for the reader. 


Proposition 6.52. Let ¢ : P! — P! be a flexible Lattés map and assume that T = O, 
so w{P) = [m](P). (See Exercise 6.18 for the case T # O.) 
(a) The set of n-periodic points of ¢ is 


Pern(¢) = 7(E[m” — 1]) U x(E[m” + ]). 
(b) Let ¢ be a periodic point of ¢ of exact period n. Then 


m” if € x(E[m” — 1]) and¢ ¢ x(E[2)), 
do(Q) = 4—m™ if E x(E[m" + 1]) and¢ ¢ 1 (E[2]), 
m=" if €n(Elm” + 1]) Nx(E[2)). 
(Notice that x (E[2]) is the set of critical values of n.) 


Proof. (a) Let ¢ € P! bea fixed point of and choose a point P € E with r(P) = ¢. 
Note that there are generally two choices for P, so we simply choose either one of 
them. Then 


m(P) =¢ = 0(¢) = (a(P)) = r(V(P)) = x([m] P). 


As noted during the proof of Proposition 6.51(b), we have 7(P) = 7(Q) if and only 
if P = +Q, so we conclude that either 


[mP=P or [m|P=-P. 
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Conversely, if [m|P = +P, then 
o(n(P)) = r(¥(P)) = m([m|P) = r(£P) = x(P), 
so 1(P) is fixed by ¢. This proves that ¢ = 1(P) € Fix(d) if and only if 
[m-1]P=O or [m+1)P=0O, 


and hence 
Fix(¢) = 1(E[m—1]) U m(E[m+1)). (6.27) 


In order to find the points of period n, we observe that 
$"(m(P)) = rH" (P)) = a([m"](P)), 


so ¢” is also a flexible Lattés map. It is associated to the map [m”] : E — E. (Fora 
generalization of this observation, see Exercise 6.17.) Applying (6.27) to the Lattés 
map ¢” yields the desired result, 


Pern (¢) = Fix(¢") = (E[m" - 1]) U n(E[m” + 1)). 
(b) The multipliers of ¢ are invariant under PGL»-conjugation, so we can use 
Proposition 6.51(c) to replace ¢ by a conjugate satisfying 
gor=zod, 
where z is the x-coordinate on a Weierstrass equation 
E:y=e+art+b. 
In order to compute the multipliers of , we are going to use the translation-invariant 


differential form 
dx dy 


Qy 322 +4 


on FE described in Theorem 6.35. The invariant differential satisfies the formula 


= (6.28) 
w*(w) = [m]*(w) = mw. (6.29) 
Substituting w = dx/2y and doing some algebra yields 


Ud) _ ¥o¥ 
dz y 


(6.30) 


Let ¢ be the Lattés map associated to a, let ¢ € Fix(¢)} with ¢ # oo, and let t 
be a coordinate function on P’. Then the multiplier \4(¢) of ¢ at ¢ can be computed 
using the differential form dt via the equation 


g* (dt) dg(t) 


dt |. dt 


= '(¢) = Ag(¢). (6.31) 
t=¢ 
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Using the relation ¢ 0 x = x oy and formula (6.30), we compute 


ot (Se) _ zo" (dt) _ (gox)*(dt) 


dt x* (dt) z*(dt) 
_ (zow)*(dt) _ vtat(dt) _ Y*(dr) _ yo 
=) ed) de yO) 


We lift ¢ to a point P € EF satisfying «(P) = ¢ and evaluate both sides of (6.32) 


at P to obtain 
dt)) em (H*) (P). (6.33) 
t=¢ 


dt 


y 


Equating (6.31) and (6.33) gives the useful formula 


dg(C) =m (*) (P) for¢ =2(P) € Fix(¢) with 400. (6.34) 


Assume first that [2]}P 4 O, which ensures that y(P) 4 0 and y(P) # oo. Then 
we can directly evaluate the fraction in (6.34) and conclude that 


(you)(P) 


Ag(G) =m WP) 


We are assuming that ¢ = x(P) is a fixed point of ¢, so 


a(P) = o(a(P)) = 2((P)). 


Thus 7)(P) = +P, and hence y(w(P)) = ty(P), which proves that g(¢) = +m. 
More precisely, Ag(¢) = m if mP = P and \4(¢) = —m if mP = —P. To 
summarize, we have proven that if ¢ ¢ z(E[2]), then 


m if¢é€a(E[m-1)), 


—m if¢€2(E[m+1)). (639) 


Ce Fix(¢) = Asl(Q)= 


Next suppose that y(P) = 0, so [2)/P = O, but P # O. We also have [m]P = 
+P from the assumption that C = x(P) € Fix(¢), so m is odd and ¢ fixes P. The 
functions y and y o w both vanish at P, so we can use |’H6pital’s rule to compute 


52) n(n 


assuming that the righthand side has a finite value. (Note that this formula is valid 
algebraically, since what we are really doing is looking at the linear terms in the local 
expansions of y and y o w at P.) We now use the chain rule to compute 
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d(p*y) dry)  o*(3a? +a) 3x2 +a 


dy  wr(32?+a) 322 +a dy 
= y" dy wr (32? +a) 32? +4 
~ 322 +4 327 +4 dy 
w*(w)  y*(32? +a) 

= . fi 2 

w 322 +a rom (6.28), 
__ y*(3a? + a) 
=m 30? ha from (6.29), 
_  3&(roy)*+a 
~ 3r27 +a 


We evaluate both sides at P = (¢, 0). Note that the quantity 3¢? +a is nonzero, since 
otherwise P would be a singular point of F. Also, 2(y(P)) = x(P) = ¢. Hence 


° * LO 244 244 
(122) (py = WU py = SOME 8 _ SAO 


y 


32(P)2+a 32 fa 


Substituting this value into (6.34) yields the desired result A4(¢) = m?. 

It remains to deal with the case P = O. There are several ways to do this case. 
First, we could perform an explicit calculation using local coordinates around O. 
Second, since we are missing only one multiplier, we could use Theorem 1.14, al- 
though this would require knowing a priori that A # 1. Third, at least for odd m, we 
could observe that (P) = [m]P looks the same locally around each of the points 
in E[2], and we already computed \ = m? for the nonzero points in E[2]. We leave 
as an exercise for the reader (Exercise 6.20) to complete the proof using whichever 
argument he or she prefers. 

Finally, to compute the multiplier of a periodic point ¢ € Per,,(¢), we apply the 
results that we have just derived to the fixed points of the Latteés map ¢” satisfy- 
ing $? ox = x0 [m”™. Oo 


Remark 6.53. Let ¢ : P! — P! bea flexible Lattés map associated to (P) = [m|P 
as in Proposition 6.52. If we work over C, then the multiplier of every periodic 
point ¢ € Per(¢) satisfies 


|Ag(¢)| = m* > 1 for some e = e(¢) > 1. 


Hence ¢ is repelling, so Per(@) is contained in the Julia set (cf. Exercise 1.27). 
Choosing a lattice L and a complex uniformization C/E —» E(C) as described 
in Section 1.6.3, it is clear that E'(C)tos is dense in E(C). Therefore Per(¢) = 
t(E(C)tors) is dense in P'(C) and is contained in 7(@). Further, the Julia set is 
closed. This proves that 7(¢) = P!(C) and F(¢) = @, which is Lattés’s Theo- 
rem 1.43 discussed in Section 1.6.3. 

On the other hand, if we work over a p-adic field such as Q, or Cy, then every 
periodic point ¢ € Per(@) satisfies 


|Ae(G)| =|m|® <1 for some e = e(¢) > 1. 
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Thus every periodic point is nonrepelling, so Per(¢) C ¥(@) from Proposition 5.20. 
Further, if p|m, then |\g(¢)| = |m[® < 1, so in this case every point in Per(¢) is 
attracting. 


Remark 6.54. Recall that the multiplier spectrum of a rational map ¢ : P! — P! of 
degree d is the map that associates to each integer n > 1 the set 


An() = {Ao(C) : ¢ € Pern($)}, 


where we treat Per,,() as the set of d” + 1 (not necessarily distinct) fixed points 
of 6”. Two maps with the same multiplier spectrum are called isospectral. (See Sec- 
tion 4.5, page 187.) Proposition 6.52(b) shows that flexible Lattés maps of degree m? 
are isospectral, since their multiplier spectrum depends only on m. A deep theorem 
of McMullen [294, §2] (Theorem 4.53) says that these are the only isospectral ratio- 
nal maps that vary in a continuous family. 


Not surprisingly, good reduction of Lattés maps is closely related to good reduc- 
tion of the associated elliptic curve. 


Proposition 6.55. Let K be a local field, let R be the ring of integers of K, and 
let @: PL, +P be a flexible Lattés map of degree m? associated to an elliptic 
curve E'/K. Suppose that E has good reduction and that m € R*. Then there exists 
an f € PGLo(K) such that 65 has good reduction. 


Proof, Since E has good reduction, we can find a Weierstrass equation for FE with 
coefficients in R and discriminant in R*. We then use Proposition 6.51 to replace @ 
by @/ so that it fits into a Lattés diagram (6.26). In other words, the Lattés projection 
map 7 is the x-coordinate function on a minimal Weierstrass equation for E.. 

For any n > 1 we can find polynomials F;,(X),G,(X) € R[X] such that 


Fa (2(P)) 
a({n]P) = G,(a(P))" 


This is easily proven by writing out the first few polynomials explicitly and then 
computing the subsequent ones by a recurrence formula. The recurrence also shows 
that the leading terms of F,, and G,, are 


FA(X)=X™4-- and G(X) =n2xX" 1+... 


(See [96, page 133], [410, Exercise III.3.7], or Exercise 6.23.) 
We note that the roots of G,,(X) are the x-coordinates of the n-torsion points, 
and one can check that G,,(X) factors as 


G,A(X)=n? [I (X-2(P)). 
PEE|[n], PHO 


We are assuming that ~(P) = [m](P) + T for some fixed integer m and 
some T' € E[2]. For simplicity we prove here the case T' = O and leave the general 
case as an exercise. Then 
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(x(P)) =2(¥(P)) =a([m(P)), 80 o(X) = 


We fix an auxiliary prime @ satisfying £ { m and & € R* and consider the poly- 

nomial 
H(X)= [I (Fa(X) — 2(Q)Gn(X)). 
QeEle|, QFO 

Notice that H(X) is a monic polynomial, since F,,(X) is monic and deg(F,) > 
deg(G,,,). We also note that all of the z(Q) are integral over R, since they are roots 
of Ge(X) and £ € R*. It follows that H(X) € R[X]. Further, Proposition 2.13(b) 
(see also Exercise 2.6) tells us that the resultant of H(X) and G,,(X) is 


Res(H(X),Gm(X)) =+m?48" JT A(¢) 
Gm (¢)=0 
= +m? des # I Fr(0)? 7? 
Gm(¢)=0 
= Res(Fin(X), Gm(X)) 


2-1 


Hence in order to show that ¢ has good reduction, it suffices to prove that 
Res(H(X), Gm(X)) € R*. 


Let K’ = K(E[mé}) be the field extension obtained by adjoining the coordi- 
nates of the points of order mé to K, let R’ be the ring of integers of K’, let p’ 
be the maximal ideal in R’, and let k’ = R’/p’ be the residue field of R’. The ex- 
tension K’/K is unramified, because we have assumed that EF has good reduction 
and mé is a unit in R; see Corollary 6.33. 

Note that H(X) and G,,(X) factor completely in K’, and in fact their roots 
are in R’. This is clear for G,,(X ), since its roots are the x-coordinates of the points 
in E[m] and its leading coefficient is m”, which is a unit in R. We now analyze H(X) 
more closely. 


Claim 6.56. The roots of H(X) are given by 
{roots of H(X)} = «(E[mé] . E[m]) c R’. 


Proof of Claim. The roots of H(X) are the solutions to 
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and hence [m]P = +Q. But Q € E[é], so P € E|mé]. This shows that the roots 
of H(X) are contained in 2(E[mé]). Further, if P € E[ml, then G,,(a(P)) = 0 
and F,,(x(P)) # 0, so 
1 
H(a(P)) = Fin(2(P)) #0. 

This gives the inclusion 

{roots of H(X)} ¢ x(E[mé] \ E[m)). 
The other inclusion is clear from the definition of H(X), since 

Pe Elmfh\ Elm) = [mjP€ Elé)~ {0}. 


Thus x(P) is a root of F,,(X) — x([m]P)Gn(X), which is one of the factors in the 
product defining H(X). 

Finally, we note that K’ contains the x-coordinates of the points in E[mé] by 
construction. Further, these x-coordinates are the roots of the polynomial F,,,¢(X) € 
R[X] whose leading coefficient is m?£? € R*, so the roots are integral over R, hence 
are in R’. O] 


We now resume the proof of Proposition 6.55. We assume that the resultant 
Res(H(X),Gm(X)) is not a unit in R and derive a contradiction. This assump- 
tion means that H(X) and G,,(X) have a common root modulo p’, so we can 
find x1, 22 € R’ such that 


A(x) =0, Gm (x2) = 0, and =.) = X_ (mod p’). 


From our description of the roots of H(X) and G,,,(X), this means that we can find 
points 


P, € Elmé}\ E[m| and P2 € E[m] \ {O} satisfying P, = P2 (mod p’). 


(In principle, we might get P, = —FPo, but if that happens, then just replace P, 
by —P,.) Since clearly P, 4 Pe, this proves that the reduction modulo p’ map 


E(K’) —> E(k’) 


is not injective on E[mé]. This is a contradiction, since Theorem 6.32 tells us that 
the prime-to-p torsion injects on elliptic curves having good reduction. 


6.6 Rigid Lattés Maps 


In general, a Lattés map ¢ : P! — P* is defined via the commutativity of a diagram 


v 


EE —- E 


|r |. (6.36) 
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where 7 is a morphism of degree d > 2 and 7 is a finite separable map. Ev- 
ery morphism of an elliptic curve to itself is the composition of an endomor- 
phism and a translation (Remark 6.19), so yw has the form 7)(P) = a(P) + T for 
some a € End(£) and some T € E. However, it turns out that the commutativity 
of (6.36) puts additional constraints on ¢, 4, and 7. More precisely, it forces the ex- 
istence of a similar diagram in which 7 has a special form. We state this important 
result and refer the reader to [300] for the analytic proof. 


Theorem 6.57. Let K be a field of characteristic 0 and let ¢ be a Lattés map defined 
over K. Then there exists a commutative diagram of the form (6.36) such that the 
map 7 has the form 


nm: E— E/T —>P! 
for some nontrivial finite subgroup T C Aut(E). 


Proof. For a proof over C, see [300, Theorem 3.1]. The general case for character- 
istic-0 fields follows by the Lefschetz principle, cf. [410, VI §6]. 0 


Definition. Let ¢ be a Lattés map. A reduced Lattés diagram for ¢ is a commutative 
diagram of the form 


|r |: (6.37) 
E/T =P! —~*. Peer 
Theorem 6.57 says that every Lattés map fits into a reduced Lattés diagram. 


Corollary 6.58. Let ¢ be a Lattés map given by a reduced diagram (6.37). Then the 
point (OQ) is fixed by every element of T, so in particular, w(O) © Etors. 
If further j(E) # 0 and j(E) #4 1728, then 


T= po, degt=2, and w(O)€ E[2]. 


Proof. We defer the proof that (©) is fixed by every € € I until Proposi- 
tion 6.77(b), where we prove it in a much more general setting. (Cf. the proof for 
flexible Lattés maps in Proposition 6.51(b).) To see that (©) is a torsion point, 
let € € [be a nontrivial element of I. Then €(y(O)) = (0), so applying Theo- 
rem 6.22 to the isogeny € — 1, we find that 


[deg(€ — 1)] (¥(O)) = E—1) 0 (E- 1) (W(O)) = 0. 


For the final statement of the corollary, we note that if 7(£) is not equal 
to 0 or 1728, then Proposition 6.26 tells us that Aut(Z) = yo. Hence = 
fl, and dega = 2. Further, since y(O) is fixed by every element of I’, we 
have [—1}w(O) = ¥(O), so [2}p(O) = O. Oo 
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Remark 6.59. The proof of Theorem 6.57 in [300] actually shows something a bit 
stronger. Suppose that ¢ is a Lattés map fitting into the commutative diagram (6.36). 
It need not be true that the map 7 : E — P? is of the form E — E/T, ice., the given 
diagram need not be reduced, and indeed the map 7 may have arbitrarily large degree. 
However, what is true is that there are an elliptic curve E’, an isogeny EF — E", and 
a finite subgroup I’ c Aut(E’) such that 7 factors as 


BEA ETP. 


Further, this factorization is essentially unique. See [300, Remark 3.3]. 


Remark 6.60. The proof of Theorem 6.57 is analytic and does not readily generalize 
to characteristic p. A full description of Lattés maps in characteristic p is still lacking. 


Aside from the curves having j-invariant 0 or 1728, every Lattés map has 
I = py = Aut(£) and dega = 2, so after a change of coordinates, the projec- 
tion x : E > P! is x(z, y) = x. For simplicity, we will concentrate on this situation, 
although we note that the two special cases with Aut(£) = ys, and Aut(E) = pe, 
have attracted much attention over the years for their interesting geometric, dynami- 
cal, and arithmetic properties. 

Our next task is to describe the periodic points of (rigid) Lattés maps and to 
compute their multipliers. 


Proposition 6.61. Let ¢ : P! — P! be a Lattés map and fix a reduced Lattés 
diagram (6.37) for @. We assume that j(E) # 0 and j(E) 4 1728. We further 
assume that ») is an isogeny, i.e., with our usual notation y)(P) = [a](P) + T, we 
are assuming that T = O. (See Exercise 6.24 for the other cases.) 

(a) The set of fixed points of ¢ is given by 


Fix(¢) = +(Ela + 1] U Ela — 3). (6.38) 
(b) The intersection satisfies 
Ela +1) N Ela—1] c E[Q]. 
If deg(a — 1) is odd, then the intersection is 0. 
(c) Let r(P) € Fix(@). The multiplier of ¢ at x(P) is 
a ifPé€ Ela—-ljandP €¢ Ela+1|, 
Aupy()=<-a if P € Ela+1]andP ¢ Ela — 1], (6.39) 
a ifP€ Ela+1)NEla—1). 
Proof. (a) We have 7(P) € Fix(¢) if and only if 
™(P) = $(n(P)) = 7(¥(P)). 


Our assumption on j(£) means that [ = Aut(£) = pg, so 1(P) is fixed by ¢ if 
and only if (P) = +P. Since we are also assuming that ~(P) = [a](P), this is the 
desired result. 
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(b) Let PE Ela—1]N Ela +1]. Adding [a — 1](P) =O to [a+ 1](P) =O 
yields [2)P = O, so P € E[2). 
To ease notation, let m = deg(a — 1). Then using Theorem 6.22, we find that 


[m|(P) = [a — I] o[a-1](P) = [a—-1(0) =O, 


so P € E{m|. Hence P € E[2|M E[ml, so if m is odd, then P = O. 

(c) The proof is identical to the proof of Proposition 6.52. The only difference is 
that w = [a] may no longer be multiplication by an integer, but we still have the key 
formula 


b*(w) = lal") = ew 


giving the effect of ~ on the invariant differential w of FE. Using this relation in place 
of formula (6.29) used in proving Proposition 6.52 and tracing through the argument 
yields the desired result. CJ 


We recall from Section 4.5 that o!”(¢) denotes the é'" symmetric polynomial 
of the multipliers of the points in Per,(@), taken with appropriate multiplicities. 
For d > 2 and each N > 1, we write 


oan: Mg —> A* (6.40) 


for the map defined using all of the functions o(”) with 1 <n < N. McMullen’s 
Theorem 4.53 says that for sufficiently large V, the map o4,n is finite-to-one away 
from the locus of the flexible Lattés maps. As noted by McMullen in his paper and 
stated in Theorem 4.54, rigid Lattés maps can be used to prove that ogy has large 
degree. For the convenience of the reader, we restate the theorem before giving the 


proof. 


Theorem 6.62. Define the degree of o4,n to be the number of points in OoN (P) for 
a generic point P in the image o4,n(Maqa). One can show that the degree of o4,n 
stabilizes as N — oo. We write deg(aa) for this value. Then for every € > 0 there is 
a constant C’, such that 


deg(oa) > C.d2-* forall d. 


In particular, the multiplier spectrum of a rational function @ € Ratg determines the 
1 
conjugacy class of @ only up to O.(d2~*) possibilities. 


Proof. We prove the theorem in the case that d is squarefree and leave the general 
case for the reader. 

Let F = Q(/—d), let Ry be the ring of integers of F,, and let a,...,a), be 
fractional ideals of F' representing the distinct ideal classes of Ry. Consider the 
elliptic curves £),..., £;, whose complex points are given by 


Each E; has End(R;) = Ry (Proposition 6.40), and we normalize an isomorphism 
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[+i : Rr — End(E;) 


as described in Proposition 6.36. We fix a Weierstrass equation for each EF; and we 
define a Lattés map ¢; by 
oj°OL=LO [V—d]. 


Then deg(¢;) = d from Proposition 6.39, and Proposition 6.61 tells us that the 
multipliers of ¢; are given by (6.39). In particular, they are the same for every @;, 
i.e., the set of maps {¢1,..., 6} is isospectral, so we see that 


O4,n(1) = Oa,n (G2) = ++: = Oa,n(Gn)- 


Next we observe that $,,...,@, give distinct points in Ma, because Proposi- 
tion 6.40 says that F,,..., #;, are pairwise nonisomorphic, and then Theorem 6.46 
tells us that o),...,,, are pairwise nonconjugate. This proves that ogy is generi- 
cally at least h-to-1, where h is the class number of the ring of integers of Q(v-d ). 
(Note that the @; are not flexible Lattés maps, and McMullen’s Theorem 4.53 tells 
us that og,n is finite-to-one away from the flexible Lattés locus.) 

To complete the proof we need an estimate for this class number. Such an esti- 
mate is given by the Brauer—Siegel theorem [258, Chapter XVI], which for quadratic 
imaginary fields says that 


log (class number of Q(V—d)) 1 
lim =, 
d—co log d 2 


d squarefree 


(Note that this is where we use the assumption that d is squarefree, since it implies 
that the discriminant of Q(./—d ) is equal to either d or 4d.) In particular, the class 
number is larger than d!/?~¢ for all sufficiently large squarefree d, which completes 
the proof of Theorem 6.62 for squarefree d. 

In the general case, there are two ways to proceed. The first, which is sketched in 
Exercise 6.25, is to find a quadratic imaginary field F whose discriminant is O(d'~*) 
and whose ring of integers contains an element of norm d. The second is to write d = 
ab? with a squarefree and use elliptic curves whose endomorphism rings are isomor- 
phic to the order R, = Z + bRp in the field F = Q(./—a). The class number of R, 
is equal to 4b times a small correction factor; see [399, Exercise 4.12]. C 


6.7 Uniform Bounds for Lattés Maps 


A fundamental conjecture in arithmetic dynamics asserts that there is a constant 
C = C(d,D) such that for all number fields K’/Q of degree D and all rational 
maps $(z) € K(z) of degree d > 2, the number of K-rational preperiodic points 
of ¢ satisfies 

# PrePer(¢, P'(K)) < C(d, D). 


(See Conjecture 3.15 on page 96.) Aside from monomials and Chebyshev polynomi- 
als, the only nontrivial family of rational maps for which Conjecture 3.15 is known 
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is the collection of Lattés maps. The proof uses the following deep theorem, whose 
demonstration is unfortunately far beyond the scope of this book. 


Theorem 6.63. (Mazur-Kamienny—Merel) For all integers D > 1 there is a con- 
stant B(D) such that for all number fields K /Q of degree at most D and all elliptic 
curves E'/K we have 


#E(K tors < B(D). 
Discussion. This deep result was first proven by Mazur [292] for kK = Qy, then 
by Kamienny [225] for [A : Q] = 2, and then was extended to various specific 
larger degrees before the proof was completed for all degrees by Merel [297]. The 
proof uses the theory of modular curves and Jacobians, which do have counterparts 
in arithmetic dynamics (cf. Sections 4.2-4.6). However, the proof also relies in a 
fundamental way on the fact that EF is a group, and hence that there exist a large 
number of commuting maps EF — E. This is in marked contrast to the situation 
for a general rational map ¢ : P! — P", for which only the iterates of ¢ commute 
with ¢. The inclusion Z C End(£) leads to the existence of Hecke correspondences 
on elliptic modular curves, and these correspondences provide an essential tool in 
the proof of Theorem 6.63. Unfortunately, there does not appear to be an analogous 
theory of correspondences for the dynamical modular curves and varieties attached 
to non-Lattés maps on F?. O 


Corollary 6.64. For all integers n > 1, all number fields K/Q, and all elliptic 
curves E:/ K we have 


#( U B (Eon) < B(n[K :Q])’, (6.41) 


[L:K]<n 
where B(D) is the constant appearing in Theorem 6.63. 


Proof. To ease notation, we let D = [K : Q|. Every field L appearing in the union 
in (6.41) satisfies 

[L:Q)=(L: K|[K : Q| < nD, 
so Theorem 6.63 tells us that #E(L)tos < B(nD). In particular, E(L) contains 


no points of order strictly larger than B(n.D). This is true for every such L, so we 
conclude that 


LJ Eos (J Ell. 


[L:K]<n 1<b<B(nD) 


Then using #E[b] = 0? yields 


#( U B(E)on) < S° # Eb] = S° be < B(nD)*. (J 


[L:K]<n 1<b<B(nD) 1<b<B(nD) 
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We now use Theorem 6.63 to prove uniform boundedness of preperiodic points 
for Lattés maps. This bound is in fact independent of the degree of the Lattés map ¢, 
which may be surprising at first glance. However, it is easily explained by the fact 
that Lattés maps associated to the same elliptic curve all commute with one another, 
so they have identical sets of preperiodic points. 


Theorem 6.65. Let D > 1 be an integer. There is a constant C(D) such that for all 
number fields K/Q of degree D and all Lattés maps  : P' — P' defined over K we 
have 

# PrePer(¢, P!(K)) < C(D). 


Proof. Without loss of generality we fix a reduced Lattés diagram (6.37) for ¢. 
Then Proposition 6.26 says that the projection map  : E — P! has degree at 
most 6, and indeed if j(E) 4 0 and j(E£) # 1728, then deg(7) = 2. 

Proposition 6.44 tells us that 


PrePer(d, P+) = m(Etors), 
so the fact that deg(7) < 6 yields 
PrePer($,P'(K)) C |) 2(E(L)tos)- (6.42) 
[L:K]<6 


Corollary 6.64 says that the set on the righthand side of (6.42) has size bounded 
solely in terms of D, hence the same is true of # PrePer(¢, P!(K)). O 


Example 6.66. The rational map 


a* — 2ax* — 8bx + a? 
¢as(Z) = W374. 
4x? + daz + 4b 
is the Lattés map associated to multiplication-by-2 on the elliptic curve 
Ep: y’ =e +ar+b. 
The j-invariant and discriminant of E,,» are given by the usual formulas 


4a? 

}(E,) = 1728--~— d A(E,) = —16(4a? + 2767). 
j(Ea) 128773 7 an (Ea) 6(4a* + 276°) 
Theorem 6.65 tells us that #: PrePer(¢,,»,P'(K)) is bounded solely in terms of the 
degree d = [K : QJ. In general, the best known bounds are exponential in d, but 
if j(Ea,p) is an algebraic integer, then much stronger bounds can be proven as in the 

following result. 


Theorem 6.67. Let K be a number field of degree D > 2, let E/K be an elliptic 
curve whose j-invariant is an algebraic integer, and let @ be a Lattés map associated 
to E.. Then there is an absolute constant c such that 


# PrePer(¢,P'(K)) < e(Dlog D)°. 
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Proof. The assumption that the elliptic curve & has integral j-invariant means that it 
has everywhere potential good reduction. Replacing K by an extension of bounded 
degree, we may assume that EF’ has everywhere good reduction. (In fact, it suffices 
to go to the field K’(E[3]), a field of degree at most 48 over K.) Then a result of 
Hindry—Silverman [204] implies a bound slightly stronger than 


#E(K )tors < 27! Dlog D. 


Finally, we note that as in the proof of Corollary 6.64, a bound for E(K)tors of the 
form #E(K)tors < B([K : Q)) for all number fields K implies a bound of the form 


#( U B (Eon) < B(n{K : Q))’. 


[E:K]<n 


Hence as in the proof of Theorem 6.65 we have 


PrePer(¢,P'(K)) C |) (E(L)tors) < c(D log D)? 
[L:K]<6 


for an absolute constant c. O 


Theorem 6.65 proves uniformity for rational preperiodic points of Lattés maps. 
In the other direction, recall that we proved (Theorem 3.43) that the orbits of rational 
wandering points contain only finitely many integers except in a few precisely spec- 
ified situations. In particular, Lattés orbits contain only finitely many integer points, 
since Lattés maps are not polynomial maps. Using deep results from the theory of 
elliptic curves, it is possible to obtain strong uniformity estimates for the number of 
integer points lying in Lattés orbits. 

For simplicity we state results over Q and Z, but we note that an appropriately 
formulated version is true for rings of S-integers in number fields. 


Definition. Let F'/Q be an elliptic curve. Recall that a global minimal Weierstrass 
equation for F’ is a Weierstrass equation that is simultaneously minimal at all primes 
(Remark 6.30). We define a quasiminimal Weierstrass equation for E/Q to be an 
equation of the form 


E:y=cx3+ar+b, a,d€Z, (6.43) 


such that |4a? +- 27b?| is as small as possible. Equivalently, the equation (6.43) is 
quasiminimal if there are no primes p such that p*|a and p®|b. 


Remark 6.68. Given an arbitrary Weierstrass equation 
E:y=2> +axr+b, a,be Z, 


it is easy to create a quasiminimal equation. Simply let u be the largest integer such 
that ui? divides gcd(a°, b”), and then 
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E:y? =2°+au4z+bu° 


is a quasiminimal equation for E'/Q. Elliptic curves over Q have global minimal 
Weierstrass equations, see Remark 6.30, and it is not hard to show that a quasimin- 
imal equation is minimal at every prime p > 5, and that it is almost minimal at 2 
and 3; see Exercise 6.26. 


The following theorem is a conditional resolution of a conjecture of Lang [254, 
page 140]. 


Theorem 6.69. (Hindry—Silverman) Let E'/Q be an elliptic curve given by a quasi- 
minimal Weierstrass equation and let E(Z) be the set of points in E(Q) having 
integer coordinates. Also let v(E) be the number of primes dividing the denominator 
of the j-invariant of E. 

(a) There is an absolute constant C such that for any subgroup T Cc E(Q), 


#(T nN E(Z)) < Cv(E)+rankT 


(b) If the “ABC conjecture” is true,” then there is an absolute constant C such that 
for any subgroup T C E(Q), 


#([ 1 E(Z)) < ork, 
Proof. The proof of (a) is given in [407] and the proof of (b) is in [202]. C] 


We can use Theorem 6.69 to prove a uniform bound for integer points in orbits 
of flexible Lattés maps (cf. Conjecture 3.47). 


Theorem 6.70. Let E/Q be an elliptic curve given by a Weierstrass equation with 
integer coefficients, let m > 2 be an integer, and let o(z) € Q(z) be the Lattés map 
satisfying 

o(2(P)) =a([m|P) forall PE E. 
Assume further that ¢ is affine minimal in the sense that 


Res($) = min _ Res(@/). 6.44 
es($) = gain 4 Res(o") (6.44) 
f(z)=az+b 
(See page 112 for the definition of the resultant Res(@) of a rational map.) Thus the 
assumption (6.44) says that we cannot reduce the resultant of ¢ by conjugation by an 
affine linear transformation f(z) = az + b. Let ¢ € Q and consider the orbit O4(¢) 

of ¢ by o. 


(a) There is an absolute constant C' such that 
#(O6(¢)NZ) sor, 


where v(E) is the number of primes dividing the denominator of the j-invariant 


of E. 


2The ABC conjecture of Masser and Oesterlé says that if A, B,C’ > 0 are pairwise relatively prime 


integers satisfying A + B = C,, thenC <- Iliac pits, 
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(b) If the ABC conjecture is true, then the number of integer points in Og(C) is 
bounded by an absolute constant independent of E and (. 


Proof. Write the given Weierstrass equation for E’ as 
E:y=a2>+ax+b with a,b € Z. 


We begin by showing that the minimality assumption (6.44) implies that there are no 
primes p with p”|a and p*|b. The rational function ¢(z) = F'(x)/G(z) is associated 
to the multiplication-by-m map, so it is given by polynomials 


F(a, b; x), G(a,b; x) € Za, b, x] 
that are weighted homogeneous in the sense that 
F(t?a, 8b; tx) = t” F(ab; z) and G(t?a,t°b;tx) = t” Ga, b; £). 
For example, if m = 2, then 


x! — 2ax? —~ 8bx + a? 
o(x) = 3 
Ax? + dax + 4b 


Hence if p?|a and p*|b, then conjugating ¢(x) by f(x) = pz yields 


of (x) = ptm bipe) _ F(p~*a,p~*b; 2) 
G(a,b;px) _G(p-2a,p~3b; 2) 


The assumption that p*\a and p°|b implies that these polynomials have integer coef- 
ficients, and then homogeneity yields 


Res(@/) = Res(F(p~*a, p*b; x), G(p*a, p-*b; x)) 
= pom (m1) Res(F (a, b; x), G(a, b; x) 
—m? m?— 

=p ™(™ “) Res(9). 
This contradicts (6.44), so we have proven that there are no primes p satisfying p”|a 
and p°|b. 

We would like to apply Theorem 6.69 to the rank-1 subgroup generated by a 

point P = (¢,7) of E lying above ¢. Unfortunately, although ¢ € Q, there is no 
reason that 77 need be rational. So it is necessary to move to a twist of EL. 


We are given a point ¢ € Q and we choose a point P = (¢,7) € E lying above ¢. 
We do not assume that 7 = \/¢3 + a¢ + bis rational. We write 


P = P; = (21,91), 
then we factor 


a t+ar,t+tb=uvi with u; squarefree, 


and consider the elliptic curve 
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El sy? = 23 + autre + bu}. (6.45) 


(In the terminology of Section 4.7, E’ is a twist of E; cf. Example 4.71.) Notice that 
the point 

Pi = (ui21,ujv,) € EQ) 
is a point of E’ having integer coordinates. 


We claim that the Weierstrass equation (6.45) for E’ is quasiminimal. To prove 
this claim, let p be any prime. We showed earlier that either 


ord,(a)<2 or ord,(b) < 3. 
Since wu, is squarefree by construction, it follows that either 
ord,(auz)<4 — or ord,(bu?) < 6, 


which shows that the Weierstrass equation (6.45) is quasiminimal. 
This means that we can apply Theorem 6.69 to E” and the rank-1 subgroup gen- 
erated by P’ to conclude that 


#{n>1: [n]P’ ¢ E'(Z)} < cv, (6.46) 


Further, if the ABC conjecture is true, then the upper bound may be replaced by C. 
The two elliptic curves F and E’ are isomorphic, although the isomorphism is 
defined only over Q(,/u; ). This isomorphism, which we denote by F, is given 
explicitly by 
E:y=2+art+) > Biy® =2% 4+ ade! +3 


(x, y) 4 (ux, us!?y). 


In particular, 7(E) = j(E’), so v(E) = v(E’). 
In order to relate integers in Og(C) to integer points in E’(Q), we write 


P,, =(n|P, =(2n,yn) and P= [n|Pi = (zi, y},). 
Since the isomorphism F respects multiplication by n, we have 
F(P,) = F(([n|Pi) = [n](F(Pi)) = [n] Pi = Py. 


In particular, since P{ € E’(Q), it follows that [n]P/ = P, € E’(Q), so F maps the 
multiples of P,, which, note, are not in E(Q), to points in E’(Q). Further, ifz, € Z, 
then it is clear from the definition of F that z/, = uz, € Z, and hence yy, is also 
in Z, since we just showed that y/, is in Q and the equation of E’ shows that y/, is 
the square root of an integer. 

To summarize, we have proven that 


tn€ZL => Pl =F(P,)€E'(Z). (6.47) 
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By construction we have $*(¢) = x((m*]P) = 2x, and hence 
#(Og(P) NZ) = #{k >0:a,% € ZI 
<#{k>0:P,.€E(Z)} from (6.47), 
<#{n>0:P)€ E'(Z)} 
< CME )H1 from (6.46), 
= ovlF)t} since E and E’ are isomorphic. 


Further, if the ABC conjecture is true, then we may replace the upper bound by C’. 
O 


Remark 6.71. We note that something like the affine minimality of ¢ is necessary in 
the statement of Theorem 6.70. Indeed, without some kind of minimality condition, 
we saw in Proposition 3.46 that we can make #(Og(¢) 9 Z) arbitrarily large by 
replacing ¢(z) with Bdé(B~+z). This conjugation has the effect of multiplying every 
point in the orbit by B, hence allows us to clear an arbitrary number of denominators. 
Remark 6.72. Continuing with notation from the statement of Theorem 6.70, we 
note that there is a cutoff value kp such that 


o*(C)EZ for O<k<kyp and @(C)EZ for k>ky. 


This reflects the more general fact that if x([n]P) € Z and if r|n, then a([r|P) € Z 
({410, Exercise 9.12]). Note that no such cutoff statement holds for general rational 
maps that are not non-Lattés maps. 


6.8 Affine Morphisms, Algebraic Groups, and 
Commuting Families of Rational Maps 


Power maps and Chebyshev maps are attached to endomorphisms of the multiplica- 
tive group G,, and its quotient G,,/{z = 27+}, and similarly Lattés maps are 
attached to maps of quotients of elliptic curves. In this section we put these con- 
structions into a general context and state a classical theorem on commutativity of 
one-variable rational maps. 


Definition. Let G be a commutative algebraic group. An affine morphism of G is 
the composition of a finite endomorphism of degree at least 2 and a translation. 


Remark 6.73. The reason for this terminology is as follows. Let G/C be a connected 
commutative algebraic group of dimension g. Then its universal cover is C9 and 
every affine morphism 7) : G — G lifts to an affine map CY — C9, ie., there are a 
matrix A and vector a such that the following diagram commutes: 


(og zo Azta C9 


| ! 


G —.4 G 
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Example 6.74. Every affine morphism of the multiplicative group G,,, has the form 
w(z) = az4 for some nonzero a and some d € Z. More generally, for any commu- 
tative group G, any a € G, and any d € Z there is an affine morphism ¥(z) = az?. 


Notice that it is easy to compute the iterates of this map, 


y"(z) _ gitdt +e! jd™ 


Proposition 6.75. Let 1) : G — G be an affine morphism of an algebraic group G, 
sow has the form (z) = a- a(z) for some a € End(G) and some a € G. 

(a) The endomorphism a and translation a are uniquely determined by 1. 

(b) Let a and a be as in (a). Then the iterates of w have the form 


w" (2) =a-a(a)-a*(a)---a"™* (a) -a"(z). 


Proof. The definition of affine morphism tells us that there are an element a € G 
and an endomorphism a@ of G such that the map 7 has the form ~(z) = aa(z). 
Evaluating at the identity element e € G yields ¢)(e) = aa(e) = a, so a is uniquely 
determined by w. Then a(z) = a~'w(z) is also uniquely determined by w. This 
proves (a). The proof of (b) is an easy induction, using the commutativity of G and 
the fact that a is a homomorphism. O 


Definition. A self-morphism of an algebraic variety ¢ : V — V is dynamically 
affine if it is a finite quotient of an affine morphism. What we mean by this is that 
there are a connected commutative algebraic group G, an affine morphism w : G > 
G, a finite subgroup T C Aut(G), and a morphism G/T — V that identifies G/T 
with a Zariski dense open subset of V (possibly all of V) such that the following 


diagram is commutative: 
w 


G —- 


| l 


G/tY —— G/T (6.48) 
[ [ 
voy 


Example 6.76. Examples of dynamically affine rational maps ¢ : P! — P! include 
the power maps ¢(z) = 2” with G = G,, and = {1}, the Chebyshev polyno- 
mials T;,(z) with G = G,,, and = {z,z7~1}, and Lattés maps with G an elliptic 
curve & and [ a nontrivial subgroup of Aut(£). 


Proposition 6.77. Let dé: V — V be a dynamically affine map and let): G > G 
and T c Aut{G) be the associated quantities fitting into the commutative dia- 
gram (6.48). 
(a) For every € €T there exists a unique €' € T with the property that pot = €' oy. 
(b) Write ~(z) = a- a(z) with a € G and a € End(G) as in Proposition 6.75. 
Then (a) = a for every € €T. 
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(c) Assume that #1 > 2 and that G is simple. (An algebraic group is simple if its 
only connected algebraic subgroups are {1} and G.) Then a € Giors, i.e, the 
translation used to define 1) is translation by a point of finite order. 


Proof. (a) The uniqueness is clear, since if wo € = €; oy = £04), then £, = fy 
because the finite map w : G — G is surjective. 

We now prove the existence. The commutativity of (6.48) tells us that for all z € 
Gandallé ET, 


(robo €)(z) =(pomo€)(z) = (Pon)(z) = (wo g)(z). 


Thus (y0€)(z) and w(z) have the same image for the projection map 7 : G > G/T, 
so there is an automorphism €’ € T satisfying 


We claim that the automorphism £’, which a priori might depend on both € and z, 
is in fact independent of z. To see this we fix € and write w(€(z)) = €((z)) to 
indicate the possible dependence of €’ on z. In this way we obtain a map (of sets) 


G—T, zero). 


Since I is finite, there exists some €” € TI’ such that €! = €” for a Zariski dense 
subset of z € G. (Note that a variety cannot be a finite union of Zariski closed proper 
subsets.) It follows that w o € is equal to €” o # on a Zariski dense subset of G, and 
hence they are equal on all of G. 

(b) From (a) we see that there is a permutation of I defined by the rule 


r:PoT, po€=r(Gou. 


Evaluating both sides of 7 o € = r(€) o w at the identity element 1 € G and using 
the fact that (1) = 1 and (1) = a- a(1) = a, we find that 


a = w(€(1)) = r(€)(W)) = 7(8)(a). 


But 7 is a permutation of T, so as € runs over I’, so does 7(€). Hence a is fixed by 
every element of T. 

(c) From (b) and the assumption that #I > 2, there exists a nontrivial € € T 
with €(a) = a. It follows that a is in the kernel of the endomorphism 


G—G, zr &(z)- 271. 


The kernel is not all of G, since € is not the identity map, so the simplicity of G tells 
us that the kernel is a finite subgroup of G. Hence a has finite order. O 


Remark 6.78. In this book we are primarily interested in dynamically affine maps 
of P', but higher-dimensional analogues, especially of Lattés maps, have also been 
studied. See for example [68, 134, 145, 439]. 
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The commutativity of (6.48) implies that deg(¢) = deg(x)). It follows that all 
dynamically affine maps for the additive group G, have degree 1, since every affine 
morphism of G, has the form #(z) = az + 6. Hence nonlinear dynamically affine 
maps on P? are attached to either the multiplicative group G,,, or to an elliptic curve, 
since these are the only other algebraic groups of dimension 1. 

We note that over a field of characteristic 0, the endomorphism ring End(G) 
of a one-dimensional algebraic group G is commutative.* More precisely, the mul- 
tiplicative group has endomorphism ring End(G,,,) = Z, and the endomorphism 
ring End(£) of an elliptic curve F is either Z or an order in a quadratic imaginary 
field. The commutativity of End(G) means that dynamically affine maps commute 
with many other maps. An appropriately formulated converse of this statement is a 
classical theorem of Ritt. 


Theorem 6.79. (Ritt and Erémenko) Let ¢, € C(z) be rational maps of degree at 
least 2 with the property that 601 = Wo. Then one of the following two conditions 
is true: 
(a) There are integers m,n > 1 such that 9” = w™. 
(b) Both ¢ and w are dynamically affine maps, hence they are either power maps, 
Chebyshev polynomials, or Lattés maps. 
In all cases, the commuting maps @ and » satisfy 


F(o) = Fw), JI(¢) = T(W), and PrePer(¢) = PrePer(w). 


Proof. The first part of the theorem, in somewhat different language, is due to 
Ritt [371]. See Erémenko’s paper [152] for a proof of both parts of the theorem 
and some additional geometric dynamical properties shared by commuting ¢ and 7. 
A higher-dimensional analogue is discussed in [135]. We remark that the equality 
PrePer(¢) = PrePer(y) is a formal consequence of the commutativity of @ and 
and the fact that the preperiodic points of a nonlinear rational map are isolated; see 
Exercise 1.15. 


Although we do not give a proof of Ritt’s theorem, we conclude this section by 
proving the easier statement that only polynomial maps can commute with polyno- 
mial maps. This result was used in our description of the rational maps commuting 
with the Chebyshev polynomials (Theorem 6.9). 


Theorem 6.80. Let K be a field, let 6(z) € K|z] be a polynomial of degree d > 2, 
and let 1)(z) € K(z) be a nonconstant rational map. We assume that both @ and w 
are separable, i.e., neither of the derivatives $' (z) and 4)" (z) is identically 0. Suppose 
further that 6 and ~ commute under composition, 6 0 ~ = yo @. Then one of the 
following is true: 

(a) w(z) € Kz], ie. w is also a polynomial. 


3Even in characteristic p, most elliptic curves have commutative endomorphism ring. However, there 
are a finite number of elliptic curves whose endomorphism ring is a maximal order in a quaternion algebra. 
These supersingular curves are all defined over F,,2. See [410, V §3]. 
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(b) After simultaneous conjugation by an affine map f(z) = z+ 8, the poly- 
nomial ¢(z) has the form ¢(z) = az and the rational map (2) has the 
form )(z) = bz" for some r < 0. 


Proof. The proof is an application of ramification theory and the Riemann—Hurwitz 
formula (Theorem 1.1). By assumption, the map ¢ is a polynomial, so co is a totally 
ramified fixed point of @. Suppose that 7(z) is not a polynomial. This means that we 
can find a point a € 7)! (00) with a 4 00. We use the commutativity of ¢ and w to 
compute 


€a(d” ow) = €a(w) I] €giv(a) (0) = €al)€o0(¢)” = €a(y)d” 
1=0 


I (6.49) 
n-1 
€a(poe") = (TI cae) €gn(a)(v)- 
i=0 
Hence - 
II coal?) _ eal) 1 for alln > 1. (6.50) 


pare egn(ay(h) ~ deg x 


Every ramification index egi(q)(¢) is an integer between 1 and d, so letting n — 
oo, we see that e4i(4)(¢) = d for all sufficiently large 7. On the other hand, ¢ is 
a polynomial and a # oo, so ¢'(a) # oo for all 7. Hence there is at least one 
point 8 4 co with eg(@) = d. The Riemann—Hurwitz formula then implies that 8 
and oo are the only two points at which ¢ is ramified. It follows that ¢*(a) = 6 for 
all sufficiently large i, which implies that ¢(G) = @. In other words, @ and oo are 
both totally ramified fixed points of ¢, i.e., 


go '(8)={8} and — $*(00) = {oo}, (6.51) 
and @ has no other ramification points. In particular, since by construction we 
have ¢'(a) = f for some i, it follows that a = 2. But a # 00 was an arbitrary 
point in 7)~+(0o), so we have also proven that y~1(00) C {3, co}. 

Next let y € ~~ 1(/3). We use the fact that d'4)(7) = (@ and eg(¢) = d to repeat 
the calculation (6.49) with a replaced by -y. This again leads to the inequality (6.50), 
but with + in place of a, and hence to the conclusion that ¢ is totally ramified at 
some iterate ¢' (7). It follows that ¢*(y) € {/3, 00} for some i, and hence from (6.51) 
that y € {G, co}. 

We have now proven that 


wb" ({B,00}) C {8,0}. 


Thus 7 is totally ramified at @ and 00, and since #(3) 4 oo by assumption, the 
map ~ must switch @ and oo. Since we also know that ( and oo are totally ramified 
fixed points of ¢, it follows that @ and have the form 


o(z)=6B+alz—B)o and v(z)=8+0(z—-8B)" forsomer <0. 
Then conjugation by f(z) = z + 8 puts them into the desired form. Oo 


380 Exercises 


Exercises 


Section 6.1. Power Maps and the Multiplicative Group 


6.1. Let K be a field of positive characteristic p. 
(a) Let M,(z) = 2”. Prove that the automorphism group of M, over K equals PGLo(F,). 
(b) More generally, if g is a power of p, prove that Aut(M,) = PGLo(F,). 
(c) Again let g be a power of p, and let d be an integer with p { d. Describe Aut(Mga). 


6.2. Let K be an algebraically closed field, let d € Z, and let a € K™. Further, if K has 
positive characteristic p, assume that p { d. Describe all rational functions ¢(z) € K(z) that 
commute with az¢ under composition. 


6.3. ** Let Ma(z) = 27 be a power map for some |d| > 2, and if K has positive characteris- 
tic p, assume that p { d. Example 6.5 describes two types of twists of Ma(z). The first type has 
the form ¢a(z) = az“ and the second type 7»(z) is given by the complicated formula (6.1). 
Does Mu(z) have any other twists? If so, describe all of the twists of Ma(z). 


Section 6.2. Chebyshev Polynomials 
6.4. Complete the proof of Proposition 6.6(e) by verifying the identity 


1 d+1—-k d+1—-k d+2 [d+2-k 
TT 1 = ——— . 
d+i—k a+ \( k ) ea( k-1 )| al k ) 

6.5. Let Tz(w) be the d Chebyshev polynomial for some d > 2. 
(a) Prove that the fixed points of Ty(w) are as described in Proposition 6.8(a). 
(b) Prove that the multipliers of Tz(w) at its fixed points are as described in Proposi- 


tion 6.8(b). 
(Hint. For (a) use the trigonometric identity 


cos(A) — cos(B) = sin (4+) sin (- — “) ; 


2 
and for (b) differentiate Ty(z + z~') = z? + z~@ to obtain the identity 
d_ i-d 
T! -1) az 7% ; 
wz+z) d-—— ) 


6.6. Proposition 6.8 describes the multipliers of the fixed points of the Chebyshev polyno- 
mial Ty(w). Prove directly that the multipliers satisfy the summation formula described in 


Theorem 1.14, 
1 
imam =! 
CEFix(Ty) Ta 


6.7. Let be a field of characteristic p > 3, let mn > 1 be an integer with p { n, and 
let 2,, C K* be the n™ roots of unity. There is no “cosine function” for the field K, but we 
can define a set of cosine values by 


—1 
cos = {242 acu}. 


We also let 2Cos,, = {2¢ : ¢ € Cosy}. 
Let d > 2 be an integer with p { d(d? — 1) and let Ty(w) be the d Chebyshev polyno- 
mial. 


Exercises 381 


(a) Prove that 
Fix(Ty) = 2Cosai1 U2 Cosg_1. 
Also compute the intersection 2 Cosg41 M2 Cosg_1. 
(b) Prove that the multipliers of Ty at its fixed points are given by 


—d if € 2Cosay41 and¢ # +2, 
At, (¢) = d  if€ € 2Cosa_; and¢ # +2, 
@ if¢=+2. 


(c) Give a similar description of the fixed points and their multipliers in the case that 
d= +1 (mod p). \ 


6.8. We stated during the proof of Theorem 6.9 that for d > 2, the Chebyshev polyno- 
mial Ti(w) is not equivalent to a monomial, i.e., no conjugate (f~' o Ty o f)(w) has the 
form cw*. Prove this assertion. 


6.9. Prove that the (formal) derivatives of the Chebyshev polynomials satisfy the following 
identities: 


(a) (4—w?)T}(w) + dwTa(w) = 2dTa_1(w). 
(b) (4— w®)TY (w) — wT j(w) + @’Ta(w) = 0. 


6.10. Let K be a field of positive characteristic p. 
(a) Prove that the p"™ Chebyshev polynomial T,(w) is equal to w? in K [w]. 
(b) In general, if g is a power of p, prove that Tya(w) = Ta(w)? = Ta(w?) for all d > 1. 
(c) Again letting q be a power of p, deduce that Aut(T,) = PGLo(F,). (Cf. Exercise 6.1.) 


6.11. Let K be a field of characteristic 2 and let d > 1 be an odd integer. Prove that 
wT) (w) = Ta(w). What is the derivative T),(w) if d is an even integer? 


Section 6.4. Lattes Maps — General Properties 


6.12. Let E be the elliptic curve E : y? = 2° +1 with j(E) = 0, so Aut(E) = pig is cyclic 
of order 6. Let (P) = [2]P be the doubling map. 
(a) Let: E > E/p. & P’. Prove that we can take (x,y) = x and that the Lattés map 
corresponding to ~ is 
__ 2(z3 — 8b) 
O) = ayy” 
(b) Leta: E — E/p, & P’. Prove that we can take z(x,y) = y and that the Lattés map 
corresponding to ~% is 
4 2 2 
z + 18b2° — 276 
2(z) = — 
(c) Leta: E> E/ptg & P'. Prove that we can take 7(a,y) = x° and that the Lattés map 
corresponding to w is 
2(z — 8b)? 
o3(2) = Gag bys 
Compute the conjugate ¢3(z — 6) + 6 of d3(z), compare it to ¢2(z), and explain. 


6.13. Let @ be a Lattés map. Prove that there does not exist a linear fractional transforma- 
tion f € PGLz2 such that the conjugate ¢/ is a polynomial. (Cf. Exercise 6.8.) 
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6.14. Complete the proof of Proposition 6.44 in the general case that (P) = a(P)+T 
with a € End(£) and T € E not necessarily equal to O. However, you may assume that 
T © Eros, i.e., T is a point of finite order. 


6.15. Let @ : C — C be a nonconstant rational map from a smooth curve to itself. Recall 
that CritVal, denotes the set of critical values of ¢. Prove that 


LJ ¢"(Critval,) = [LJ CritValsn . 
n=0 n=l 


Section 6.5. Elliptic Curves and Flexible Lattes Maps 


6.16. Let E be an elliptic curve and let 7 : E — P* be a map of degree 2. 

(a) Let R be any point on &. Show that we can define a new group law (call it x) on E by 

the rule 
PxQ=P+4+Q-R. 

Show that F is the identity element for the group (EZ, x). 

(b) Prove that there exists a point Po € E such that n(—(P + Po)) =n1(P + Pp) for 
all PE E. 

(c) Conclude that after choosing a new identity element for E, the map 7 is even, i.e., satis- 
fies r(P) = 2(—P) forall P € E. 


6.17. Fix an elliptic curve E and and a degree-2 map 7 : E — P" satisfying (P) = 1(—P). 
For any integer m and any point T € E/[2], let @m,r : P' — P” be the flexible Lattés map 
associated to the map 7)(P) = [m](P) + T as in the commutative diagram (6.22). 

(a) Prove that bm,T°@m/!,7’ = Omm’ jmtT’+7- In particular, the maps dm, commute under 
composition. 

(b) Prove that Ff, 7 is either dm ,r or ¢m,o. More precisely, if m is odd and n is even, 
prove that ¢F, 7 = ¢m,o, and prove in all other cases that 67, 7 = ¢mn,7r. (Of course, 
if T = O, the cases are all the same.) 

(c) It follows from (a) that the collection of maps {bm :m>1,Te E{2]} is closed 
under composition. Prove that ¢1,0 is the identity element and that the associative law 
holds. Thus this set of flexible Lattés maps for E is a noncommutative monoid. 


6.18. Let ¢: P! — P bea flexible Lattés map associated to #)(P) = [m]P + T, where the 
point T € E[2] is not necessarily equal to O. 
(a) Prove that the set of fixed points of ¢ is given by 


Fix(¢) = x([m—1]-*(T)) Ua([m+ 1*(2)). 


(b) Compute the multiplier of ¢ at each point in Fix(¢). 
(c) Use the results from (a) and (b) and the formula for the composition of Lattés maps in 
Exercise 6.17 to describe the periodic points of ¢ and to compute their multipliers. 
(Hint. Mimic the proof of Proposition 6.52, which dealt with the case T = O.) 


6.19. Proposition 6.52 describes the multipliers of a flexible Lattés map. Using these values, 
verify directly that the formula 
1 
es | 
» 1— r9(¢) 


C€Pern (¢) 


from Theorem 1.14 is true for flexible Lattés maps. 
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6.20. Complete the proof of Proposition 6.52(b) by computing the multiplier Ag(oo) at the 
fixed point co = z(O). (Hint. Move O to (0,0) using the change of variables z = x/y 
and w = 1/y. Then write the invariant differential in terms of z and w and mimic the proof in 
the text.) 


6.21. Let K be an algebraically closed field and let and ¢’ be flexible Lattés maps defined 
over K that are associated, respectively, to elliptic curves E and E’. Suppose that ¢ and ¢’ 
are PGL2(K)-conjugate to one another. We proved (Theorem 6.46) that if the characteristic 
of K is not equal to 2, then E and E’ are isomorphic. What can be said in the case that K has 
characteristic 2? (Note that in characteristic 2 it is necessary to use a generalized Weierstrass 
equation (6.12) to define F.) 


6.22. We proved Proposition 6.55 in the case that (P) = [m](P). 
(a) Prove Proposition 6.55 for general flexible Lattés maps, i-e., Lattés maps associated to 
maps of the form (P) = [m](P) + T with T € E[2}. 
(b) Formulate and prove a version of Proposition 6.55 for rigid Lattés maps. 
(c) ** To what extent is the converse of Proposition 6.55 true? More precisely, if ¢ is a 
Lattés map fitting into a reduced Lattés diagram (6.37) and if ¢/ has bad reduction for 
every f € PGLe(K), does the elliptic curve E necessarily also have bad reduction? 


6.23. Let E be an elliptic curve given by a Weierstrass equation 
E:y =r +art+b. 


Let m > 1 be an integer and write x ([m]P) as a quotient of polynomials 


(6.52) 


(a) Prove that Fi, and Gm can be taken to be polynomials in x, a, and b. More precisely, 
prove that there are polynomials Fin, Gm € Z[a, b, x] satisfying (6.52) and that they are 
uniquely determined by the requirement that F,, be monic in the variable x. 

(b) Prove that deg(Fin) = m? and deg(Gn) = m? — 1 and that their leading terms 
are Fy, (x) = ve” 4... and Gn(r) = meg” gee, 

(c) If m is odd, prove that there is a polynomial (2) € Z[a, b,z] such that G(x) = 
Wm(x)”. Similarly, if m is even, prove that there is a polynomial Hm(x, y) € Zla, b, z, y| 
such that Gn(a) = tm (a, y)?, where in the computation we replace y” by x® + ax +b. 
The polynomial wn, is called the m” division polynomial for E, since its roots are the 
nontrivial points of order m. 


(d) Prove that F, and G,,, satisfy 
Fi, (ta, tb; ta) = t” Fy (a,b;2) and Gyn(t?a, t°b; tr) = Gin (a, b; x). 


Thus F;,, and G',, are homogeneous if x, a, and b are respectively assigned weights 2, 4, 
and 6. 

(e) Let A(E) = —16(4a° + 2767). Prove that the resultant of F,, and Gm, with respect to 
the variable «x is given by 


Res(Fin, Gm) = A(B)™ 0”? —0/8, 
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Section 6.6. Elliptic Curves and Rigid Lattés Maps 


6.24. This exercise extends Proposition 6.61. Let ¢ : P! — P’ be a Lattés map and fix a 
reduced Lattés diagram (6.37) for ¢. Write (P) = [a](P) + T as usual, where we use 
the standard normalization described in Proposition 6.36 to identify End(£) with a subring 
of C. 

(a) Prove that the fixed points of ¢ are given by 


Fix(¢) = LU {rP) : [a — €\(P) = -T}. (6.53) 


€er 


(b) Let 7(P) € Fix(@). Prove that P is a critical point for 7 if and only if P is fixed by a 
nontrivial element of £. More generally, prove that the ramification index is given by 


ep(t) = {é ET: (€jP= P}. 


In particular, if P is not a critical point, then there is a unique € € T that fixes P. 

(c) Assume that T = 0. Let 7(P) € Fix(¢) and choose some automorphism € € T such 
that (P) = [£|(P). Compute the multiplier of ¢ at 7(P) as in the following table (we 
have given you the first four values): 


if ep (7) = 1, 


? if = po and ep(m) = 2, 


3 iff = pz and ep(m) = 3, 


iff = py and ep(r) = 2, 
iff = po, and ep{r) = 4, 
iff = pg and ep(m) = 2, 
if = pg and ep(x) = 3. 


g 
a 
a 
An(P) (9) = g 


6.25. In the text we proved Theorem 6.62 under the assumption that d is squarefree. This 
exercise sketches an argument to eliminate the squarefree hypothesis. We set the notation S(b) 
for the squarefree part of the integer b > 1. 


(a) For each integer d > 2, let Dg > 1 be an integer with the property that d is a norm from 
the ring Z [V —Da ] down to Z. In other words, there are integers u and v such that 


uw + Dav" =d. 


Then with notation as in the statement of Theorem 6.62, prove that for every « > 0 there 
is a constant C, such that 


deg(oa) > Ce S(Da)?~* for all d. 


(Hint. Use elliptic curves with CM by the ring Z [V—Da | and Lattés maps associated 
to the endomorphism lu +vuV/—Da | and follow the proof of Theorem 6.62.) 
(b) Prove that for every « > 0 there is a constant Cz > 0 such that 


max S(d—wu’) > Cld'~* for all d. 
O<u<vd 


(Hint. It suffices to prove that for sufficiently large d the average satisfies 
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7 > log S(d — u”) > (1 — 6) logd. 


O<u<Vd 


Write this as two sums using ord, (S(b)) = ord,(b) —2 4 ord,(b) | and show that the 
first sum is asymptotic to log(d) and the second is bounded as d — co.) 
(c) Combine (a) and (b) to complete the proof of Theorem 6.62. 


Section 6.7. Uniform Boundedness for Lattes Maps 
6.26. Let E/Q be given by a quasiminimal Weierstrass equation 
E:y=ac+arts, 


i.e., the discriminant |16(4a° + 2767) | is minimized subject to the condition that a and b are 
integers. 
(a) Show that the equation for EF is minimal at every prime p > 5. 
(b) Let A3(Z) be the discriminant of a general Weierstrass equation (6.12) for F that is 
minimal at 3. Prove that 


0< ord3(4a° + 270") — ord3 (As(E)) <6. 


(c) Let Ao(E) be the discriminant of a general Weierstrass equation (6.12) for E that is 
minimal at 2. Prove that 


0 < ord: (16(4a° + 276”) — ord2(Ao(E)) < 12. 


6.27. Theorem 6.70 suggests that there should be an absolute upper bound for the number of 
integer points in the orbits of affine minimal Lattés maps defined over Q. 
(a) Let E be the elliptic curve 


E:y’ = 2° — 48907 + 8481094 


and let (x) be the Lattés map associated to multiplication-by-2, i.e., fox = x0 [2]. 
Verify that the orbit O(2363) contains five integer points, but that 6°(2363) ¢ Z. Also 
verify that there is a point in E(Q) with x-coordinate 2363. 

(b) Let E be the elliptic curve 


E:y? = «2° — 40467 + 4120274 


and again let d(x) be the Lattés map associated to multiplication-by-2. Verify that the 
orbit Og(193) contains five integer points, but that ¢°(193) ¢ Z. In this case E(Q) does 
not contain a point with x-coordinate equal to 193. 


(c) ** Find an affine minimal Lattés map ¢ and an initial point ¢ € Z such that ¢°(¢) € Z, 
or prove that none exist. (This will force 6*(¢) € Z for all 0 < k < 5; see Remark 6.72.) 


6.28. Prove a version of Theorem 6.70 for a Lattés map satisfying 
(2(P)) = a((m]P + T) for all P € E, 


where T is a fixed 2-torsion point of FE. (You may need a more general version of Theo- 
rem 6.69; see [202, 407].) 


Chapter 7 


Dynamics in Dimension 
Greater Than One 


Up to this point our primary focus has been on arithmetic dynamics of rational maps 
on F!. In this chapter we take a look at dynamics in higher dimensions. Even over C, 
although there is now a significant body of knowledge, it seems fair to say that com- 
plex dynamics on P% is still in its infancy. And arithmetic dynamics in higher di- 
mensions is at present a patchwork of results from which a general theory is yet 
to emerge. Our goal in this chapter is to provide a glimpse into two aspects of this 
developing theory by highlighting two ways in which higher-dimensional dynamics 
differs significantly from the one-dimensional case. 

The first difference arises from the fact that rational maps PY — P% for N > 2 
need not be everywhere defined, i.e., they need not be morphisms. In Section 7.1 we 
study the dynamics of rational maps ¢ : PY — P% having the property that they 
restrict to automorphisms on A, The geometry and arithmetic of such maps can be 
quite complicated, despite the fact that they are bijective on A’. 

The second difference arises due to the far greater variety of varieties in higher 
dimensions. Thus in dimension 1, only self-maps of P! and of elliptic curves are 
dynamically interesting, since the only self-maps of a curve of genus greater than 1 
are automorphisms of finite order. But even in dimension 2 there is an abundance 
of varieties that admit self-maps of infinite order, and the dynamical properties of 
these maps are extremely interesting, although as yet imperfectly understood. In 
Section 7.4 we study the arithmetic dynamics of certain surfaces that admit a pair 
of noncommuting involutions 4; and to. The composition ¢ = ¢1 © tL» is an automor- 
phism of infinite order. 

The theory of height functions that we developed in Sections 3.13.5 provides a 
powerful tool for studying arithmetic dynamics on P!. One of the recurring themes 
of this chapter is the use of height functions in a higher-dimensional setting and on 
varieties other than projective spaces. 
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7.1 Dynamics of Rational Maps on Projective Space 


Recall that a rational map @ : PN — PN is described by homogeneous polynomials 
with no common factor, and that ¢ is a morphism if the polynomials have no com- 
mon root in P (K). (See page 89 in Chapter 3 for the precise definition.) As noted 
in the introduction to this chapter, height functions are a powerful tool for studying 
the arithmetic of morphisms ¢ : PY — P. The situation is considerably more com- 
plicated if the map ¢ : PN — P% is required to be only a rational map. Notice that 
we did not run into this situation when studying rational functions ¢(z) € K(z) of 
one variable, since every rational map ¢ : P! — P? is automatically a morphism. But 
in dimensions 2 and higher, there are many rational maps that are not morphisms. 


Example 7.1. The rational map 
a) : a —_ P, ([Xo, X1, X9}) = [Xp XoX1,X3], (7.1) 


is not a morphism, since it is not defined at the point [0,1,0]. Notice that if we 
discard {0, 1, 0], then ¢ fixes every point on the line Xp = X2, and ¢ sends every 
point on the line Xo = 0 to the single point [0,0, 1]. This kind of behavior is not 
possible for morphisms P? — P?. 

Continuing with this example, recall that if @ were a morphism, then Theo- 
rem 3.11 would tell us that h(¢(P)) = 2h(P) + O(1) for all P € P?(Q). But this 
is clearly false for the map (7.1), since for all a, b € Q* we have 


@([a, b, al) = [a?, ab, a”] = [a, b, al. 


Thus 

h(e(la, b, a])) = A([a, b, a)), 
so we cannot use Theorem 3.7 to conclude that ¢ has only finitely many Q-rational 
periodic points. Of course, that’s good, since in fact ¢ has infinitely many Q-rational 
fixed points! 

An initial difficulty in studying the dynamics of a rational map ¢ : PY — P% 
arises from the fact that the orbit Og(P) of a point may “terminate” if some it- 
erate 6" (P) arrives at a point where ¢ is not defined. This suggests looking first at 
maps ¢ for which there is a large uncomplicated (e.g., quasiprojective, or even affine) 
subset U Cc P% with the property that ¢(U) C U and studying the dynamics of ¢ 
on U. Asa further simplification, we might require that ¢ be an automorphism of U, 
since quasiprojective varieties often allow interesting automorphisms. 


7.1.1 Affine Morphisms and the Locus of Indeterminacy 


In this section we study rational maps P” — P with the property that they induce 
morphisms of affine space AN — A. Concretely, an affine morphism 


¢: AX = AN 


is a map of the form 
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@=(F\,..., Fw) with F,,..., Fw € K[z1,..., zy]. 


To avoid trivial cases, we generally assume that at least one of the F; is not the zero 
polynomial. 


Definition. The degree of a polynomial 


F(z,...,2n) = S° Oi, inZy 2 EK lay,..., zn] 
41, 50N 


is defined to be 
deg F = max{i, +--+ +in 1 diiy ZO}. 


In other words, the degree of F' is the largest total degree of the monomials that ap- 
pear in £’. (By convention the zero polynomial is assigned degree —oo.) The degree 
of a morphism @ = (F,,..., Fy) : AN — AN is defined to be 


deg @ = max{deg F,..., deg Fy}. 


Homogenization of the coordinates of an affine morphism ¢ : AN — A‘ of de- 
gree d yields a rational map ¢: PN — P% of degree d. For each coordinate func- 
tion Fi; of @, we let 


F,(Xo,X1,..., Xn) = XGF; (2 a 
0 


Notice that each F is a homogeneous polynomial of degree d (or the zero polyno- 
mial), so the map _ a 7 
6 = [X4,F,, Fy,..., Fw]: PX — P% 


is a rational map of degree d. We call ¢ the rational map induced by @. A rational 
map need not be everywhere defined. 


Definition. Let ¢ : AN -+ A be an affine morphism of degree d and let 
6=[Xé,Fi,..., Fn]: PX = PX 
be the rational map that it induces. The /ocus of indeterminacy of ¢ is the set 
Z(¢) = {P =(0,a1,...,¢y] € PX : F,(P) =--- = Fy(P) = 0}. 


(To ease notation, we write ¢ and Z(¢) instead of @ and Z().) This is the set of 
points at which ¢ is not defined. Notice that Z(¢) lies in the hyperplane Hp = 
{Xo = 0} at infinity, since ¢ is well-defined on AN. 

The polynomials F,,..., Fy can be used to define a morphism 


®: ANT} —, ANT ® = (Xi, F,..., Fn). 


The map ® is called a Jift of ¢. If we let x be the natural projection map, 
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mn: AN*+1. {0} — PX, (x0,---,%n) +> [20,..., tN]; 
then 7, ®, and ¢ fit together into the commutative diagram 


AN+1~\ {0} —*_, AN+1. {0} 


Example 7.2. The map 
6: A? — A?, (21, 22) = (2122, 22), 
induces the rational map 
@:P? —P?, — b([Xo, X1, Xal) = [XG X1.X2, X7], 


and has indeterminacy locus Z(¢) = {[0,0, 1]} consisting of a single point. 


7.1.2 Affine Automorphisms 


Of particular interest are affine morphisms that admit an inverse. 


Definition. An affine morphism ¢ : AN — A% is an automorphism if it has an 
inverse morphism. In other words, ¢ is an affine automorphism if there is an affine 
morphism ¢~! : AN —» A such that 


O(¢*(a1,-..52n)) = (Z1,---,2n) and o 1 (b(a1,-.-,2N)) = (@1,---5 ZN): 


Somewhat surprisingly, ¢ and ¢~! need not have the same degree, nor does deg(¢”) 
have to equal (deg ¢)”. 
Example 7.3. Consider the map ¢(z,y) = (x,y + 27). It has degree 2 and is an 
automorphism, since it has the inverse @ '(2,y) = (x, y—2”). The composition ¢? 
is 

 (2,y) = O(2,y + 2”) = (a, y + 22”), 


so deg(¢”) = 2 = deg(@). More generally, 6"(x,y) = (x,y + nx) has degree 2, 
so the degree of 6” does not grow. This contrasts sharply with what happens for 
morphisms of P’. 
Example 7.4. Leta € K* and let f(y) € K[y] be a polynomial of degree d > 2. 
The map 

@:A7—A*, — o(x,y) = (yar + fly), 
is called a Hénon map. It is an automorphism of A?, since one easily checks that it 
has an inverse ¢~/ given by 


oA A, 6 "e,y) = (a ty a7 f(a),2). 
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Hénon maps, especially those with deg(/) = 2, have been extensively studied since 
Hénon [200] introduced them as examples of maps R? —> R? having strange at- 
tractors. There are many open questions regarding the real and complex dynamics 
of Hénon maps; see, for example, [132, §2.9] or [211], as well as (212, 413] for a 
compactification of the Hénon map. 
The rational maps P? — P? induced by ¢ and ¢~! are 
9([Xo, X1, X2]) = [X, Xp 1X2, aXG" 1X1 + f(Xo, X2)], 
o* ([Xo, X, X)]) = [xé, a Xo1X, _ a~' f(Xo, X1), Xp Xi], 


where we write f(u, v) = u?f(v/u) for the homogenization of f. It is easy to see 
that the loci of indeterminacy of ¢ and ¢~! are 


Z(¢) ={[0,1,0]} and == Z(g~*) = { 0,0, 1]}. 


In particular, the locus of indeterminacy of ¢ is disjoint from the locus of indetermi- 
nacy of ¢~+. Maps with this property are called regular; see Section 7.1.3. 


Example 7.5. Consider the very simple Hénon map 
(x,y) = (y,-@ +9"). 


The extension @ = (X@, XoX2, —XoX1 + X4] of ¢ to P? has degree 2, but it is not 
a morphism, since it is not defined at the point [0, 1, 0]. And just as in Example 7.2, 
there is no height estimate of the form h(#(P)) = 2h(P) + O(1) for ¢. We can see 
this by noting that 


$([b, a, 6) = [b’, b?, -ab + Bb] = [b,b, -a + 9B], 


so if a,b, € Z with gcd(a,b) = 1 and b > a > 0, then [b, a, b] and ((b, a, b]) have 
the same height. Hence for every « > 0 even the weaker statement 


A(A(P)) >(1+e)hA(P)+O0(1) forall P = (x,y) € A?(Q) 


is false. It turns out that ¢ has only finitely many Q-rational periodic points (Theo- 
rem 7.19), but the proof does not follow directly from a simple height argument. 


Example 7.6. More generally, if 6 : AN — AN is an affine automorphism, then it is 
not possible to have simultaneous estimates of the form 


(7.2) 


for some € > 0 and all P € AN (K). To see this, suppose that (7.2) were true. Then 
we would have for all P € A‘ (K), 


h(P) = h((67'(P))) = (1+ 6)A(O7'(P)) + OG) = (1+ €)?A(P) + O(1). 
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Thus h(P) would be bounded, leading to the untenable conclusion that A’ (K) is 
finite. So it is too much to require that both ¢(P) and ¢~1(P) have heights larger 
than the height of P. However, as we shall see, it is often possible to show that some 
combination of h(¢(P)) and h(¢~!(P)) is large, which is then sufficient to prove 
that Per(@) is a set of bounded height. 


We conclude this section with two useful geometric lemmas. The first relates the 
locus of indeterminacy of an affine automorphism and its inverse, and the second 
characterizes when the degree of a composition is smaller than the product of the 
degrees. 


Lemma 7.7. Let @: AN — AN be an affine automorphism of degree at least 2 and 
denote the hyperplane at infinity by Hy = {Xp = 0} = PN \ AN. Then 


(Ho \ Z(¢)) C Z(o7"). 
Proof. Let 
h = (X¢,F,, Fy,..., Fw) and ® 1 = (X€,G1,Go,...,Gn) 


be the lifts of ¢ and 67", respectively. The fact that d and d~! are inverses of one 
another implies that there is a homogeneous polynomial f of degree de — 1 with the 


property that 
(6-1 0 b)(Xo,...,Xn) =(f- Xo, f- X,..., f Xn). 
But the first coordinate of the composition is X°, so we see that f = xéert. Thus 
(6-1 0 ®)(Xo,..., Xw) = (Kd, XO1X,, XFOAUX,..., XG X), 
or equivalently, 
G;(X¢,Fi,...,Fw) =X@01X; forall <j <N. (7.3) 


Now let P = (0,21,..-,a] € Ho \ Z(¢), 80 6(P) = [0, F\(P),..., Fw (P)] 
with at least one F;(P) # 0. From (7.3) we see that 


G;(®(P)) = G;(0,F\(P),...,Fw(P)) =0%7'2; =0 forall <j <N. 
Hence 

&-'(&(P)) = (0,G1(®(P)), G2(®(P)),..., En (®(P)) = (0,0,0,...,0), 
so 6! is not defined at ¢(P). Therefore (P) € Z(¢7'). Oo 


Lemma 7.8. Let 6: AN — A andy: AN — AN be affine morphisms, and 
let Hy = {Xo = 0} = PN \ AN be the usual hyperplane at infinity. Then 


deg(W 0 6) < deg(w) deg($) ifand only if (Ho s Z()) C Z(¥). 
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Proof. Let d = deg(@), let e = deg(), and let © and W be lifts of ¢ and 7, 
respectively. We write ® explicitly as 


® = (X}, Fi, Fo,..., Fy). 
The composition WV o ® has the form 
Vo = (X*, FE, Fo,...,En), 
where F;,,..., Ey are homogeneous polynomials of degree de. The degree of yo d 
will be strictly less than de if and only if there is some cancellation in the coordinate 
polynomials of W o , Since the first coordinate is X¢°, this shows that 


deg (od) < deg(y) deg(d) <= > Xp divides FE; for every1 <j < N. 


Suppose now that Xo|E; for every j and let P = [0,21,...,cn] € Ho \ Z(@). 
Since ¢ is defined at P, some coordinate of 


®(P) = (0, Fi(P),..., Fw(P)) 
is nonzero. On the other hand, the assumption that Xo |E; implies that 


(Wo )(P) = (0, £,(®(P)), Eo(®(P)),..., Ew(®(P))) = (0,0,0,...,0). 


Hence w is not defined at 6(P), so @(P) € Z(w). This completes the proof that 
if deg(y o ¢) < de, then (Ho \ Z(4)) C Z(y). 

For the other direction, suppose that ¢(Ho \ Z($)) C Z(%p). This implies that 
for (almost all) points of the form (0,21,...,2N), the map w is not defined at the 
point (0,1, ...,2n]). Hence 

U(B(0, X1, X2,-.., Xv)) = (0,0,0,...,0), 
0) E;(0,X1, Xe, ..., Xn) = 0 for all 7. Therefore XE; for all j. Oo 


Example 7.9. Let ¢ be the map (x, y) = (x, y+”) that we studied in Example 7.3. 
Dehomogenizing ¢ yields 


$([Xo, X1, X2]) = [XG, XoX1, XoX2 + XZ], 
so the locus of indeterminacy for ¢ is Z(¢) = {[0,0, 1]}. Notice that 
@([0, X1, X2]) = (0,0, X7] = 0,0, 1] € 2(¢). 


Hence $(Hp \ Z(¢)) = Z(¢), so Lemma 7.8 tells us that deg(¢*) < deg(¢)?. This 
is in agreement with Example 7.3, where we computed that deg(¢*) = 2. 
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7.1.3 The Geometry of Regular Automorphisms of AY 


In this section we briefly discuss the geometric properties of an important class of 
affine automorphisms. 


Definition. An affine automorphism ¢ : AN — AN is said to be regular if the 
indeterminacy loci of ¢ and ¢~! have no points in common, 


Z(¢)Z(o"") =O. 


The following theorem summarizes some of the geometric properties enjoyed 
by regular automorphisms of A’. We sketch the proof of (a) and refer the reader 
to [401] for (b) and (c). 


Theorem 7.10. Let 6: AN — AN be a regular affine automorphism. 
(a) Foralln > 1, 


¢” is regular, Z(¢")=Z(d), and _—_deg(#”) = deg(¢)”. 
(b) Let 
d,=degd, d,=degd!, ¢=dimZ($)+1, ¢ =dimZ($~')41. 
Then 


fitl=N and d=d'. 
2 1 


(c) Foralln > 1 the set of n-periodic points Per,,(¢) is a discrete subset of AN (C). 
Counted with appropriate multiplicities, 


# Peryn(d) = df" = deh”. 
Proof. (a) We first prove by induction on n that 
Z(o") C Z(b) and Z(o-") Cc Z(¢"')  foralln > 1. 


This is trivally true for n = 1, so assume now that it is true forn—1. Let P € Z(¢”), 
so in particular P € Ho. Suppose that P ¢ Z(¢). The induction hypothesis tells us 
that P ¢ Z(¢”—'), so applying Lemma 7.7 to the map ¢”—', we deduce that 


oP) € 6" (Hy \ Ze") C Z(G "Y) C Z(G). 


(For the last equality we have again used the induction hypothesis.) On the other 
hand, we have that ¢"~1 is defined at P and ” is not defined at P, which implies 
that 6°-!(P) € Z(¢). This proves that $”—1(P) is in both Z(¢~') and Z(¢), 
contradicting the assumption that ¢ is regular. Hence P € Z(), which completes 
the proof that Z(¢”) C Z(¢). Similarly, we find that Z(¢-") C Z(¢7'). 

Having shown that Z(¢") C Z(¢) and Z(@-") C Z(~*), we see that the 
regularity of ¢ implies that 


7.1. Dynamics of Rational Maps on Projective Space 395 


Z(g")N Z(G") C Z(G) N Zo") =O, 


so ¢” is also regular. 

Next suppose that deg(¢”) < deg(¢)” for some n > 2. We take n to be the 
smallest value for which this is true, so in particular deg(¢"~') = deg(¢)”—1, and 
hence 


deg(") < deg(¢""") deg(4). 
We apply Lemma 7.8 with 7) = ¢"—' to conclude that 


(Ho s Z(¢)) c Z(¢""") C Z(4), 


where the last inclusion was proven earlier. On the other hand, Lemma 7.7 says that 
o(Ho x Z(¢)) C Z(¢7"). Hence 


(Ho \ Z(9)) C Z(g)N Zo") = 


This is a contradiction, which completes the proof that deg(¢”) = deg(¢)”. 
It remains to show that Z(¢) C Z(¢"). Let 


®: ANt! _, Ant ® = (X3,F\,F,..., Fw), 
be a lift of d, so 
Z(¢) = {P € Hy: F\(P) =-:- = Fy(P) = 0}. 


By a slight abuse of notation, we say that P € Z() if and only if ®(P) = 0. (To be 
precise, we should lift P to AN*+!,) 

We proved that deg(¢”) = deg(¢), which implies that the coordinate functions 
of ®” have no common factor. Thus ¢” can be computed by evaluating ®” and map- 
ping down to P’’. Hence just as above we have P € Z($”) if and only if 6"(P) = 0. 
Therefore 


PeZd) => O(P)=0 = GO (P)=0 = PeZ(e"). 


This proves that Z7(¢) C Z(¢") and completes the proof of (a). 
(b} See [401, Proposition 2.3.2]. 
(c) See [401, Theorem 2.3.4]. Oo 


Remark 7.11. If ¢ : A? — A? is a regular automorphism of the affine plane, then 
Theorem 7.10(b) tells us that 2; = 2g = 1 (which is clear anyway since the indeter- 
minacy locus of a rational map has codimension at least 2) and that d; = dy. Thus 
planar regular automorphisms satisfy deg(¢) = deg(d~!). In the opposite direction, 
if dj = do, then Theorem 7.10(b) says that 2, = 2, and hence that N = £, + £5 
is even. In other words, a regular automorphism ¢ : AN — A with N odd always 
satisfies deg(¢) 4 deg(d~"). 
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Example 7.12. Let ¢: A? — A? be given by 
o(z,y,2z) =(y,zt+y*,24+ 27). 
One can check that the inverse of ¢ is 
o(a,y,2) = (z-(y-2")’,2,y— 2"). 
Homogenizing x = X1/Xo0, y = X2/Xo, z = X3/Xo, we have the formulas 


b = [X3, XoXo, XoX3+ XZ, XoX1 + X4], 
6°) = (XQ, X$X3 — (XoXo ~ X?)?, X$Xi, XGXe — XPT], 


from which it is easy to check that 


Z(o) = {Xo = Xo = X3 = 0} = {[0, 1,0, 0}, 
Z(¢7') = {Xo = X1 = OF = {[0,0, u,v]. 


Thus Z(¢) consists of a single point, while 7(—') is a line. In the notation of 
Theorem 7.10, we have N = 3 and 


d, = deg = 2, dy =deg¢ ' =4, 
é; = dim Z(¢) +1=1, fg = dim Z(¢7!) =1=2. 


The map ¢ is regular, since Z(¢) N Z(¢~1) = 0. 


Remark 7.13. Let 6: AN — A% be an affine morphism and let 6 : AN+1 G ANT! 
be a lift of ¢. The map ¢ is called algebraically stable if 


&"({Xo =0}) # {0} foralln > 1. 


In other words, @ is algebraically stable if for every n > 1, some coordinate 
of 6"(Xo,..., Xn) is not divisible by Xo. Since the first coordinate of ®” is a 
power of Xo, this implies that there can be no cancellation among the coordinates, 
so an algebraically stable map ¢ satisfies 


deg(9") = (deg 4)”. 
Further, an adaptation of the proof of Theorem 7.10(a) shows that 
Z(o") C Z2(¢™)  foralln <m. 
Regular automorphisms are algebraically stable, but there are algebraically stable 


automorphisms that are not regular. For a discussion of the complex dynamics of 
algebraically stable maps, see [174, 187, 401]. 


7.1. Dynamics of Rational Maps on Projective Space 397 


Remark 7.14. For arbitrary rational maps @ : PY — P, the dynamical degree of ¢ 
is defined to be the quantity 


dyndeg() = lim deg(¢”)/”, 


and its logarithm log dyndeg(@) is called the algebraic entropy of ¢. (One can show 
that the dynamical degree is in fact the infimum of deg(¢”)!/”.) The dynamical 
degree provides a coarse measure of the stable complexity of the map ¢, and pre- 
sumably it has a major impact on the arithmetic properties of ¢. See [10, 199, 290] 
for an indication of this effect in certain cases. 

The dynamical degree need not be an integer, or even a rational number; see 
Exercise 7.4 for an example. However, Bellon and Viallet [49] have conjectured that 
it is always an algebraic integer. 

The dynamical degree, and more generally the sequence of integers 


dy = deg(¢”), n=0,1,2,..., 


can be quite difficult to describe. See [10, 45, 46, 49, 77, 133, 199] for work on 
this problem. In many cases the sequence (d,,),>0 satisfies a linear recurrence with 
rational coefficients, or equivalently, the generating function )°., dnT” isin Q(T). 
However, see [46] for an example of a birational map ¢ : P” — P% whose degree 
generating function is not in Q(T). 


7.1.4 A Height Bound for Jointly Regular Affine Morphisms 


In this section we prove a nontrivial lower bound for the height of points under 
regular affine automorphisms. The theorem is an amalgamation of results due to 
Denis [131], Kawaguchi [230, 231], Marcello [287, 288, 289, 290], and Silver- 
man [413, 418]. Before stating the theorem, we need to define what is meant by 
the height of a point in affine space. 


Definition. The height h(P) of a point P = (,..., ay) € A% (Q) in affine space 
is defined to be the height of the associated point in projective space using the natural 
embedding AY > P¥, 


h(P) = A([1, a1, a , Ey). 


Eventually we will apply the following height estimate to a regular affine auto- 
morphism ¢ and its inverse ¢~', but it is no harder to prove the result for any pair 
of jointly regular maps, and working in a general setting helps clarify the underlying 
structure of the proof. 


Theorem 7.15. Let ¢, : AN — AN and 62: AN — AN be affine morphisms with 
the property that 
Z(b1) N B(d2) = 0. 


(We say that @1 and $2 are jointly regular.) Let 
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d, = deg ¢1 and = dy = deg dz. 


There is a constant C = C(¢1, $2) such that for all P € AN (Q), 


1 1 
—h(¢1(P)) + —h(¢2(P)) > A(P) -C. (7.4) 
dy dy 

Remark 7.16. We recall that the upper bound 


h(w(P)) < (deg p)h(P) + O(1) (7.5) 


is valid even for rational maps  : PN —+ P% (see Theorem 3.11), since the proof 
of (7.5) uses only the triangle inequality. Thus Theorem 7.15 may be viewed as 
providing a nontrivial lower bound complementary to the elementary upper bound 


—h(1(P)) + —h((P)) < 2h(P) + O(0). 
1 2 


Proof of Theorem 7.15. Write the rational functions PY — P% induced by ¢; 
and do as 


oy = (XM, Fi, Fo,..., Fw] and bo = [X®,G1, Ga,..., Ew], 


where the F', are homogeneous polynomials of degree d and the G; are homoge- 
neous polynomials of degree dz. The loci of indeterminacy of ¢, and @2 are given 
by 


Z(¢1) = {Xo = Fi =--- = Fy = 0}, 
Z(¢2) = {Xo = G1 =-:- = Gy =O}. 
We define a rational map 7) : P?2% — P2" of degree did2 by 


y= Xo, PGE. GR , 


The locus of indeterminacy of 1) is the set 


Z() = {Xo =F =--- = Fy =G, =--- = Gy =0} = Z(G1) NZ(b2) = 


since by assumption Z7(¢,) and Z(¢2) are disjoint. Hence 7 is a morphism, so we 
can apply the fundamental height estimate for morphisms (Theorem 3.11) to deduce 
that 

h((P)) =didgh(P)+O(1) forall Pe P?“(Q). (7.6) 


The following lemma will give us an upper bound for the height of ~)(P). 
Lemma 7.17. Let u,ai,...,ay,61,...,bn € Q with u 4 0. Then 


A([u,ai,...,@n,b1,...,6n]) < A([u,a1,--.,an]) + h([u, b1,...,w]). 


7.1. Dynamics of Rational Maps on Projective Space 399 


Proof. Let a; = a;/uand 6; = b;/u for 1 <i < N. Then for any absolute value v 
we have the trivial estimate 


max{1, laity, neg lanl|y; \Bilv, sey [Bn|v} 
< max{1,lai|,,..-,|awle} -max{1,|G1|v,---,{@nle}- 


Raising to an appropriate power, multiplying over all absolute values, and taking 
logarithms yields 


A((l,o1,-.-,aNn,81,---,8n]) < A((l,a1,...,an]) + A((1, A1,..-,8n]). 


This is the desired result, since the height does not depend on the choice of homoge- 
neous coordinates of a point. | 


We apply Lemma 7.17 to the point 
O(P) = [Xo(P)*”, Fi(P)®,..., F(P)®, Gi(P)®,..., Gn (P)"] 
with P € A (Q), which ensures that Xo(P) 4 0. The lemma tells us that 


h(W(P)) <h([Xo(P)"®, Fi(P)®,..., Fw(P)”]) 
+h ([Xo(P)@@, G1 (P)®,...,Gn(P)*]) 
= dyh ([Xo(P)", Fi(P),..., F(P)]) 
+ dh ([Xo(P)”,Gi(P),...,Gn(P)]}) 
= dgh(¢1(P)) + dih(d2(P)). 


We combine this with (7.6) to obtain 
did2h(P) + O(1) = A(w(P)) < deh(ox(P)) + dih(do(P)). 
Dividing both sides by d,dz completes the proof of Theorem 7.15. oO 


For regular affine automorphisms, it is conjectured that the height inequality (7.4) 
in Theorem 7.15 may be replaced by a stronger estimate. 


Conjecture 7.18. Let ¢: AN — AN be a regular affine automorphism. Then there 
is a constant C = C() such that for all P € AN (Q), 


1 1 “1 1 

i h(o(P)) + i h(o7\(P)) > (: +7 z) h(P) —C. (7.7) 
Kawaguchi [230] proves Conjecture 7.18 in dimension 2, i.e., for regular affine 

automorphisms ¢ : A? — A?; see also [413]. However, for general jointly regular 

affine morphisms, it is easy to see that (7.4) cannot be improved; see Exercise 7.8. 

Kawaguchi also constructs canonical heights for maps that satisfy (7.7); see [230] 

and Exercises 7.17—7.22. 
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7.1.5 Boundedness of Periodic Points for Regular 
Automorphisms of A% 


Theorem 7.15 applied to a regular affine automorphism ¢ and its inverse implies that 
at least one of ¢(P) and ¢~!(P) has reasonably large height. This suffices to prove 
that the periodic points of @ form a set of bounded height, a result first demonstrated 
by Marcello [287, 288] (see also [131, 418]) using a height bound slightly weaker 
than the one in Theorem 7.15. 


Theorem 7.19. (Marcello) Let ¢ : AN — AN be a regular affine automorphism of 
degree at least 2 defined over Q. Then Per(¢) is a set of bounded height in AN (Q). 
In particular, 


Per(¢) MAN (K) is finite for all number fields K. 


Proof. Let 
d, = deg ¢ and dy = deg. 

Applying Theorem 7.15 with ¢, = ¢ and ¢2 = 7! yields the basic inequality 

1 


g, lel?) + = hoUP)) > h(P)—C, (7.8) 


where Cis a constant depending on ¢, but not on P € A‘ (Q). 
We prove the theorem initially under the assumption that d;dz > 4. Define a 
function ' C 


f(P) = WP) — (OP) = SS, 


where the real number a > 1 will be specified later. Then f satisfies 


(7.9) 


Hence if we take 


a= dido + (dyd2)? — 4d, dp 


2d 
then 
1-2 1. 
dy ad, ~~ 


and our assumption that did. > 4 ensures that a > 1, so for this choice of a we 
conclude that 
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f(@(P)) >af(P) forall Pe AY (Q). 


Applying this estimate to the points P, é(P), 6?(P),...,¢"~'(P), we obtain the 
fundamental inequality 


f(o"(P)) >a" f(P) forall P € AY (Q) andall n > 0. (7.10) 
Similarly, we define 


(7.11) 


and take 
_ dido + (dyd2)* — 4ddy 


B 
Then an analogous calculation, which we leave to the reader, shows that g satisfies 
g(o"(P)) > 89(P) forall P AN(Q), 
from which we deduce that 
g(¢-"(P)) > B"g(P) forall P € AN (Q) andalln > 0. (7.12) 
We compute 


a“"f(o"*(P)) +B-"g(o-""'(P)) 
> f(G(P)) +9(@-'(P)) from (7.10) and (7.12), 


= (FA(6P)) - S-mer) - 


adg a-1 
1 1 C 
+ {—h(o"'(P h(P ) 
(4,04) ~ GMP) 5 
from the definition (7.9) and (7.11) of f and g, 


1 1 1 1 
> (1-2 ge) me) (1+ ra)e from (7.8). 


Using the definition of f and g and rearranging the terms, we have proven the in- 
equality 


nloneA(P)) | MOP) (ad -H)C 


a’dy Bd, (a—1)(8 - 1) 
1 1 h(g"(P))  h(o-"(P)) 
> (-=- 5a) A(P) + antig, + eetg, (7.13) 


Now suppose that P € A‘ (Q) is a periodic point for ¢. Then h(¢*(P)) is 
bounded independently of k, so letting mn — oo in (7.13) yields 
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(a8 —1)C 1 1 
(a—1)(B—1) = (: ad; 5) n(P), 


where we are using the fact that a > 1 and G > 1. Our assumption that did, > 4 


also ensures that 
1 1 | 4 
-—--—— =,/l-—— > 0, 
adg Gd, didy 


so the height of P is bounded by a constant depending only on ¢. This completes 
the proof of the first assertion of Theorem 7.19 under the assumption that djd2 > 4, 
and the second is immediate from Theorem 7.29(f), which says that for any given 
number field, P’ (K’) contains only finitely many points of bounded height. 

In order to deal with the case djdy < 4,i.e., dj = do = 2, we use Theorem 7.10, 
which tells us that ¢? is regular and has degree d?. Similarly, deg(¢~*) = d3. Hence 
from what we have already proven, the periodic points of ¢” form a set of bounded 
height, and since it is easy to see that Per(#) = Per(¢”), this completes the proof in 
all cases. QO 


Remark 7.20. We observe that Theorem 7.19 applies only to regular maps. It cannot 
be true for all affine automorphisms, since there are affine automorphisms whose 
fixed (or periodic) points include components of positive dimension. For example, 
the affine automorphism ¢(2, y) = (x,y + f(x)) fixes all points of the form (a, b) 
satisfying f(a) = 0. Of course, this map ¢ is not regular, since one easily checks 
that 


Z(o) = Z(¢"') = {{0, 1,0]}. 


Definition. Let 6 : V — V be a morphism of a (not necessarily projective) vari- 
ety V. A point P € Per(@) is isolated if P is not in the closure of Per, (¢) \ {P} 
for all m > 0. In particular, if Per, (¢) is finite for all n, then every periodic point is 
isolated. 


Conjecture 7.21. Let ¢ : AN — AN be an affine automorphism of degree at least 2 
defined over Q. Then the set of isolated periodic points of ¢ is a set of bounded height 
in AN (Q). 


A classification theorem of Friedland and Milnor [176] says that every automor- 
phism ¢ : A? — A? of the affine plane is conjugate to a composition of elementary 
maps and Hénon maps. Using this classification, Denis [131] proved Conjecture 7.21 
in dimension 2. (See also [287, 288].) 


7.2 Primer on Algebraic Geometry 


In this section we summarize basic material from algebraic geometry, primarily hav- 
ing to do with the theory of divisors, linear equivalence, and the divisor class group 
(Picard group). This theory is used to describe the geometry of algebraic varieties 
and the geometry of the maps between them. We assume that the reader is familiar 
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with basic material on algebraic varieties as may be found in any standard textbook, 
such as [186, 197, 198, 205]. 

This section deals with geometry, so we work over an algebraically closed field. 
Let 


K = an algebraically closed field, 
V = a nonsingular irreducible projective variety defined over K, 
K(V) = the field of rational functions on V. 


7.2.1 Divisors, Linear Equivalence, and the Picard Group 


In this section we recall the theory of divisors, linear equivalence, and the divisor 
class group (Picard group). 


Definition. A prime divisor on V is an irreducible subvariety W C V of codi- 
mension |. The divisor group of V, denoted by Div(V), is the free abelian group 
generated by the prime divisors on V. Thus Div(V) consists of all formal sums 


So nwW, 
W 


where the sum is over prime divisors W Cc V, the coefficients ny are integers, and 
only finitely many ny are nonzero. The support of a divisor D = }\ nw W is 


IDl|= U w. 
W with 
nw £0 


If W is a prime divisor of V, then the Jocal ring at W is the ring 
Ov.w ={f € K(V) : f is defined at some point of W}. 


It is a discrete valuation ring whose fraction field is K(V). Normalizing the valuation 
so that ordw (K(V)*) = Z, we say that 


ordy(f) = order of vanishing of f along W. 
Then f vanishes on W if ordw(f) > 1, and f has a pole on W if ordw(f) < -1. 


Definition. Let f ¢ K(V)* be a nonzero rational function on V. The divisor of f is 
the divisor 


(f) = So ordw(f)W € Div(V). 
w 


A principal divisor is a divisor of the form (f) for some f € K(V). The principal 
divisors form a subgroup of Div(V). The divisor class group (or Picard group) of V 
is the quotient group 
. Div(V) 
Pic(V) = ——>---——_.. 
ic(V) (principal divisors) 
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Two divisors D,, D2 € Div(V) are linearly equivalent if they differ by a principal 
divisor, D; = D2 + (f), ie., if their difference is in the kernel of the natural map 


Div(V) — Pic(V). 
We write D, ~ Do to denote linear equivalence. 


The next proposition follows directly from the definitions and the fact that every 
nonconstant function on a projective variety V has nontrivial zeros and poles. 


Proposition 7.22. There is an exact sequence 


1— K* — K(v)* £2, piv(v) — Pice(V) — 0. 


Remark 7.23. The exact sequence in Proposition 7.22 is analogous to the fundamen- 
tal exact sequence in algebraic number theory, 


. multiplicative fractional ideal class 
1 — (units) — —(-. — — 1. 
group ideals group 


Definition. Let 6 : V — V’ be a morphism of nonsingular projective varieties 
and let W’ Cc V’ be a prime divisor such that ¢(V) is not contained in W’. 
Then ¢~!(W’) breaks up into a disjoint union of prime divisors, say 


61 (W') =W,U---UW,. 


Let f € K(V’) bea uniformizer at W’, i.e., ordy(f) = 1. Then the pullback of W' 
by ¢ is defined to be the divisor 


eW'= S ordw, (f 0 ¢)W; € Div(V). 


i=l 


More generally, if D’ = 3° nw: W’ € Div(V’), the pullback of D’ is the divisor 
oD =S nwo" (W’), 
w 


provided that all of the terms with ny 4 0 are well-defined. Thus ¢* D’ is defined 
if and only if 6(V) ¢ |D’|. 


There is also a way to push divisors forward. 


Definition. Let 6 : V — V’ be a morphism of nonsingular projective varieties, 
let W c V be a prime divisor, and let W’ = 6(W). If dim W’ = dim W, then 
the function field K(W) is a finite extension of the function field A(W’) via the 
inclusion 


eo: K(W')— KW), — o*(f) = foe, 
and we define the pushforward of W by ¢ to be the divisor 
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o.W = [K(W) : K(W')|W’ € Div(V’). 
If dim W’ < dim W, we define ¢,W = 0. And in general, for an arbitrary divisor 
D=)onwW € Div(V), the pushforward of D is 


.D =} nwo.(W). 
w 


Example 7.24. If 6: V — V’ isa finite map, then 
6.0" D! = deg(¢)D’ forall D’ € Div(V’). 


Proposition 7.25. Let ¢ : V — V’ be a morphism of nonsingular projective vari- 
eties. 
(a) Every D’ € Div(V’) is linearly equivalent to a divisor D" € Div(V') satisfy- 
ing #(V) ¢ |D"|. 
(b) If D’ and D" are linearly equivalent divisors on V' such that 6* D' and ¢* D” 
are both defined, then ¢* D’ and 6* D" are linearly equivalent. 
(c) Using (a) and (b), the map 
o* : {D' € Div(V’) : o(V) ¢ |D'|} — Div(V) 
extends uniquely to a homomorphism 
o* : Pic(V’) — Pic(V). 


Example 7.26. A prime divisor W of P is the zero set of an irreducible homoge- 
neous polynomial F € K[Xo,..., Xn]. We define the degree of W to be the degree 
of the polynomial F' and extend this to obtain a homomorphism 


deg : Div(P”) — Z, deg (>> nwW) = S- nw deg(W). 
w Ww 


It is not hard to see that a divisor on P* is principal if and only if it has degree 0, so 
the degree map gives an isomorphism 


deg : Pic(P™ ) —~— Z. 
Any hyperplane H c P* isa generator of Pic(P). 


Example 7.27. A prime divisor of PN x P™ is the zero set of an irreducible bihomo- 
geneous polynomial F € K[Xo,...,Xn,Yo,---, Yu]. We say that F and W have 
bidegree (d, e) if F satisfies 


F(aXo,...,aXy, BYo,..-,8Ym) = 07 8°F(Xo,..., Xn, ¥o,---, Ym). 
The bidegree map can be extended linearly to give an isomorphism 
bideg : Pic(PN x P@) —~ Z x Z. 


Let p, : PY x PM — PY and po : PN x PM — P™ be the two projections and 
let Hy be a hyperplane in P% and H» a hyperplane in P™. Then Pic(P™ x P™) is 
generated by the divisors 


pi H, = H, x P™ and ps Hy =P x Hp. 
1 2 


406 7. Dynamics in Dimension Greater Than One 


7.2.2 Ample Divisors and Effective Divisors 


Definition. A divisor D = }* nwW is said to be effective (or positive) if nw > 0 
for all W. We write D > 0 to indicate that D is effective. 

The base locus of a divisor D, denoted by Base(D), is the intersection of the 
support of all of the effective divisors in the divisor class of D, 


Base(D) = {} |El. 


EAD 
E>0 


Notice that any divisor is a difference of effective divisors, 


D= ) nwW — y (—nw)W. 
W with W with 
nw >0 nw <0 


Definition. Let D € Div(V). Associated to D is the finite-dimensional K -vector 
space 

L(D) = {f € K(V):(f)+D>0}U {0}. 
We write £(D) = dim L(D) for the dimension of L(D). 


Let D € Div(V) be a divisor with £(D) > 1. We choose a basis f,,..., fp) 
for L(D) and use it to define a rational map 


op = [fi,.--, fecp)] VY Pe)-1, 


The map ¢p is well-defined up to a linear change of coordinates on P“2)~1) ie., 
up to composition by an element of PGL,yp)(K). Further, if D and D’ are linearly 
equivalent, then @p and dp: differ by a change of coordinates. 

Conversely, let i: V + P™ be a morphism (or even a rational map) and let 
H cP bea hyperplane with i(V) ¢ H. Then é is equal to the composition of ¢;« 7 
with a change of coordinates and a projection. 
Definition. A divisor D € Div(V) is very ample if the map ¢p : V > P“)-1 is an 
embedding, i.e., an isomorphism onto its image. A divisor D is ample if some mul- 
tiple nD with n > 1 is very ample. Ampleness and very ampleness are properties of 
the divisor class of D. Notice that ifi : V > P% is an embedding and H € Div(P) 
is a hyperplane, then ¢* H is a very ample divisor on V. 


Example 7.28. Let pi.H, and pH be the generators of Pic(P’ x P™”) described 
in Example 7.27. Then pt H, + pH is a very ample divisor on PN x P™. The 
associated embedding is called the Segre embedding. It is given explicitly by the 
formula 

py x pM —» pr M+N+M 


([Xo, eee xn], [Yo, tee Ym) re [XoYo, XoN1, see XaY;, aes XnYw]- 
Now let V be a subvariety of PY x P™, say¢: VG PX x P™. Then 
& (pi M1 + ppH2) = (pi 0 )* Ay + (p20 ¢)* He 


is a very ample divisor on V. 
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7.3. The Weil Height Machine 


The theory of height functions that we developed in Sections 3.1-3.5 provides a 
powerful tool for studying the arithmetic of morphisms ¢ : PY — P of projective 
space. For example, if ¢ has degree d > 2 and is defined over a number field K, then 
the fundamental estimate (Theorem 3.11) 


h(O(P)) =d-h(P)+O(1) forall Pe PX(Q) (7.14) 


and the fact (Theorem 3.7) that there are only finitely many points in PY (K) of 
bounded height lead immediately to a proof of Northcott’s theorem (Theorem 3.12) 
stating that ¢ has only finitely many -rational preperiodic points. 

Recall that the height h(P) of a point P € P’ (Q) is a measure of the arithmetic 
complexity of P. Similarly, the degree of a finite morphism ¢ measures the geometric 
complexity of ¢. Thus an enlightening interpretation of (7.14) is that it translates the 
geometric statement “ has degree d” into the arithmetic statement “h(4(P)) is 
approximately equal to dh(P).” 

A natural way to define a height function on an arbitrary projective variety is to 
fix an embedding ¢ : V — PN and define hy (P) to equal h($(P)). Unfortunately, 
different projective embeddings yield different height functions. But letting H denote 
a hyperplane in P’, one can show that if the divisors ¢*H and w*H are linearly 
equivalent, then the height functions attached to ¢: V > P% andy: V — PM 
differ by a bounded amount. 

More intrinsically, the projective embedding ¢ determines the divisor class of the 
very ample divisor ¢* H. This suggests assigning a height function to every divisor 
on V. The Weil height machine provides such a construction. It is a powerful tool that 
translates geometric facts described by divisor class relations into arithmetic facts 
described by height relations. As such, the Weil height machine is of fundamental 
importance in the study of arithmetic geometry and arithmetic dynamics on algebraic 
varieties of dimension greater than 1. 


Theorem 7.29. (Weil Height Machine) For every nonsingular variety V/Q there 
exists a map 


hy : Div(V) — {functions V(Q) — R}, Di— hyp, 


with the following properties: - 
(a) (Normalization) Let H C P% be a hyperplane and let h : PN(Q) — R be the 
absolute logarithmic height function on projective space defined in Section 3.1. 
Then 


hpx 7(P)=h(P)+O(1) forall P € PN(Q). 


(b) (Functoriality) Let @ : V — V’ be a morphism of nonsingular varieties defined 
over Q and let D € Div(V’). Then 


hy. p(P) = hy:,p($(P)) + O(1) jforali Pe V(Q). 
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(c) (Additivity) Let D, E € Div(V). Then 


hyv,p+E(P) = hy.p(P) + hy.n(P) + O(1) forall Pe V(Q). 


(d) (Linear Equivalence) Let D, FE € Div(V) with D linearly equivalent to E. Then 


hy.p(P) = hy.n(P)+O(1) forall P € V(Q). 


(e) (Positivity) Let D € Div(V) be an effective divisor. Then 


hy.p(P)>O(1) forall P € V(Q) « Base(D). 


That is, hy,p is bounded below for all points not in the base locus of D. 
(f) (Finiteness) Let D € Div(V) be ample. Then for all constants A and B, the set 


{P € V(Q) : [Q(P) :Q| < A and hy,p(P) < B} 


is finite. In particular, if V is defined over a number field K and if L/K is a 
finite extension, then 


{P €V(L) : hy,p(P) < B} 


is a finite set. 

(g) (Uniqueness) The height functions hy,p are determined, up to O(1), by the 
properties of (a) normalization, (b) functoriality, and (c) additivity. (It suffices 
to assume functoriality for projective embeddings V — Pp’ ) 


Proof. See [76, Chapter 2], [205, Theorem B.3.2], or [256, Chapter 4]. O 


Remark 7.30. All of the O(1) constants appearing in the Weil height machine (The- 
orem 7.29) depend on the various varieties, divisors, and morphisms. The key fact 
is that the O(1) constants are independent of the points on the varieties. More pre- 
cisely, Theorem 7.29 says that it is possible to choose functions hyp, one for each 
smooth projective variety V and each divisor D € Div(V), such that certain prop- 
erties hold, where those properties involve constants that depend on the particular 
choice of functions hyp. In principle, one can write down particular functions hy, p 
and determine specific values for the associated O(1) constants, so the Weil height 
machine is effective. In practice, the constants often depend on making the Nullstel- 
lensatz effective, so they tend to be rather large. 


Remark 7.31. Many of the properties of the Weil height machine may be succinctly 
summarized by the statement that there is a unique homomorphism 


{functions V(K) — R} 


hy : Pi K 
v : Pie(V) — {bounded functions V() > R} 


such that if ¢: V © P* is a projective embedding, then hy,g- 7 = h + O(1). 
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Example 7.32. Let ¢: PY — P% be a morphism of degree d and let H € Div(P¥) 
be a hyperplane. Then ¢* H ~ dH, so Theorem 7.29 allows us to compute 
hpy x ((P)) = hpw gen (P)+O(1) = hpw ax (P)+O(1) = dhpw 7(P)+O(1). 
This formula is Theorem 3.11. 
Example 7.33. Let V be a subvariety of PY x P™, say 6 : Vo PN x PM, 
Continuing with the notation from Examples 7.27 and 7.28, the height of a point 
P = [x,y] € V with respect to the divisors ¢*p}H; and $*p% Ho is given by 
hy,o«pt Hy (P) = hpw 7, (p19(P)) = h(x), 
hyo*psHo(P) = hp 4, (p2¢(P)) = hy). 
Example 7.34, This example uses properties of elliptic curves; see Sections 1.6.3 


and 6.3. Let E be an elliptic curve given by a Weierstrass equation. Then the z- 
coordinate on FE’, considered as a map x : E — P", satisfies 


(oo) = 2(0), 
so we have 1 
hpyo)(P) = 9 PE (00) (x(P)) + O(1). 


Note that the height hp: (..) is just the usual height on P* from Theorem 7.29(a). 
Now let d > 2, let [d] : E — E denote the multiplication-by-d map, and let 
Efd)={P¢E: |dj|P =O}. 
The map [d] is unramified and 
°()) = Dd) 7) € Dive). 
TEE|d) 


The group Ed] is isomorphic as an abstract group to Z/dZ x Z/dZ, so the sum of the 
points in E[d] is O. It follows from Proposition 6.18 that there is a linear equivalence 
of divisors 


$°((O)) ~ dO). 


Hence we can apply Theorem 7.29 to compute 


heyoy([d)|P) = he yae(o)(P) + O(1) from functoriality (b), 
= hga2(o)(P) + O(1) _ linear equivalence property (d), 
= d’hpyo)(P) + O(1) from additivity (c). 


Theorem 3.20 then tells us that there exists a function h B,(@) 0n E satisfying 
heyo) (IP) =@heyo(P) and hg) (P) = he yo) (P) + O(1). 


The function h, E,(@) 1s called the canonical height on E. It has many applications, 
ranging from counting rational points to evaluating L-series. For further informa- 
tion about canonical heights on elliptic curves and abelian varieties, see, for exam- 
ple [205, B.5], [256, Chapter 5], or [410, VIE §9]. 
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Remark 7.35. The reader should be aware that the theory of heights is often 
rephrased in the language of metrized line bundles, which offers greater flexibility, 
albeit at the cost of additional work to set up the general theory. 


7.4 Dynamics on Surfaces with Noncommuting 
Involutions 


An involution z of a variety V is a rational map 1 : V — V with the property that 1” 
is the identity map on V. If we look at the quotient variety 


W =V/{u(P) = P}, 


then the natural projection p : V — W is a double cover , and the effect of . on V 
is to switch the two sheets of the cover. Conversely, any double cover p : V —- W 
induces an involution, : V > V. 

The dynamics of a single involution is not very exciting, but some varieties have 
two (or more) noncommuting involutions 1; and z2 whose composition ¢ = 1; 012 is 
an automorphism of V of infinite order. The dynamics of such maps ¢ can be quite 
interesting. In this section we study in detail an example of this type. The material in 
this section is taken from [409]. 


7.4.1 K3 Surfaces in P? x P? 


We consider a surface S contained in P? x P? defined by two bihomogeneous equa- 
tions, one of bidegree (1, 1) and the other of bidegree (2, 2). Thus 


S= { (x,y) € P? x P* : L(x,y) = Q(x, y) = 0} 


for bihomogeneous polynomials 


2 2 
L(x,y) = > S° Ajj Xi, 


i=0 j=0 (7.15) 
QAx%y)= So So Bijnersrjynve. 


O<Si<J<2_O<SR<E<2 
The surface S' is determined by the coefficients 
A = [Apoo, Aoi,---,A22] € P® and B= [Boooo, Boot, ---, Bz222] € P*® 


of the polynomials L and @. To indicate this dependence, we write Sap. 
There are two natural projections from S to P?, which we denote by 


Pl, P22: Ss —_ P?, pilx,y) =X, po(x,y) =y. 


These projections are maps of degree 2. To see this, choose a generic point a € P?. 
Then 
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Pp; (a) = {(a,y) €P? x P?: L(a,y) = Q(a,y) = o} 


consists of two points (counted with multiplicity), since it is the intersection of the 
line L(a,y) = 0 and the conic Q(a,y) = 0 in P?. And similarly, pz is a map of 
degree 2. 

In general, a degree-2 map between varieties induces an involution on the do- 
main given by switching the two sheets of the cover. In our situation the maps p; 
and p2 induce involutions 2; and 12 on Sap. Explicitly, if P = [a,b] € San, 
then 1;(P) = [a, b’] is the point satisfying 


py (pi (P)) = {P.u(P)}, 


and similarly, c2(P) = [a’, b] is the point satisfying 


pz! (p2(P)) = {P, 12(P)}. 


These involutions are uniquely determined as nonidentity maps Sap — Sa_p sat- 
isfying 
Pio =P and P20 bg = po. 
We note that 4; and v2 are rational maps on S, i-e., they are given by rational 


functions. To see why this is true, observe that b and b’ are the intersection points 
in P? of the line and the conic 


Lay)=0 and Qla,y) =0. 


Thus each of b and b’ can be expressed as a rational function in the coordinates of 
the other. The following example will help make this clear, or see Exercise 7.25 for 
explicit formulas to compute 1; and ¢2. 


Example 7.36. We illustrate the involutions on S'a p using the example 


L(x, y) = toyo + 2191 + Layo, 

Q(x, y) = oy + 4agyom — cayz + Txeyry2 + 3xor1yo + 3820r1 yoy 
+ toriys + xiy5 + Qwiyt + 4ciyye — corey} 
+ 5xoreyoye — 4aixey? — 4ayxoyoys — 2xFyoy + 3a2y2. 


The point P = ((1,0, 0], (0,7, 1) is in $(Q). In order to compute 1 (P), we substi- 
tute the value x = [1,0, 0] into L and Q and solve for y. Thus 


L((1,0, 0], y) = Y= 0 and Q((1,0, 0], y) = Yo + 4you1 — yy + Ty ye = 0, 


so the solutions are y = (0,41, y2], where y; and yo are the roots of the polyno- 
mial —y? + 7y,y2 = 0. One solution is yi = 7, which gives the original point P, 
and the other solution is y, = 0, which gives 1; (P) = ((1,0, 0], {0,0, 1)). 

Next we compute t2(P). To do this, we substitute y = [0,7, 1] into L and Q to 
obtain 
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L(x, (0,7, 1]) = 721 + 22 =0, 
Q(x, (0,7, 1]) = zox1 — 49xqx2 + 126x} — 196x122 + 3x5 = 0. 


Substituting c2 = —7x, into the second equation gives 
Q([z0, 21, -721], (0,7, 1]) = 344aoax1 + 164527 = 0. 


The solution x; = 0 gives back the original point P. The other solution is [xo, 21] = 
[1645, —344], and then setting x. = —7x = 2408 gives 


to(P) = to ((1, 0, 0], (0, 7, 1]) = ([1645, -344, 2408], (0, 7, 1). 


We could continue this process, but the size of the coordinates grows very rapidly. 
Indeed, the y-coordinates of 1; (t2(P)) are already integers with 12 to 13 digits. 


Remark 7.37. The surface S described by (7.15) is an example of a K3 surface. 
Formally, a K3 surface is a surface S of Kodaira dimension 0 with the property 
that H!(,S, Os) = 0. However, all of the information that we will need is contained 
in the explicit equations (7.15) defining S. The reader desiring more information 
about the geometric properties of K3 surfaces might consult [40, 44, 178, 298]. The 
dynamics of K3 surfaces with nontrivial automorphisms are studied by Cantat [93] 
and McMullen [296]. 


Remark 7.38. The collection of K3 surfaces Sq p is a 43-parameter family, since the 
coefficients (A, B) vary over P® x P?°. However, many of the surfaces are isomor- 
phic. For example, we can use elements of PGL3 to change variables in each of two 
factors of P?. This reduces the dimension of the parameter space by 16, since PGL3 
has dimension 8. Further, the surface Sp really depends only on the ideal gener- 
ated by the bilinear form L(x, y) and the biquadratic form Q(x, y), so the surface 
does not change if we replace Q(x, y) by 


Q(x, y) + L(x, y) M(x, y) 


for an arbitrary bilinear form M(x, y). The space of such M is 9-dimensional, so 
we see that the isomorphism classes of K3 surfaces Sa pm constitute a family of 
dimension at most 


8 +. 35 -.8 -.8 -.9 =18. 
a Oe ed 
AcP8 Bep35 PGL3; PGL3; M 
One can prove that these are the only isomorphisms between the various Sa, 
so there is an 18-parameter family of isomorphism classes of nonsingular sur- 
faces Sa p. 


Definition. There are several linear, quadratic, and quartic forms that come up nat- 
urally when one is working with the surface Sa %. We define linear and quadratic 
forms by setting 
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(7.16) 


(x) 
j 
L¥(y) = the coefficient of x; in L(x, y), 
(x) = the coefficient of y,ye in Q(x, y), 
) 


This notation allows us to write the bilinear form L and the biquadratic form Q as 
2 2 
L(x,y) = 50 LE (x)yj = So LY (y)ai, 
j=0 i=0 


QAx%y)= S) Qielx\we= So QU (y)aia;. 
O<K<E<2 O<i<j<2 
Then for each triple of distinct indices 7, j,k € {0, 1,2} we define quartic forms 
E = (L3)°Qh ~ LEL3Q%, + (L#)?Q%;, 
_ 2 yyy Y\2~0Y 

Gy _ (L5) i ~ L; L5Qi; + (Li) 4p? (7 17) 

Hi, = 2L7L5 Qin — LELEQG, — LF LEQG, + (LE) Q5;, 
Hy, = 213 Li Oke — Li L,Qs,. ~ LE LEQ, + (Ly)? iy. 


For some choices of A and B, there may be points on the surface Sap at 
which ¢; or ¢2 is not well-defined. The next proposition, which provides a crite- 
rion for checking whether 11 and +2 are defined at a point, shows how the quartic 
forms (7.17) naturally appear. 


Proposition 7.39. Let P = [a,b] € San. 
(a) The involution 1, is defined at P unless 


Go(a) = Gt (a) = Go(a) = Aoi (a) = Hjo(a) = Hfo(a) = 0. 
(b) The involution tz is defined at P unless 
Go(b) = Gi(b) = G3(b) = Ho, (b) = Ho2(b) = Hyp(b) = 0. 


Proof. By symmetry, it is enough to prove (a). The map ¢, is defined at P = [a,b] 
if and only if the fiber Pr (a) consists of exactly two points. That fiber is the set of 
points [a, y] satisfying 
L(a,y) = Qa, y) =0, 

so as long as these two polynomials are not zero, the y values are given by the 
intersection of a line and a conic in P”. Ifa line and a conic intersect properly, then 
they intersect in exactly two points, counted with multiplicity. Further, given one 
solution y = b, the coordinates of the second solution b’ are rational functions of b 
and the coefficients of L(a, y) and Q(a, y). Hence 1; is a morphism! except in the 
following two situations: 


'We leave for the reader to check that everything works in a neighborhood of points where the 
line L(a, y) = 0 is tangent to the conic Q(a, y) = 0. 
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e L(a,y) is identically 0. 
e L(a,y) = 0isa line that is contained in the set where Q(a, y) = 0. 


With the notation defined by (7.16) and (7.17), we use the bihomogeneity of Q to 
write 


(L2)?Q(x0, 21, 22, Yo. Y1s Y2) = Q(x, £1, %2, Loyo, Loy, Loye); 


and then we eliminate the variable yo by substituting Loyo = L — Liy — Loye. 
After some algebra, we obtain an identity of the form 


(L5)°Q = GSyj + Hibyrye + Giy3 
+ L{Qook + (L6Q01 — 2L7Qo0)y1 + (Lo Q02 — 215 Qo) y2}- 


Since we will be interested in studying points [x, y] satisfying L(x, y) = 0, we write 
this identity, and the analogous ones obtained by eliminating y, or ya, as congruences 
in the polynomial ring Z[Aj;, Bi;xe, ©i, yj]. Thus 


2 
L3(x)’Q(x, y) = G3 (x)y6 + Hoe (x)yoys + Go(x)y (mod L(x,y)), (7.19) 
L3(x)Q(x, y) = GT (x) 96 + Aoi (x)yom + Go(x)yj (mod L(x,y)). (7.20) 


Suppose first that L(a, y) is identically 0. Substituting x = a into (7.18), we find 
that the quadratic form 


G3(a)yy + Hij(a)yrye + GT (ays 


is identically 0. Hence G3(a) = Hi,(a) = Gf(a) = 0. Similarly, substitut- 
ing x = a into (7.19) and (7.20) shows that all of the other values G{(a) and H7;(a) 
are equal to 0, which completes the proof in this case. 

We may now suppose that L(a,y) is not identically 0. Then the assumption 
that 1 is not defined at [a,b] implies that the line L(a,y) = 0 is contained in 
the zero set of Q(a, y). 

If L?(a) = L3(a) = 0, then the definition (7.17) of Go shows that G(a) = 0. 
And if L7(a} and L3(a) are both nonzero, then we let 


b’ = [0, L3(a), —Li(a)] 
and note that [a, b’] € Sap. Hence 
Go (a) = LF (a)*Qi(a) — Li(a)L5(a)Qi,(a) + Li (a)’Qi,(a) = Q(a,b’) = 0. 


A similar argument shows that also Gf(a) = G3 (a) = 0. 
Next we evaluate (7.18), (7.19), and (7.20) at x = a and use the fact that we now 
know that Gj(a) = G7 (a) = G3(a) = 0. This yields 
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Hy2(a)yry2 = Ho2(a)yoye = Hoi (a)youn = 0 
for all y = [yo, y1, ya] satisfying L(a,y) =0. (7.21) 


We will prove that H7,(a) = 0; the others are done similarly. If there is a point on the 
line L(a,y) = 0 with y;y2 A 0, then (7.21) immediately implies that HZ,(a) = 0. 
So we are reduced to the cases in which the line L(a,y) = 0 is either y; = 0 
or y2 = 0. If it is the line y, = 0, then L(a,y) = cy, for some constant c # 0, 
so Lj(a) = L3(a) = 0, and similarly if it is the line y. = 0, then L2(a) = L?(a) = 
0. In either case, the definition (7.17) of H?, yields 


Hyy(a) = 207 (a)L3(a)Qoo(a) 
— L(a) Lp(a) Q9o(a) — L3(a) LG (a)Qio(a) + Lo (a)*Qt,(a) = 0. O 


Example 7.40. We illustrate Proposition 7.39 using the surface described in Exam- 
ple 7.36. The polynomials Gj, and 17; for this example are given in Table 7.1. Propo- 
sition 7.39 says that 1; is defined at P = [a, b] provided that at least one of the six 
polynomials G5, Gf, G5, Hj,, Hj, HZ, does not vanish at a. For convenience we 
say that a point a € P? is degenerate if 


Go(a) = Gi (a) = G3(a) = Api (a) = Hgo(a) = Hjp(a) = 0. 


Our first observation is that 
G3 (0,1, %2) = 27 and = AG, (0,21, v2) = 4azes — 2x5. 


Hence there are no degenerate points with ag = 0. (We assume that K does not have 
characteristic 2.) Thus if there exists a degenerate point a, we can dehomogenize a 
and write it as a = [1, a1, a2}. We use a tilde to indicate the dehomogenization xo = 
1 of the Gj and H}; polynomials. So for example, 


x x 3 3 2 2,2 3 3 
Go (#1, %2) = Go(1, 21, £2) =v} — Tr 22 — 4p re — v5 + Sajrs — 23 — 4a, 23. 


Now suppose that 4 = (a1, a2) is a degenerate point. Then x; = a, is a common 
root of the polynomials 


G7 (£1, 42), GS (a1, a2), and AS, (a1, 42). 


Hence if we take resultants with respect to the x variable, then x, = a, is a root of 
both of the polynomials 


Ri (x2) = Resz, (GT (a1, £2), Hz, (x1, z2)), 
Ro(x2) = Resz, (G3 (a1, £2), AZ, (x1, 2)). 


Explicitly, these polynomials are 
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Gt = aon? — Taxpayr2 — daha — 2hx3 + bairs — Zorg — 4103 
Gt = wba, — eeu + Teor 23 + 2723 

@ — of _ Agbay + 38a9a? + vt — aba — Aagaiz2 + 2x0x173 
He, = 2Qapx? — Tapa — 4roaire + 40673 + 409x125 + Ax? x? — 2x5 


He, = —Tagxy — dar} — 2xpx2 — 4xpx122 + 6x0r} x2 — 43a 


2,2 2 3 
— 2xgxr9 — 8xQX1 x5 + 22175 


AY, = 7x4 + Age? — Araro — 6x20) 22 + 10rgr? a2 + 223 a9 + Qroxrs 


GE = —2yoy? + 4yfye + yous + 4yourys + Sytye + 4yrys 
GY = —2ydan + youtye — Yous + 4yourys — vive + Tyys 
GY = yp — 8y8y1 + 4you? — yt + 4ydyiye + Tyiy2 — yourys 
Hd, = —4ybyt + Ayoyiye + yiye + Tyous + 4yomiys + Ye 
HB, = 4yoy? — yt + 2ygue + yourye + Byoi ye + Syourys — yi¥e 
HY, = —4yy? + you? — Tydye — Sydyry2 + Syoyiye — Qyiye + Mytys — youd 


Table 7.1: The polynomials Gj, and H;, for the surface in Example 7.36. 


Ry(x1) = 4a? + 11201! + 1160x1° + 511229 + 705228 — 22712] + 1857324 
+ 2160x° + 1605324 ~ 7304? + 104527 — 4921, 

Ro(x1) = 4x1® + 80x15 + 600r}4 + 2064x713 + 254827? — 3616x1' — 142162;° 
— 108922? + 9856a% + 21708a7 + 15648a§ + 1000z> — 13986z{ 
— 10462a3 — 312497 — 4122, — 18, 


and the assumption that R, and R2 have a common root implies that their resultant 
must vanish. However, when we compute it, we find that 


Res(R1, R2) = 198929...3830147072 ~ 1.99 - 108”. 


Hence 1; is defined at every point of Sa 5 unless the characteristic of K divides this 
(large) nonzero integer Res(R;, Ro). 

We can use other resultants to reduce the list of possible bad characteristics. 
For example, let Ro(a2) = Resz, (G2, Hz). Then «1 is everywhere defined unless 
both Res( Ro, Re) and Res(R), R2) vanish. We compute 


gcd(Res(Ro, Rz), Res(Ri, R2)) = 439853213743020234882809856 
= 2)". 36.317. 14521485737273461, (7.22) 
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which proves that 1; is everywhere defined unless p is one of the four primes appear- 
ing in (7.22). 
We sketch a similar calculation for 12. Let 


To(y2) _ Resy, (G3 (y1, y2), (yi, y2)), 


by 
Ti (y2) = Resy, (GY (y1, yo), if (1, y2)), 
T2(y2) = Resy, (G2 (yr, 92), Hoi (yr, 92): 
Then Res(Tp, Ta) & 2.57 - 10°” and Res(T,, Tz) ~ 2.75 - 10", and 
gcd(Res(Tp, Tz), Res(T;, T2)) = 21° - 507593 - 2895545793631. 
Hence tz is everywhere defined unless the characteristic p of K is one of the three 


primes appearing in this factorization. 


A map p: V — W of degree 2 between varieties always induces an involu- 
tion: V — V, but in general x is only a rational map, it need not be a morphism. 
This distinction is quite important. For example, height functions transform well for 
morphisms, but not for rational maps. We now show that for most choices of (A, B), 
the involutions on Sq p are morphisms. 


Proposition 7.41. There is a proper Zariski closed set Z Cc P® x P* such that 
if (A,B) ¢ Z, then the involutions 


4:Sap—7Sap and t2:5an— Sap 
are morphisms. 


Proof, According to Proposition 7.39, the involution 2; is defined on all of Sa pn 
provided that the system of equations 


Go(x) = GY (x) = G3 (x) = Hoi x) = Hoe(x) = Aijo(x) = 0 (7.23) 


has no solutions in P?. A general result from elimination theory (see [198, I.5.7A]) 
says that there are polynomials f,,..., f, in the coefficients of 


x x xo x xt x 
0? Gi, 29 Aoi, App, AY, 


such that the equations (7.23) have a solution if and only if fy =.-- = f, = 0. 
The coefficients of Gj,...,H{, are themselves polynomials in the coefficients 
of L(x, y) and Q(x, y), so we can write each f; as a polynomial in the variables A 
and B. There are then two possibilities: 


e The set of f; consists only of the zero polynomial, and hence every sur- 
face Sa B has some point at which 4; is not defined. 


e The set of f; contains at least one nonzero polynomial f,, and then 1; is well- 
defined on S'4 p provided that f;(A, B) 4 0. 
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In order to eliminate the first case, it suffices to write down a single surface Sap 
for which the system of equations has no solutions in P?. We gave such a surface in 
Example 7.40, at least provided that the characteristic of K is not equal to 2, 3, 317, 
or 14521485737273461. Similarly, the above argument and Example 7.40 show 
that 12 is defined on a Zariski open set of (A, B) as long as the characteristic of K 
is not equal to 2, 507593, or 2895545793631. This completes the proof of Propo- 
sition 7.41 except for fields having one of these six characteristics. We leave as an 
exercise for the reader to find other examples to cover the remaining cases. O 


Remark 7.42. See Exercise 7.28 for a less computational proof of Proposition 7.41. 


7.4.2 Divisors and Involutions on Sap 


In this section we study how the involutions 2 and tg act on divisors on Sp. Later 
we use this information to study how iterates of the involutions act on points. This 
prompts the following definitions. 


Definition. Let ¢; and 42 be the involutions of the surface Sap defined by (7.15). 
These involutions generate a subgroup (possibly all) of Aut(S'4 5). We denote this 
subgroup by A. Then for any point P € Sap, the A-orbit of P is the set 


A(P) = {(P) sb € A}. 


Let H € Div(P’) be a line. As described in Example 7.28, pulling back using 
the two projections gives divisors on P? x P?, 


H,=HxP? and A,=P’xH, 
and the Picard group of P? x P? is isomorphic to Z? via 
Z? —~ Pic(P? x P*), (nq, ng) > ny Hy + nH. 


(By abuse of notation, we write n;H, + n2Hp2 for its divisor class.) We note 
that n1.H, + n2Hpo is a very ample divisor on P? x P? if and only if both n, and no 
are positive. 

Next we define two divisors D,, D2 € Div(Sa.p) using the two projections 
of Sap to P?, 


D, =piH =SapnHy and Dg = pp>H = Sa pn Ag. 


Wehler [448] has proven that the Picard group of a general surface Sap satisfies 
Pic(Sa p) = Z? and that D, and Dy are generators,” but for our purposes it will 
not matter if Pic(S'4 p) is larger than Z?, we will simply use the part of Pic(S'4 8) 
generated by D, and D2. 

We now compute the action of 2] and t2 on D; and Do. 


What this means is that the set of coefficients (A,B) € P® x P®° for which Pic(S' 1) is strictly 
larger than Z? forms a countable union of proper Zariski closed subsets of P® x P35. This implies that 
most (A, B) in P®(C) x P95(C) have Picard group Z?, but it does not directly imply that there are any 
such values in P®(Q) x P35(Q), since Q is countable. 
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Proposition 7.43. Let D, = pi H and Dg = pH. The involutions 1, and to act 
on the subspace of Pic(Sa.p) generated by D, and Dz according to the following 
rules: 


HD, = Dy, 53D, = —D, + 4D», (7.24) 
ti Dg = AD, _ Da, t5D2 = Dp. (7.25) 


Proof. The involution 4, switches the sheets of the projection p,, so it is clear 
that p; © 4; = p,. This allows us to compute 


uD, = tipi = (p ou)" = pj = Dy. 


This proves the first formula in (7.24). 

Next we observe that for any P € Sa.n, the two points in the set py ' (pi (P)) 
are P and 1;(P). Thus if we start with a divisor on Sa p, use p; to push it down 
to P?, and then use p, to pull it back to S ‘A,B, We get back the original divisor plus 
its translation by ;. In other words, 


pipi,D =D+5D_ forall D € Pic(Sap). 
Using this formula with D = Dz allows us to compute 
t{ D2 = pipi,D2 — Dz = pipi.P2H — Do. (7.26) 


The divisor p,,.p3.H on P? is linearly equivalent to some multiple of H. For simplic- 
ity, let H be the line yo = 0. Then p3H is the curve in P? x P? (lying on Sap) 
given by the equations 


L(x, 21, £2, Yo, yi; 9) = 0, Q(20, £1, £2, Yo: y1,9) = 9, Yy2 = 0. 


We solve the linear equation L = 0 to express yo and y; as linear functions 
of [xo, 21, X2], and then substituting into the quadratic equation Q = 0 yields a 
homogeneous equation of degree 4 in x9, 21, 2. So when we use p;, to push p31 
down to P?, we get a curve of degree 4 in P?. Hence 


PixPoH = 4H, 


where this is an equality in Pic(P). Substituting into (7.26) yields the second for- 
mula in (7.24). 

By symmetry, or by repeating the above argument, the two formulas in (7.25) are 
also true. 0 


Remark 7.44. It is not hard to prove that the only relations satisfied by compositions 
of 4; and tg are 1? = 1 and 12 = 1. In other words, A is isomorphic to the free 
product of the groups of order 2 generated by 1; and 2. An alternative description is 
that A is isomorphic to an infinite dihedral group. See Exercise 7.31. 
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7.4.3 Height Functions on Sap 


In this section we use the Weil height machine to translate the divisor relations and 
transformation formulas from Proposition 7.43 into relations among height func- 
tions. We recall from Example 7.33 that the height functions associated to the divi- 
sors D, and Dy are given at a point P = [x,y] € Sap by 
Ap, (P) = hpra(P) = ha (piP) = A(x), 
Ap, (P) = hpsu(P) = hy(poP) = Aly). 


Proposition 7.45. Assume that S'4_p is defined over a number field K. Let 


(7.27) 


a=2+Vv3 
and define functions ht ,h~ : Sap(K) — R by the formulas 
h* ([x,y]) =—h(x)+ah(y) and ih" ([x,y]) = ah(x) — hly). 
Then h* and h~ transform according to the following rules: 
h* ou =ah7 + O(1), h7 ot, =a tht +O(1), 
ht ow=a th +O(1), h7 olg =aht + O(1). 


Remark 7.46. Before starting the proof of Proposition 7.45, we pause to explain 
why the number a and the functions h*+ and h~ arise naturally. Consider a two- 
dimensional real vector space V with basis elements D; and D2, where we view V 
as a subspace of Pic(S4 8) ® R. Then the formulas (7.24) and (7.25) in Proposi- 
tion 7.43 tell us how cj and ¢5 act on V. In terms of the given basis, they are linear 
transformations that act via the matrices 


We now look for a new basis {E1, E2} for V with the property that ef and v3 inter- 
change the basis. More precisely, we ask that 


ui Fy = ak, ui 2 = bF,, 5 Ey = cE, iE = dF}, 


for some constants a,b,c,d. This problem can be solved directly, but it is easier 
to observe that 25:3, = ad, and ijej7 Ey = beE,. Thus E, and E2 must be 
eigenvectors for the linear transformation 13.7, whose matrix is 


.2_ [1 4\(-10\_ (15 4 
4 =\o_-4]\ 41) 7 \-4-1)° 


It is easy to check that 


By = —D, + aDez and Eo = aD, _ Do 
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are a pair of independent eigenvectors with eigenvalues a? and a~? respectively. 
This explains the appearance of a, and then one checks that these eigenvectors satisfy 


WE, =ako, UE,=a7'Fy, bE, =a7'Ey, Ep =aEF,. — (7.28) 


It is then natural to define height functions h* and h~ corresponding to the divi- 
sors £, = —D, + aD, and Ey = aD, — Dao, since the divisor relations (7.28) 
and the Weil height machine should then yield corresponding relations for the height 
functions. 


Proof of Proposition 7.45. Having given the motivation, we commence the proof of 
Proposition 7.45, which is a formal calculation using the additivity and functorial- 
ity of height functions (Theorem 7.29(b,c)) and the transformation formulas (7.24) 
and (7.25) in Proposition 7.43. Note that 


h(x) = hp, ([x, y]) and Aly) = hp» (ix, y]) 


from (7.27). We compute 


ht ou = —hp, ot; +ahp, on by definition of h*, 
= —hixp, + ah p, + O(1) from Theorem 7.29(b), 
=—hp, + ahgp,-p, + O(1) from Proposition 7.43, 
= (-1+4a)hp, -— ahp, + O(1) from Theorem 7.29(c), 
=a°*hp, —ahp, + O(1) since a? = 4a — 1, 
=ah” + O(1). 
Similarly 
ht ow= —hp, otg+ahp, © te by definition of h-, 
= —hiz D, + ahizp, from Theorem 7.29(b), 
= —-h_p,+4p, + ahp, from Proposition 7.43, 
=hp, +(-4+ a)hp, from Theorem 7.29(c), 
=hp, -a 'hp, + O(1) since a* = da — 1, 
=a 'h7 +O(1). 


This proves the transformation formulas for h+. The proof for h~ is similar and is 
left for the reader. 


We can use Proposition 7.45 and the general theory of canonical heights (Theo- 
rem 3.20) to construct two heights on Sq 1 that are canonical with respect to both 1; 
and lg. 


Proposition 7.47. Let Sa p be defined over a number field K. There exist unique 
functions 
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ht+:Sap(K)—+R and h- : Sap(K) —+R 
satisfying both the normalization conditions 
h*+ =-hp,+ahp,+O(1) and = h> =ahp, —hp, +O(1) (7.29) 
and the canonical transformation formulas 
At ou =ah-, h7 oy =a tht, 
. . . . (7.30) 
htowm=atlh, h7 otg =ah*. 
Proof. Let @ = 1; © tg be the composition of the two involutions on S'4p and let 
h* = —-hp, +ahp, and h” =ahp, —hp, 


be the functions defined in Proposition 7.45. Then the transformation formulas in 
Proposition 7.45 allow us to compute 


ht of =ht 044 02+ O(1) =ah™ ol2 + O(1) = a7h* 4 O(1). 


The constant a? satisfies a? ~ 13.93 > 1, so we may apply Theorem 3.20 to the 
functions ¢ and ht to deduce the existence of a unique function h* satisfying 


hAtog=a*h* and ht =At +O(1). 
Repeating this construction with @~! = 12 0 44, we find that 
h- og} =h7 otg04+O(1) =aht 04, +O(1) = 07h” 4+ O(1). 


Applying Theorem 3.20 to the functions ¢-1 and h-, we find that there is a func- 
tion A satisfying 


h- og! = a7h- and kh =h +O(I). 


The functions h+ and h~ that we have just constructed satisfy (7.29). In order to 
check the transformation formulas (7.30), we first note that 


ht ou =h* ou +O(1) =ah- + O(1) = ah- + O(1). 
In order to get rid of the O(1), we compose both sides with ¢~” and use the formula 
nog * =, 0(tg04)" = Oy 
to compute 
aht or = ht og" ou =ht 01067” = ah 067" + O(1) =a"t"h- +O(1). 


Divide both sides by a” and let n — oo to obtain the desired result ht 0 1, = ah~. 
This proves the first of the transformation formulas (7.30). The others are proven 
similarly. 
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Finally, in order to prove uniqueness, suppose that gt and g~ are functions sat- 
isfying (7.29) and (7.30). Then 


Gt od = GT 044 lg = AG” 0 =A°G", 


and similarly g~ o 6~' = a?g~. Hence g* and g~ have the same canonical proper- 
ties as h+ and A—, so the uniqueness assertion in Theorem 3.20 tells us that g* = ht 
andg” =h-. O 


Remark 7.48. In practice, it is infeasible to compute the canonical heights ht and h- 
to more than a few decimal places using their definition as a limit. As with the other 
canonical heights studied in Sections 3.4, 3.5, and 5.9, it is possible to decompose ht 
and A~ as sums of local heights that may then be computed using rapidly convergent 
series (cf. Exercise 5.29). See [89] for details. 


7.4.4 Properties and Applications of Canonical Heights 


The next proposition describes various useful properties of the canonical height 
functions h*+ and A~ and their sum. As an application, we prove that there are 
only finitely many K-rational points with finite A-orbit. This is the analogue for 
the K3 surfaces Sa p of Northcott’s Theorem 3.12 on preperiodic points of mor- 
phisms on P% and of Theorem 7.19 on periodic points of regular affine automor- 
phisms. 


Proposition 7.49. Let Sap be defined over a number field K, let ht and h~ be the 
canonical height functions constructed in Proposition 7.47, and let 


h=ht +h. 
(a) The set . 
{P € Sap(K):h(P) <C} 


is finite. (N.B. This is not true if we replace h by either of the heights h* andh-, 
see Exercise 7.35.) 


(b) Let P € Sa w(K). Then 
ht(P)=0 — > h-(P)=0 — A(P)=0 <— Phas finite A-orbit. 
(c) There are only finitely many points P € Sa p(K) with finite A-orbit. 
Proof. (a) Using the properties of ht and h-, we find that 


haht+h- by definition of h, 
= (-hp, + ahp,) + (ahp, — hp) +O(1) from Proposition 7.47, 
= (a-1)(hp, + hp,) + O(1). 


As noted earlier, the heights hp, and hp, are given by 
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hp, ([x, y]) = A(x) and hp» ([x, y]) = Aly), 


where h(x) and h(y) are the standard heights of x and y in P?. Hence 
h([x,y]) = (a — 1)(h(x) + Aly) + O(1), 


so if A([x, y]) is bounded, then both h(x) and h(y) are bounded. (Note that a sat- 
isfies a@ > 1, which is crucial for the argument to work.) This completes the proof 
of (a), since Theorem 3.7 tells us that P?(’) contains only finitely many points of 
bounded height. | ; ; 

(b) Since h = A+ + h- and both h+ and h~ are nonnegative, it is clear that 


A(P)=0 => ht(P)=h-(P)=0. 


Suppose next that h+(P) = 0. Let ¢ = 01 0 22 as usual. Then 


h(o"(P)) = h* (o"(P)) +h" (o"(P)) 
a?" h+(P) +a-?"h- (P) 
a?" h-(P). 


The oP) side is bounded (indeed, it goes to 0) as nm — oo, so we see 
that {¢"(P) : n > 0} is a set of bounded h-height. It follows from (a) that it is 
a finite set. Since @ is an automorphism, we deduce that P is periodic for ¢. We now 
perform a similar calculation using ¢~”, 


h(g-"(P)) = h* (o-"(P)) +h (9 "(P)) 
=a?" h*(P) +.0?"h- (P) 
=a?"h- (P), 


The lefthand side is bounded, since P is periodic for ¢, so letting n — oo implies 
that h-(P) = 0. 

This proves that h+(P) = 0 implies h~(P) = 0, and a similar argument gives 
the reverse implication, which completes the proof that 


At(P)=0 =< > A(P)=0 <= A(P)=0. 
In order to study A-orbits of points, we make further use of the formula 
h(o"(P)) = ht (6"(P)) + A-(o"(P)) = a? "AT(P) +a?" (P). (7.31) 


Suppose first that P has finite A-orbit. Then h(¢"(P)) is bounded, since it takes on 
only finitely many values. Letting n — oo in (7.31) and using the fact that a > 1, 
we deduce that ht (P) = 0. 

Finally, suppose that h(P) = 0. Then At+(P) = h-(P) = 0, so (7.31) tells 
us that h(¢"(P)) = 0 for all n € Z. In particular, {¢"(P) : n € Z} isa set of 
bounded h-height, so (a) tells us that it is a finite set. But the A-orbit of P is equal to 
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A(P) = {@"(P) née Z$Uf(u o@"\(P) ine Zh, 
so A(P) is also finite. Oo 


The canonical height functions on S'4 p can also be used to count the number of 
points of bounded height in an -A-orbit, as in our next result. See Exercise 7.21 for 
an analogous (conditional) estimate for regular affine automorphisms of PY. 


Proposition 7.50. Let Sa 5 be defined over a number field K, and for any point P = 
[x,y] € Sa p(K), let h(P) be the height function 


h(P) = hp, +D2(P) = h(x) + Aly). 


Also let a = 2+ V3 as usual. Fix a point Q € Sa.(K) with infinite A-orbit and 
let 


HQ) = #{v € A: ¥(Q) = Q} 
be the order of the stabilizer of Q. Then 
B? 
(Q)h-(Q) 
where the O(1) constant is independent of both B and Q. 


A{P € A(Q):h(P) < BY = 7c] log, ts +00 as B00, 


The key to proving Proposition 7.50 is the following elementary counting lemma. 


Lemma 7.51. Let a,b > 0 and u > 1 be real numbers. Then 
2 


t 
#{n€Z:au"+bu™ < t} = toe, (5) +O(1) as t — oo, 
a 


where the O(1) constant depends only on u. 


Proof. We start by writing the real number log, (./b/ a) as the sum of an integer 
and a fractional part, 


b . 1 
log, 2 = mr with m € Zand |r| < z 

a 
(The reason that we do this is because the function au® + bu~* has a minimum 
at « = log, (./b/ a).) Then replacing n by n + m in the expression au” + bu~” 


yields 
aunt™ 4 bu? ™ = Vab (uu + U7" un”). 


Hence 


t 
nE€Z:au"+bu"<th=<neEZ:w-u "+u7- uw" <->}. 
{ <t} { =} 


It thus suffices to prove that if c,d € R are both between u-!/? and u!/?, then 
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#{n€Z:cu"+du-" <t} =log(t?)+O(1) ast > ow. (7.32) 
We note that ifn > 0, then 
log,,(cu” + du~") = n + log, (ce + du-*") = n + O(1), 
and similarly ifn < 0, then 
log,,(cu” + du-”) = —n + log, (cu” + d) = —n + O(1). 


Here the O(1) bounds depend only on wu, since by assumption c and d are bounded 
in terms of u. Therefore 


#{neZ:cu"+du™ <th=#{n eZ: log,(cu" + du”) < log, (t) } 


= #{n € Z: |n| + O(1) < log, (t)} 
= 2log, (t) + O(1). 


This is the desired inequality (7.32), which completes the proof of Lemma 7.51. 


Proof of Proposition 7.50. We do the case that u(Q) = 1 and leave the similar 
case j1(Q) = 2 to the reader. (It is easy to check that 4(Q) < 2; see Exercise 7.29.) 

Let @ = ty © tg. Every element of A is given uniquely as an alternating compo- 
sition of 41’s and t9’s, so A splits up as a disjoint union 


A={o" :neEZ}U{P" ou :n€ Zh. 
Our assumption that j4(@) = 1 then implies that the A-orbit of Q is a disjoint union 
A(Q) = O4(Q) U O4(1Q). (7.33) 


Let h+ and h~ be the canonical height functions constructed in Proposition 7.47 
and let h =h* +h-. We note that Proposition 7.47 tells us that ht o ¢ = ah+ 
and h~ of = a~!h-. This allows us to compute 


#{P € 04(Q) : h(P) < B} 
=#{neZ: Mero < BS since u(Q) = 1, 
= #{n €Z:ht($"Q) + h- (¢"Q) < B} definition of h, 
= #{n eZ: o?"ht(Q)+a7-"h-(Q) < B} from Proposition 7.47, 


1 
= 5 08a (ict) + O(1) from Lemma 7.51. 


Further, if we replace Q with 41(Q), then we get exactly the same estimate, since 


ht (uQ)h- (Q) = ah- (Q)-a7*h+(Q) = ht (Q)A-(Q). 


Hence using the decomposition (7.33), we find that 
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#{P € A(Q): h(P) < B} 
= #{P € 04(Q) :h(P) < BY} + #{P € Os(11Q) : A(P) < B} 


B? 
=lo ———_— O(1). 
Be nana) OM) 


Finally, in order to replace the canonical height h with the naive height h, we note 
that 


h=h++h- =(ahp, —hp,) + (—-hp, + ahp,) + O(1) 
= (a-1)(hp, + hp,) + O11) = (a - 1)h + O(1). 


Thus 


#{P € A(Q): h(P) < B} = #{P € A(Q): A(P) < (a-1)B + O(0)}, 


and replacing B with (a — 1)B affects only the O(1), since a > 1. O 
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Section 7.1. Dynamics of Rational Maps on Projective Space 
7A, Let a,b,e,d,e € C and let ¢: A? — A? be given by 
o(z,y,z) = (ax + by? + (cx? + dz)”, ey + (ax + by)”, de + cx”), (7.34) 


(a) Prove that ¢ is invertible if and only if ade 4 0. 

(b) Prove that ¢ is a regular automorphism if and only if abcde # 0. 

(c) Clearly (0,0,0) is a fixed point of ¢. Let 6 = —1,d = 1, ande = 1 — ¢°. Prove 
that (0, ¢, t) is also a fixed point of . Hence there are infinitely many maps ¢ € Q|z, y, z] 
of the form (7.34) such that Fix(¢) 7 A?(Q) contains at least two points. 

(d) Let 6 = —1 and d = 1. Find all of the (complex) fixed points of ¢. If a,b, c,d,e € K, 
describe the field K(Fix(@)). What are its possible Galois groups over K? (Hint. It is 
easier to do the computations if you set e = 1 — ¢*.) 

(e) Suppose that ¢ € R[x, y, z] and that d = 1 and b > O. Prove that ¢ has only one real 
fixed point, i.e., show that Fix(¢)  A?(R) = {(0,0, 0)}. In particular, ¢ has only one 
rational fixed point. 


7.2. Let ¢: A? — A? be the map 
(x,y,z) = (a2, xy, yz). 


(a) Calculate the indeterminacy locus of ¢. 
(b) What are the values of 


h X,Y, 2 h Z,Y,2 
lim inf h(o(eu.2)) and lim sup h(o(e,4, 2) , 
(w,y,z)eZ* A(z,y, z) (x,y,z)EZ3 h(z,y, 2) 


h(z,y,z) 00 h(w,y,z)—00 
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(c) Same question as (b), but with the points (x, y, z) € Z° restricted to satisfy xyz # 0. 


7.3. Let ¢: AN — AN bea regular affine automorphism and let n > 1. Prove that Pern(#) 
is a discrete subset of A‘ (C), and that counted with appropriate multiplicities, 


# Pernn(¢) = 43%" = d?"". 


(This is Theorem 7.10(c). Hint. Rewrite oN" (P) = P as °2"(P) = o° “~)™(P), show 
that the homogenizations of ¢°2” and oN —)” have the same degree, and use Bézout’s the- 
orem to count the number of solutions.) 


7.4, Let ¢: A? — A? be the map (a, y, z) = (y, 2,2”). 
(a) Find an explicit expression for 6” (x, y, z). (There may be more than one case.) 
(b) Calculate the dynamical degree of ¢, 
dyndeg(¢) = lim deg(¢”)'/”. 
(See Remark 7.14 for a discussion of the dynamical degree.) 
(c) Let d, = deg(¢”). Compute the generating function Dine 9 dn J” and prove that it is 
in Q(T). 
(d) Prove that PrePer(¢) c {P € A?(Q) : A(P) = 0}. 
(e) Let 5 = dyndeg(¢) and P € A®(Q). Find real numbers b > a > 0 such that 


ad" h(P) < h(¢"(P)) < b6"A(P) 


for all (sufficiently large) integers n. 
(f) With notation as in (d), if P ¢ PrePer(@), prove that 


i #{n>0:A(@(P))<T} 1 
Toc log T ~ log 6” 


7.5. Let d: P? — P? be the rational map 


@ = [X1X3, X2X3, XG, XoX3]. 


(a) Prove that ¢ is a birational map, i-e., find a rational map w so that ¢ o ~ and wo ¢ are 
the identity map at all points where they are defined. 
(b) Compute Z(¢) and Z(¢~*). Where do they intersect? 
(c) * Let dn = deg(#”). Prove that the generating function )>., dnT” is not in Q(T). 
The map in this exercise and the map in the previous exercise are examples of monomial maps, 
see [199]. 


7.6. Letu,ai,...,an,b1,...,b~ € Q with u ¥ 0. We proved in Lemma 7.17 that 
h([u, a1,...,av,b1,-..,bn]) < h([u, a1,.-.,an]) + h((u,bi,..., bw). 


Prove that this inequality need not be true if wu = 0. 
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7.7. This exercise generalizes Theorem 7.15. Let d1,...,¢; : AN — AY be affine automor- 
phisms with the property that 


Z($1) 1 2($2) OZ (Ge) = 8. 


Let di = deg(¢;) for 1 < 7 < ¢. Prove that there is a constant C = C(g1,..., b+) so that for 
all P € A (Q), 


1 1 1 
Gy h(ou(P)) + Gn(ealP)) +--+ Fh(G(P)) 2 R(P) ~ ©. 
7.8. Let ¢i,¢2 : A? — A? be the maps 


or(x,y) =(x,2y) and da(a,y) = (zy, y”). 


(a) Prove that ¢1 and ¢2 are jointly regular. 
(b) Let a a positive integer and P = (0,a) € A?(Q). Prove that 


sh(di(P)) + sh(d2(P)) = A(P). 


This proves that the lower bound in Theorem 7.15 cannot be improved in general for 
jointly regular affine morphisms. 

(c) ** Can the lower bound in Theorem 7.15 be improved for jointly regular affine auto- 
morphisms, i.e., if we add the requirement that 61 and @2 be invertible, although not 
necessarily inverses of one another? 


7.9. Let 6: AN -+ A% be an affine automorphism (not necessarily regular) and let d, = 
deg ¢ and dz = deg ¢~!. Prove that 


~1 
vain Mo) . h(d Po) > a! +O(1) forall Pe A®(Q). 


Exercises on Integrability and Reversibility 


The notions of integrability and reversibility play an important role in classical real and com- 
plex dynamics. Their algebraic analogues lead to dynamical systems with interesting arith- 
metic properties, which we explore in Exercises 7.10—7.14. 


Definition. An affine automorphism ¢ : AY — AY is said to be algebraically reversible if 
there is linear transformation g € GLy satisfying 


g =i, det(g) = -1, and gogog=h2 = él. 


The terminology is meant to reflect the idea that conjugation by the involution g has the effect 
of reversing the flow of the map ¢. 


7.10. Assume that ¢ is reversible, say 7 = ¢'. Let y = ¢ 0 g. Prove that +” is the 
identity map. Thus g and + are both involutions, so a reversible map can always be written as 
a composition ¢@ = 7 © g of two, generally noncommuting, involutions. 


430 Exercises 


7.11. Leta 4 0, let f(y) be a polynomial of degree d > 2, and let 
o:A°— A’, — (x,y) = (y, an + fly) 


be the associated Hénon map. Suppose that ¢ is reversible. Prove that @ and its reversing 
involution g € GL have one of the following forms: 

(a) a=1, g(x,y) = (y, 2). 

(b) a=], g{z,y) =(-y,-z), fF satisfies f(—y) = f(y). 

(c) a=-l, g(x,y) =(-y,—-2), ff satisfies f(—y) = — f(y). 
7.12. The real and complex dynamics of reversible maps are in some ways less chaotic than 


nonreversible maps. Similarly, reversibility (and integrability) appear to have a significant 
effect on arithmetic dynamics. For an affine automorphism ¢ : AN — AX, we let 


Cy(¢) = number of distinct orbits of ¢ in A?(F,). 


For each of the following Hénon maps, compute C,(¢) for all primes 2 < p < 100 (or 
further) and make a graph of p versus C,(@): 

(a) d(z,y) =(yrt+y"). 

(b) o(a,y) = (y,2e+y"). 

(©) (z,y) =(y,—2 +"). 
Do you see a difference in behavior? Try plotting the ratio Cp(@) /p. (Notice that Exercise 7.11 
says that the maps in (a) and (c) are reversible, while the map in (b) is not reversible.) 


Definition. Let ¢ : AN — A be a rational automorphism, by which we mean that ¢ 
is a rational map (but not necessarily a morphism) and that there is an inverse rational map 
¢ 1: A — AN such that ¢ o ¢7! is the identity map wherever it is defined. The map ¢ 
is said to be algebraically integrable if there is a nonconstant rational function J: AY — A! 
satisfying of = I. 


7.13. Let d : A? — A? be the rational map 


_ y+ 
o(z,y) = (v.-«- ret). 


(a) Prove that ¢ is a rational automorphism. 

(b) Let d and ¢~! be the extensions of ¢ and ¢~* to maps P? — P*. Compute Z(¢) 
and Z(¢~*), the sets of point(s) where @ and @~' are not defined, and verify that 
Z(~)NZ(o*) = 0. 

(c) Prove that ¢ is integrable by the function 

I(a,y)=2°ytay ta? tytety. 


In other words, verify that I o é(x, y) = I(a, y). 
(d) Prove that for all but finitely many values of c € C, the level curve I(z,y) = c is an 
elliptic curve. Find the exceptional values of c for which the level curve is singular. 


7.14. This exercise generalizes Exercise 7.13. Let a,b,c,d,e € 4K and define a rational 
map ¢ : P? — P? (using dehomogenized coordinates on A”) by 


- wate) 


o(z,y) = (.-« ay? + byte 


Prove that ¢ is integrable by the function 
T(x, y) = any? + 0(2*y + zy”) + cla” + y”) + day + e( + y). 
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7.15. Assume that ¢ is integrable by the function J. For each c € K, the set I(x) = c is 
called a level set of ¢. 

(a) Prove that ¢@ maps each level set to itself. Thus the dynamics of ¢ may be studied by 
investigating the behavior of the iterates of @ on the lower-dimensional invariant level 
sets that give a foliation of PY. 

(b) * Let N = 2 and assume that ¢ has infinite order, i.e., no iterate of ¢ is the identity map. 
Prove that the level sets of ¢ are curves of genus 0 or 1. 


The following result will be helpful in doing Exercise 7.16. 


Theorem 7.52. ((172, Proposition 4.2]) Let ¢ : PY — P® be a morphism of degree d > 2 
and let V Cc P® be a completely invariant hypersurface, i.e, @~'(V) = V = o(V). Then V 
has at most N + 1 irreducible components. 


7.16. Let @ = [¢o,..., nw] bea morphism ¢ : PY — P% of degree d given by homogeneous 
polynomials ¢; € C[Xo,..., Xn]. We say that such a map is a polynomial map if its last 
coordinate function is equal to X%. Equivalently, ¢ is a polynomial map if the inverse image 
of the hyperplane H = {Xn = 0} is simply the hyperplane H with multiplicity d. 

(a) Assume that ¢ is a morphism and suppose that there is ann > 1 such that the iterate ¢” 
is a polynomial map. Prove that ¢” is already a polynomial map for some n < N + 1. 
This generalizes Theorem 1.7. (Hint. Use Theorem 7.52.) 

(b) Show that (a) need not be true if we assume only that the map ¢ : PY — P isa rational 
map of degree d. More precisely, prove that for all d > 2 and all n > 2, there exists a 
finite rational map ¢ : PY — P% of degree d such that 6” is a polynomial map, but ¢' 
is not a polynomial map for all 1 <i < n. 


Exercises on Canonical Heights for Regular Affine Automorphisms 


Exercises 7.17—7.22 describe Kawaguchi’s construction [230] of canonical heights for regular 
affine automorphisms assuming the validity of Conjecture 7.18, which is presently known only 
in dimension 2 [230, 413]. Let d: AN — A* bea regular affine automorphism of degree at 
least 2 defined over Q and let 


d,=deg(¢) and dy =deg(¢'). 


We assume that Conjecture 7.18 is true, i.e., we assume that there is a constant C = C(¢) > 0 
such that for all P € A% (Q), 

i 
dy 


i 


Assumption: 
dy 


h((P)) + 5-h(O"(P)) 2 (14+ 57 )AP)-C. 7.35) 


di dz 


For any point P € A’ (Q), Kawaguchi defines canonical height functions by the formulas 


a . 1 n p- . 1 —n 
ht (P) = lim sup al? (P)), h-(P) = limsup Ge h(¢ (P)), (7.36) 


A(P) = h*(P)+h-(P). (7.37) 
7.17, Assuming that (7.35) is true, prove that the canonical height functions ht, ho, and h 
defined by (7.36) and (7.37) have the following properties: 

(a) At(P)<h(P)+O(1) and A-(P) <h(P)+O(1). 

(b) R(P) + O(1) < A(P) < 2A(P) + O(4). 
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(c) ht*(P)>0 and h-(P)>0 and A(P)>0. 
(d) At(P)=0 — > A(P)=0 — A(P)=0 — PE Per(4). 


(Hint. Before proving (d), you may find it advantageous to do the next exercise.) 


7.18. Assuming that (7.35) is true, prove that the canonical height functions satisfy the fol- 
lowing transformation formulas: 


h*(o(P)) =dh*(P), h-(¢'(P)) =d2h (P), (7.38) 
—-h(o(P)) + =h(o"(P)) = (1 + a: A(P). (7.39) 


7.19. Suppose that 

h’:AN(Q) Rand fh”: AX(Q)>R 
are two functions satisfying (7.39), and suppose further that 

h’ =h" + O(1). 
Prove that h’ = h”. 
7.20. Let ¢ : AX — A% be a regular affine automorphism satisfying (7.35) and let 
P € A (Q) be a wandering point for ¢, i.e., P is not a periodic point. Prove that 
7 =h(or"(P)) + Z-a(e"(P)) 1 


n—00 h(o"(P)) ~ did (7.40) 


Hence the constant 1 + 
larger constant. 


Lab appearing in the inequality (7.35) cannot be replaced by any 


7.21. Letd : AX — A be a regular affine automorphism satisfying (7.35) and let 
P € AN (Q) be a wandering point for ¢. We define the (two-sided) orbit-counting function 
of P to be 

No,p(T) = #{¢"(P) :n € Zand h($"(P)) < Th. 


Prove that 


{1 1 loght(P) | logh7(P) 
Nott) = (salar + iggy) Wet (se + Toga, ) OM) 


where the O(1) constant depends only on the map ¢ and is independent of both the point P 
and the number T. 


7.22. Let¢d: AX — AN bea regular affine automorphism satisfying (7.35). Define sequences 
(An) and (B,) by the formulas 


Ay = Boe ond By = BS 
dy ~ dy dy ~ dy 
Prove that 
A(or(P)) ACEP) _ (Ants a Buss) A(P) -B A(@(P)) _, MG") 
dy dy ~ dy do " dy ” d2 
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(Hint. Verify that A, and B, satisfy the linear recurrences 


Ao = 0, Ai =1, ad, A; — (i + didz2)Aj-1 +d, Aj_-2 = 0, 
Bo = 0, By= 1, d2B; — (1 + di dz) Bi +4,B;-2= 0, 
and use a telescoping sum argument.) 
7.23. ** Let @: AN — A be an automorphism defined over Q and denote the dynamical 


degree of ¢ by 
5(@) = lim deg(g")/". 


noo 


We associate to ¢ the number 


1 
S(¢@) =: liminf 
(9) Pea’ (Q) A(P) ( 
h(P)-00 


Remark 7.16 tells us that S(d) satisfies 
S(d) <2. 
If ¢ is regular, then 5(¢) = deg(@) and 5(¢~') = deg(@~*). If in addition ¢ satisfies 
assumption (7.35), then Exercises 7.18 and 7.20 imply that 
_ 1 
5(@)5(6-1) 
(a) Do there exist automorphisms ¢: AN — AX of degree at least 2 satisfying S(¢) = 1? 
What if we require that ¢ be algebraically stable? (See Remark 7.13.) 
(b) Do there exist automorphisms ¢ : AN — A” of degree at least 2 satisfying S(¢) = 2? 


(c) What are the possible values of S() for automorphisms of A’? 
(d) What are the possible values of S(¢) for algebraically stable automorphisms of A‘? 


S(¢) =1+ 


7.24. Let K be a field that is complete with respect to a nonarchimedean absolute value and 
let @ : PN(K) — P’(K) be a morphism. Prove that ¢ is an open map, i.e., the image of an 
open set is an open set. 
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7.25. Let Gj, and H7; be the quartic forms defined by (7.17). Prove that the following algo- 
rithm computes 41 and é2. 


(a) Let [x,y] € Sap and write ty (ix, y]) = [x, y’]. Then 
[yoG% (x), —yo Hi (x) — yr G5 (x), —yoHoa(x) — yoG5(x)] if yo #0, 
y= 4 [-y1 Hai (x) — yoGi(x), Gi (x), —y1 Hie(x) — yoGi(x)] ify: £0, 
[ye Hie(x) — yoC3 (x), -y2Hia(x) — G(x), y2G3(x)] ify #0. 

(b) Let [x,y] € Sa,p and write 14 ([x, y]) = [x’, y]. Then 


[toG¥(y), —woH& (y) — 21G¥(y), —t0Hoa(y) — 22G3(y)| if xo £0, 
x) = ¢ [-21 Hb, (y) — 20Gi(y), «1GY(y), -21 Aialy) — 2GY(y)] ifr 40, 
[-22Hbo(y) — coG¥(y), —22H},(y) — riG3(y),e2G3(y)] ifs #0. 


434 Exercises 


7.26. The K3 surface given in Example 7.36 contains the following 12 points of small height: 


P, = (0,1, 1], [1,1 an = ([0,0,1],[0,1,0]), Po = (8,6, 9], [-6,5, 2]), 
P» = (1,0, 0}, [0, 0, 1]), = ([0,0,1],[1,0,0]), Pio = ([1,0, -1], (9, 1,9]), 

Ps = ((0,1,0}, (0,0, 1]), nati [-3, 3, an = ([3,8, 11], [1,1,-1]), 
Ps = ((1,0,—1],{0,1,0]), Ps = ((1,0,0], (0,7, 1]), = ([12, 1, -20], [2, —4, 1]). 


(a) Which of these 12 points lie in the same A orbit? How many distinct A orbits do they 
generate? 

(b) Which of the points in the list are fixed by a nontrivial element of A? 

(c) The list includes all points in S(Q) having integer coordinates at most 40. Extend the 
computation to find all points in S(Q) having integer coordinates at most 100. (Hint. 
Loop over x with |z;| < 100, substitute into L and Q, eliminate a variable, and check 
whether the resulting quadratic equation has a rational solution.) 


7.27. For each of the primes in the set 
{2, 3, 317, 507593, 2895545793631, 14521485737273461} 


find an example of a surface Sa,p defined over F, such that 41 and v2 are defined at every 
point of Sa B(F,). (These examples can be used to complete the proof of Proposition 7.41.) 


7.28. This exercise sketches a noncomputational proof of Proposition 7.41 using more ad- 
vanced methods from algebraic geometry. 
(a) Let S and S$’ be nonsingular projective K3 surfaces and let ¢ : S — S" be a birational 
map, i.e., a rational map with a rational inverse. Prove that ¢ is a morphism. (Hint. Find 
a surface 7’ and birational morphisms 7) : T — S and w’ : T — S’ so thatdow = y" 
[198, V.5.5]. Do this so that 2 is a minimal number of blowups and let & be an excep- 
tional curve of the last blowup. Deduce that q(E) is a curve C' on S’. Then show that the 
intersection of C with the canonical divisor on S’ satisfies C- Kg < E-Ks = —1, 
which contradicts the fact that Ks: = 0, since S’ is a K3 surface.) 
(b) Prove that there is a proper Zariski closed set Z C P® x P®° such that for all (A, bf B) ¢ 
Z, the surface Sa.p is nonsingular. (Hint. Elimination theory says that the set of 
(A, bf B) € P® x P* such that Sp is singular is a Zariski closed set. Thus it suffices 
to find a single (A, bf B) for which Say 7p is nonsingular.) 
(c) Combine (a) and (b) to prove Proposition 7.41. 


7.29. Let P € Sa.p with infinite A-orbit. Prove that the A-stabilizer of P, 
{pe A:o(P) =P}, 
has order either 1 or 2. 
7.30. This exercise describes intersections on the surface Sap. For the basics of intersection 
theory on surfaces, see, for example, [198, V §1]. 
(a) Let Di = pj H and D2 = p3H be the usual divisors in Pic( Sap). Prove that 


D+ Dy, = D2. Dz = 2 and D,- D2 =4. 
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(b) Let a = 2+ V3 and define divisors E* and E~ in Pic(Sa,3) ® R by the formulas 


Et=-Dit+aD2 and E~ =aD,— Daz. 


Prove that ut Et = atift and uE* _ ott Et. 
(c) Prove that Et .E+ = E~.E~ =Oand E+ - E7 = 12a. 


7.31. (a) Prove that under composition, the involutions 41,12 € Aut(Sa.p) satisfy no re- 
lations other than .? = .2 = 1. Thus JA is the free product of the subgroups generated 
by 11 and ez. (Hint. Use Exercise 7.30. Apply a composition of 41’s and ig’s to Et + ET 
and intersect with E*.) 

(b) Show that A is isomorphic to the infinite (discrete) dihedral group 


{s't? 24,7 € Z} 


D = 
~~ {#2 = Land ts = st} 


via the map 


tro ty 


pa (8), 


7.32. Let P € Sap be a point whose A-orbit A(P) is an infinite set. Prove that A(P) is 
Zariski dense in Sap. (Hint. If A(P) is not dense, find a curve C C Sa.p fixed by some 
nontrivial element ) € .A and consider the intersection of C with the divisors E* and E7 
defined in Exercise 7.30.) 


7.33. Let @ = 41 © 42 and fix a nonzero integer n. Prove that the set 
Pern(¢) = {P € Sap: $"(P) = P} 


is a finite set. (Hint. If the set is infinite, find a curve C C Sa. fixed by 6” and consider the 
intersection of C with the divisors Et and E~ defined in Exercise 7.30.) 


7.34. Let D € Pic(Sa.p) be the divisor D = Di + Do = pj H + pH. Let 6 = 11 ole 
and a = 2+ /3 as usual. Prove that 


hn(o"P) + ho(¢ "P) 


“ini =hp(P)+O(1) _ forall P € Sa.p(K) andalln > 0. 


(The O(1) constant depends on the surface Sap, but is independent of both P and n.) 


7.35. Let Sa.p be defined over a number field K and let h* and 7 be the canonical height 
functions constructed in Proposition 7.47. Assuming that S'a p(K) is an infinite set, prove 
that there is a constant C' such that both of the sets 


{Pe San(K):h*(P)<C} and = {P€ Sap(K):h (P)<C} 
are infinite. This shows that Proposition 7.49 is not true if his replaced by either A+ or ho. 


7.36. Let Sap be defined over a number field K, let ht and h7 be the canonical height func- 
tions constructed in Proposition 7.47, and let h = h+ + h~. Fix a point Q € Sa.p(K). 

(a) Prove that the product ht (P)h~ (P) is the same for every point P € A(Q). This prod- 
uct measures, in a certain sense, the arithmetic complexity of the A-orbit of Q. Notice 
how A+(Q)h~ (Q) naturally appears in Proposition 7.50 counting points of bounded 
height in the A-orbit of Q. 
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(b) Prove that 


aVyht(Q)h-(Q) < pan, A(P) < 2ay/h*(Q)h- (Q). 


(Here a = 2+ V3 as usual.) 


7.37. Let Sa,p be defined over a number field K and let Q € Sa,p (K) be a point whose A- 
orbit A(Q) is infinite. Further, let h = ht + h7, and define a height zeta function for the A- 


orbit of @ by the series 
1 


Z(A(Q).8)= So ——. 
(a) Prove that the series defining Z(A(Q), s) converges on the half-plane Real(s) > 0. 
(b) Prove that Z(A(Q), s) has a meromorphic continuation to the entire complex plane. 
(c) Find the poles of Z(.A(Q), s). 
(d) Find the residues of Z(A(Q), s) at its poles. 


7.38. Let Sa,p be defined over a number field K and let P € Sa,pB(K) be a point whose A- 
orbit A(P) is Galois-invariant, i.e., if Q € A(P) and o € Gal(K/K), then o(Q) € A(P). 
Prove that P satisfies one of the following conditions: 

(a) Pe Sa.pB(K). 

(b) A(P) is finite. 

(c) [K(P): K] =2. 
If P satisfies condition (c), prove that there exist a y € A and an index 7 € {1, 2} such that 
p;($(P)) € P?(K). 


7.39, Let V Cc PN x P% bea variety given by the vanishing of N — 1 bilinear forms and one 
biquadratic form, 


Ii(x,y) = ++: = Ly-1(x,y) = Q(x, y) = 9, 


and let pp: V > P™ and po: V — P be the usual projection maps pi(x,y) = x and 
po{x,y) =y. 

(a) Prove that p; and pe are generically 2-to-1, so they induce involutions 4: : V — V 
and tg : V — V. In other words, there are rational maps 4; and t2 such that ui and 13 
are the identity map wherever they are defined. 

(b) If N > 3, prove that 41 and z2 are not morphisms. 


7.40. Leta € K*. The Markoff equation 
Ma er t+yte" = aryz 


defines an affine surface in A®. 
(a) Prove that there are involutions 212, 113, and 423 of M, defined by the formulas 


a(x, y, z) = (x,y, axy ~~ z), 
ti3(@,y, Zz) = (a, anz — y,2), 
123(Z, y, 2) = (ayz _ L,Y, 2). 


Explain how these involutions correspond to natural double covers M, — A? induced 
by projection maps A? — A?. 
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(b) Prove that the involutions 2;; do not extend to morphisms on the projective variety 
M, = {2?wt+y?w + 2?w = aryz} CP, 


and determine the points at which they fail to be defined. 

(c) Find a birational map P? — M, defined over Q. (A birational map between projective 
varieties V and W is a rational map from V to W that is an isomorphism from a Zariski 
open subset of V to a Zariski open subset of W.) In particular, this implies that 17, (Q) 
contains many points. 

(d) Prove that every point in M3(Z) with positive coordinates can be obtained by start- 
ing with the point (1,1, 1) and applying the involutions 1;;. (Hint. Define the size of a 
positive integral point P = (z, y, z) to be the largest of its coordinates and prove that 
if P # (1,1, 1), then at least one of «;;(P) has size strictly smaller than the size of P.) 

(e) Let a be a positive integer. Prove that ifa # 1 anda # 3, then M.(Z) = @. (Hint. Use 
the same type of descent argument as suggested in (d).) 

(f) A normalized Markoff triple is a point (x, y,z) € M3(Z) with x < y < z. Let 


N(T) = #{normalized Markoff triples (x, y, z) with z < T}. 
Prove that there are positive constants c, and cz such that 
ei(logT)? < N(T) < c2(logT)? as T — ov. (7.41) 
More precisely, prove that there is a constant c such that 
N(T) = c(logT)” + O( (log T)(log log T)”). (7.42) 


(g) ** Let (x1, yi, 21) and (x2, yo, Z2) be normalized Markoff triples. Prove that if z1 = ze, 
then also 71 = x2 and y1 = yo. (This is known as the wnicity conjecture for Markoff 
numbers.) 


Exercises on K3 Surfaces with Three Involutions 


Exercises 7.41—7.44 ask you to explore a family of K3 surfaces that admit three noncommuting 
involutions. These hypersurfaces Sc C P x P' x P! are described by the vanishing of a 
trihomogeneous polynomial of degree 2, 


Q(x, y,z) = y CijkemnXLikjynyeemen = 0. 
O<i<j<1 
O<k<e<1 
O<m<n<l 


The surface Sc admits three maps of degree 2 to P' x P’, 
pi2(X,y,2)=(x,y), —pis(x,y,2) =(x,2), ——pas(x, y,2) = (y,2), 
and these maps induce corresponding involutions 
12: Sc — Sc, 43: Soe — Sc, 123: Se —> Sc. 


We also fix a point to € P’, let 11,72,73 : Sc — P! be the maps induced by the three 
projections from P! x P’ x P* to P*, and define divisors on Sc by setting 


D,=T1(to),  Da=73(to), Ds = 73(to). 
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7.41. The surface Sc is specified by the 27-tuple 
C = [coooo, Coo; --- 1111] € pé 


of coefficients of the trihomogeneous polynomial defining Sc. 
(a) What is the dimension of the family of surfaces Sc after we identify surfaces that are 
isomorphic via the action of PGL2 on each of the three copies of P? in P? x P! x P’, 
(See Remark 7.38 for a similar calculation for the family Sap.) 


(b) Prove that there is a Zariski closed subset Z C P© such that if C ¢ Z, then the 
involutions 42, 413, and 423 are defined at every point of Sc. 


7.42. Let D be the subspace of Pic(Sc) generated by Di, D2, and D3. 
(a) Prove that the action of tj2 on D is given by 


tigDi = Dy, tinDe = Da, igD3 = 2D, + 2D, — Ds. 


Devise analogous formulas for the action of viz and 133 on D. 

(b) Let M;; be the 3 x 3 matrix of cj; acting on D and let J be the matrix (3 6 2). Prove 
that M2, = 1 and that Mi,J~*Mij = J7?. eee 

(c) Prove that double products such at M1213 have all of their eigenvalues equal to 1. 


(d) Let ¢ be the map @ = 41201130293 and let 3 = 4(3+-5). Prove that 6° is an eigenvalue 
of @* acting on D and that a corresponding eigenvector is 6? D1 + 8D2 + Ds. 


7.43. Assume that Sc is defined over a number field K. Let @ = t12 © 413 0 423: So 7 Sc 
and let 8 = $(3 + V5). - 
(a) Define a real-valued function f : Sc(K) — R by 


f(P) = Bhp, (P) + Bhp2(P) + hp, (P). 


Prove that 
f((P)) = F(P)+O(1) forall P € So(K). 


(b) Prove that there exists a unique function f : Sc(K) — R satisfying 
f(P)=f(P)+O(1) and f(o(P)) = 6° f(P) forall P € So(K). 
7.44. Let Sc be the surface given by the equation 


222, 2 2 2.2.2 2.2 2.2 
LYyoz + Loyoyrz1 + 4xgyi zi + LoL1yo2z1 + Lo®1y1 20 


+ zyyoys20 + xiyizoz + Qetyozt = 0. 


(a) Prove that the surface Sc is nonsingular. (Hint. Check that it is nonsingular over F2.) 

(b) Prove that the involutions 12, 13, and 23 are defined at every point of Sc(C). 

(c) Verify that the point Pp = ((0, 1], {-1, 1], (1, 1)) is in Sc(Q). Then compute the 
“tree” of points starting from Pp and generated by applying the involutions in various 
orders: 
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Po 
t12(Po) t13(Po) t23( Po) 


LN KN SSN 


413¢12( Po) t23t12(Po) ¢12¢13(Po) t23613(Po)  tiatea(Po) 113423 (Po) 
A \ | \ \ | 


In particular, find two branches of the tree that loop around and reconnect with the top. 


Notes on Exercises 


Many of the exercises in this book are standard, or in some cases not so standard, 
results. These notes thus have a dual purpose: to give credit where due, and to point 
the reader toward the relevant literature. However, since any attempt to assign credit 
is bound to be incomplete, the author tenders his apologies to anyone who feels that 
he or she has been slighted. 


Chapter 1. An Introduction to Classical Dynamics 


1.11. See [415]. 

1.12. See [415]. 

1.18. (c) is proven in Corollary 4.7. 

(d) This is due to IN. Baker [19], or see [43, 86.8]. 
1.24. See [43, Theorem 3.2.5]. 

1.30. Most of this exercise is proven in Proposition 6.6. 
1.31. See [43, Section 1.4]. 


Chapter 2. Dynamics over Local Fields: Good Reduction 


2.6. See [436, Section 5.9]. 

2.17. This special case of a theorem of Rivera-Letelier was suggested to the author 
by Rafe Jones. 

2.19. See [312, Proposition 3.1]. 

2.22. The first example of this phenomenon is due to Poonen (unpublished). It ap- 
pears in Zieve’s thesis [454, Lemma 6]. 

2.24, This is in Jones’s thesis [220]. 


Chapter 3. Dynamics over Global Fields 


3.2. Schanual [391] (or see [256, Theorem 5.3]) proves a general formula for a num- 
ber field K: 


li = 
Bove BN#i ¢x(N +1) 


in HAP PMA): Hx(P) SB} _ hx Rx/wx (Mere weyers 
Di? , 
K 


where hy, Rx, we, Cx,DxK, 11, and rg are, respectively, the class number, regu- 
lator, number of roots of unity, zeta function, absolute discriminant, number of real 
embeddings, and number of complex embeddings of K. 
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3.4. See [410, Theorem III.5.9] or [256, Lemma 2.2 in §3.2]. For better estimates, 
see (256, §3.2] and the references cited there. 

3.9. See [309]. 

3.14. This exercise was suggested to the author by Rob Benedetto. 

3.38. See [411]. 

3.40. (b) See [411, Proposition 1.2]. 

(c) See [411, Theorem B]. 

3.46. See [411]. 

3.21. Sylvester’s original article is [428]. See [2, 215] for additional material on 
Sylvester’s and other related sequences. 

3.22. This exercise was inspired by [2] and [184, Exercise 4.37]. 

3.49. (a) See [306]. 

(b) ge(z) = 23 — (e — 1)z?/2 — (e? + 2e + 9)z/4 + (e? + e? + Te — 1)/8 and 
Disc(ge) = (e? +e + 7). 


Chapter 4. Families of Dynamical Systems 


4.4. See [313, Proposition 3.2 and Lemma 3.4]. 

4.6. This exercise was suggested to the author by Michelle Manes. 

4.7. (b,c) These formulas are due to Morton and Vivaldi [314]. 

4.8. See [313, Theorem 2.1]. For a generalization to morphisms of higher-dimen- 
sional varieties, see [214]. 

4,12. (e) See [314]. 

4.13. See [307]. 

4.15. See [132, Proposition 8.6]. 

4.20. (a,b) See [305, 309]. 

(c,d) See [171]. 

4.30. This exercise was inspired by Milnor’s paper [303], which studies the geome- 
try and topology of the spaces that we have denoted by BiCritg and MBiCrt 

4.36. (a) See [414, example in Section 7]. 

(b) (01(¢), 02(¢)) = (—6, 12). 

4.45. See [414, Section 6]. 

4.49, This result is due to Szpiro and Tucker [431]. It is a dynamical version of 
Faltings’ theorem (Shafarevich conjecture) [165, 164] that there are only finitely 
many principally polarized abelian varieties of given dimension with good reduction 
outside of a finite set of primes. 


Chapter 5. Dynamics over Local Fields: Bad Reduction 


5.1. See, for example, [324, §10.1] or [78]. 

5.6. (a) This is wellknown. See [233] for a more general result. 

5.10. See [436, §19.9] for a proof of the residue theorem over algebraically closed 
base fields due to Roquette. 

5.11. (b) Rivera-Letelier shows in his thesis [372] that every indifferent periodic 
point is contained in a “domain of quasiperiodicity” that contains infinitely many 
(indifferent) periodic points. 
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5.21. Hsia [208] uses a version of this result in his proof of Montel’s theorem with 
moving targets. 

5.25. See [56]. 

5.26. This exercise was suggested to the author by Rob Benedetto. 

5.27. See [234] for the analogous result on P. 

5.28. See [233] for the analogous result on P'’, including explicit values for the 
Holder constants. 

5.29. For elliptic curves, this is due to Tate (unpublished letter to Serre) if K, is not 
algebraically closed and to the author [408] for arbitrary K’,. See [88, Section 5] for 
the general dynamical case. 

5.32. See [88] for a general construction of local canonical heights associated to 
dynamical systems with eigendivisor classes. 

5.45. This exercise, which appears in a paper of Rivera-Letelier, was suggested to 
the author by Rob Benedetto. 


Chapter 6. Dynamics Associated to Algebraic Groups 
6.27. These examples are due to Noam Elkies [150]. 


Chapter 7. Dynamics in Dimension Greater Than One 


7.4, deg 6” = 2l("+2)/3! and dyndeg() = *72. 

7.5. (c) This example is due to Hasselblatt and Propp [199]. 

7.12. This exercise was inspired by the work of Jogia, Roberts, and Vivaldi [219, 
218, 383, 384], who prove results and state conjectures on how reversibility and 
integrability affect the growth of C,(@) and related quantities. 

7.14. This family of integrable maps was discovered by McMillan [293]. For an even 
larger family of integrable maps called the QRT family, see [364, 365]. 

7.15. This result is due to Veselov [439]. 

7.16. This author thanks Shu Kawaguchi for providing a solution to this exercise 
(private communication). 

7.17-7.21. These exercises are due to Kawaguchi [230]. 

7.20. See [230, Proposition 4.2] and [413, remark following Theorem 3.1]). 

7.24. See [233]. 

7.26. See [409, §5]. 

7.28. This exercise was suggested to the author by Shu Kawaguchi. 

7.32. See [409, Corollary 2.3]. 

7.33. See [409, Corollary 2.4(b)]. 

7.36. See [409]. 

7.38. See [409]. 

7.40. (d) See (210, §11.8). 

(f) The estimates (7.41) and (7.42) are due, respectively, to Cohn [108] and Za- 
gier [451]. See also Baragar’s articles [32, 33] for a higher-dimensional analogue in 
which the counting function N(T) grows like (log T)* for an irrational exponent e. 
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7.41-7.44, These exercises were inspired by the work of Baragar, Luijk, and Wang 
(34, 35, 36, 37, 38, 39, 446], who study the arithmetic and dynamical properties of 
these triple-involution K3-surfaces. 

7.44, This example is due to Baragar [38, §4], who notes that 113¢19413(Po) = Po 
and 112l13412(Po) = Po. 
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¢” n™ iterate of the map ¢, 1 

¢ the identity map, | 

Og(a) orbit of a by the map ¢, 1 

Per(¢, 3) set of periodic points of ¢ in S, 1 

PrePer(¢, S) set of preperiodic points of ¢ in S, 1 

Grors torsion subgroup of the abelian group G, 2 
Aut(P') automorphism group of the projective line, 10 
PGL2 projective linear group, 10 

GL2 general linear group, 10 

gf linear conjugation of @ by f, 11 

p chordal metric on P’(C), 11 

€ald) ramification index of ¢ at a, 12 

Ag(a) multiplier of ¢ at periodic point a, 18 

Pern(?) set of points of period n, 18 

Per?” (¢) set of points of exact period n, 18 

oO space of differential one-forms, 19 

M the Mandelbrot set, 26 
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Ta the d'" Chebyshev polynomial, 29 
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Gio 
Wreath(H, S) 
0 


Pern(¢) 
Per, (¢) 
Per;,” (¢) 
va(n) 
ap(n) 
ap(n) 
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ABC conjecture, 372, 373 
abelian group 
preperiodic point equals torsion 
point, 2, 41, 326 
torsion subgroup, 2 
abelian variety, 409, 442 
Bogomolov conjecture, 129 
field of definition, 217 
field of moduli, 217 
Manin—Mumford conjecture, 127 
Néron local height, 104 
Raynaud’s theorem, 127 
absolute height, 85 
logarithmic, 93 
absolute value, 43 
archimedean, 82, 83 
completion of a field at an, 83 
effect of polynomial map on, 288 
equivalent, 44 
extension formula, 83, 84 
local degree, 83 
nonarchimedean, 44, 82, 83, 242 
of a point, 90, 288 
of a polynomial, 91, 288 
on function fields, 44 
on Q, 82, 312 
p-adic, 44, 82 
product formula, 83 
standard set of (Mx), 83 
abstract dynamical system, | 
realizable sequence, 6 
addition on an elliptic curve, 31 
additive group, 30 
additivity of height, 408, 421 
affine automorphism, 390, 427 
algebraically reversible, 429 
algebraically stable, 396, 433 
canonical height, 431 


473 


composition of elementary maps 
and Hénon maps, 402 
composition of involutions, 429 
degree, 394 
degree of inverse, 394, 395 
disjoint indeterminacy locus, 394 
dynamical degree, 433 
fixed point, 427 
height inequality, 399, 431 
height of periodic points, 402 
Hénon map, 390 
indeterminacy locus, 389, 392 
dimension of, 394 
disjoint, 394 
of inverse, 392 
of iterate, 394 
inverse may have different degree, 
390 
iterate may have wrong degree, 390 
number of orbits over a finite field, 
430 
periodic points of, 394, 400 
regular, 391, 394, 427 
periodic points of, 428 
reversible Hénon map, 430 
affine coordinate ring 
of Ma, 189 
of Ma, 176, 179 
as Z-scheme, 186, 189 
contains oS”, 183 
contains o{”), 183, 232 
of Rata, 169, 174 
affine line, Berkovich, 301 
affine minimal model of a rational map, 
112, 372, 385 
affine minimal rational map, 372 
affine morphism, 375, 388 
algebraically stable, 396, 433 
degree of composition, 392 
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affine morphism (continued) 
dynamical degree, 397, 428 
finite quotient, 376 
homogenization, 389 
indeterminacy locus, 389, 392, 427 
iterates, 376 
jointly regular, 397, 429 
lift of, 389 
uniquely determines endomorphism 
and translation, 376 
affine plane 
absolute value, 288 
lift of rational map, 287 
projection to projective line, 287 
with origin removed, 287 
affine space 
absolute value, 90 
height, 397 
projection to projective space, 287 
algebraic closure, 85 
algebraic dynamics, 6 
algebraic entropy, 397 
algebraic family, 159, 230 
field of definition, 159 
induces map to dynatomic curve, 
159 
of P*’s, 171 
of morphisms, 171 
of quadratic maps, 194 
algebraic geometry, 402 
algebraic group, 325 
commutative, 375 
conjugation is action on, 173 
finite quotient, 376 
iterates of affine morphism, 376 
simple, 377 
universal cover, 375 
algebraic point in Julia set, 40 
algebraic set, 90 
attached to an ideal, 90 
ideal of, 90 
algebraic variety, 89, 147, 159 
dynamically affine, 376 
quotient by finite group, 161 
quotient by infinite group, 161, 174 
algebraically closed field, 26, 242 
Cp is an, 239 
algebraically integrable map, 430 


algebraically reversible affine 
automorphism, 429 
algebraically stable morphism, 396, 433 
degree, 396 
indeterminacy locus, 396 
ample divisor, 406 
bounded height is finite set, 408 
analytic function, see holomorphic 
function 
annulus, 302 
archimedean absolute value, 83 
arithmetic complexity 
height in Ma, 221 
minimal discriminant, 221 
of orbit on K3 surface, 435 
arithmetic function, 6 
Arzela—Ascoli Theorem, 25 
attracting basin of oo, 74, 138, 140, 141 
attracting periodic point, 19, 47, 326, 362 
accumlates on a critical point, 78 
basin of attraction, 310 
every periodic point is an, 78 
immediate basin of attraction, 310 
in Berkovich space, 310, 324 
in Fatou set, 22, 40 
limit is repelling, 274 
of Type I, 310 
reduction is critical, 78 
automorphism 
action on critical point, 234 
affine, 390, 427 
affine regular, 394 
algebraically reversible, 429 
canonical height, 431 
finitely many periodic points, 435 
height inequality, 399, 431 
height of periodic points, 402 
induced by degree 2 map, 411, 436, 
437 
is subgroup of PGLe, 234 
nondegenerate, 226 
of order two, 96, 197, 235 
rational, 430 
automorphism group, 340, 341 
containing ¢,,z, 205, 234 
contains jl, 235 
cyclic, 197, 204 
dihedral, 217, 234, 327 
extension of cocycle to PGL2, 203 
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automorphism group (continued) 
involution, 410 
is finite, 196 
list of possible, 197 
no twists if trivial, 198 
noncommuting involutions, 410, 
437 


of Chebyshev polynomial, 332, 336 


in characteristic p, 381 
of conjugate, 196, 234 
of elliptic curve, 365 
of monomial map, 327 
in characteristic p, 380 
of power map, 327 
in characteristic p, 380 
of projective line, 10 
of 24, 234 
order two, 198, 200 
points stabilized by, 425, 434 
polynomial map with nontrivial, 
234 
rational map, 196 
symmetric group, 197 
trivial for most maps, 199, 234 
{z**}, 205, 234 


Backward orbit 
dense for shift map, 314 
dense in Berkovich Julia set, 311 
dense in Julia set, 267 
equidistributed, 315 


equidistributed for shift map, 315 


of rational map, 109, 142 
bad reduction 
becomes good reduction, 218 
Berkovich Julia set of map with, 
307, 311 
complex dynamics has, 294 
composition of maps, 77 


composition of maps can be good, 


77 


Green function of map with, 294, 


318 
of @(P) is not 6(P), 77 
product of primes of, 221 
Baire category theorem, 268 
Baker’s theorem, 107, 155 
Banach algebra, 298 
Baragar’s theorem, 443 


base locus, 406, 408 
basin of attraction, 74, 138, 140, 141, 310 
immediate, 310, 311 
Benedetto’s theorem, 284-286 
Berkovich affine line, 301 
as ringed space, 304 
contained in Berkovich projective 
line, 303 
contains Cp, 302, 304, 323 
Gel’ fond topology restricts to Cp 
topology, 304, 323 
has no Gauss point, 302 
is Hausdorff, 304 
is locally compact, 304 
is tree, 302 
is uniquely path connected, 304 
no Type-IV fixed points, 321 
polynomial map, 304 
Berkovich disk, 295 
annulus, 302 
base of open sets, 300 
big model, 323 
branch, 300 
closed branch, 300 
closed of radius R, 297, 301 
closed unit, 297 
contains unit disk in Cp, 295, 301, 
323 
dynamics of 27,307 
Gauss point, 297, 301 
Gel’ fond topology 
restricts to C, topology, 301, 323 
Gel’fond topology, 300, 322 
good reduction polynomial map, 
321, 322 
Hsia kernel, 323 
is compact, 295, 300, 304 
is connected, 295 
is Hausdorff, 300, 304 
is metric space, 295 
is path-connected, 300 
is set of bounded seminorms, 297 
is set of seminorms, 296 
is uniquely path connected, 304 
Julia set of good reduction map, 322 
line segment from Gauss point to 
Type-IV point, 322 
line segment in, 298 
neutral fixed point, 322 


476 


Berkovich disk (continued) 


of radius R, 297, 301 

open branch, 300 

potential theory, 323 

radius of Type-IV point is positive, 
296 


seminorm associated to each type of 


point, 297 

small model, 323 

topology on, 299 

union of annulus and open branch, 
302 

visualizing, 298 


Berkovich Julia set 


backward orbit dense in, 311 

equals closure of repelling periodic 
points, 311 

has empty interior, 311 

is connected or infinitely many 
components, 311 

is perfect set, 307, 311 

is uncountable, 307, 311 


Berkovich projective line, 301, 302 


as homogeneous two-variable 
seminorms, 303, 305 
as ringed space, 304 
attracting fixed point, 324 
basin of attraction, 310 
branch at infinity, 302 
canonical measure, 306 
support of, 307 
contains Berkovich affine line, 303 
contains P*(C,), 304, 323 
domain of quasiperiodicity, 310, 
311 
dynamics of z?, 307 
Fatou set, 306, 311 
contains classical, 306 
Gel’ fond topology restricts to C, 
topology, 304, 323 
immediate basin of attraction, 310, 
311 
is compact, 304 
is Hausdorff, 304 
is uniquely path connected, 304 
Julia set, 306 
contains classical, 306 
equals closure of repelling 
periodic points, 311 
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is nonempty, 307 
of bad reduction map, 307, 311 
of good reduction map, 307, 311, 
322 
Montel theorem, 310, 311 
rational map, 305 
recurrent point, 310 


Berkovich space, 294 


attracting fixed point, 324 
attracting periodic point, 310 
basin of attraction, 310 
canonical measure, 6, 306 
support of, 307 
connectivity of, 276 
different centers yield same point, 
295 
domain of quasiperiodicity, 310, 
311 
dynamics of 2°, 307 
dynamics on, 304 
Fatou set, 306, 311 
fixed Gauss point, 321 
Gauss point, 297 
Gel’ fond topology, 322 
good reduction polynomial map, 
321, 322 
Hsia kernel, 323 
immediate basin of attraction, 310, 
311 
invariant measure, 104 
is set of seminorms, 296 
Julia set, 306 
equals closure of repelling 
periodic points, 311 
is nonempty, 307 
of bad reduction map, 307, 311 
of good reduction map, 307, 311, 
322 
Laplacian of local canonical height, 
104 
line segment from Gauss point to 
Type-[V point, 322 
Montel theorem, 310, 311 
neutral fixed point, 322 
path metric, 306, 323 
potential theory, 323 
radius of a point, 296 
radius of Type-IV point is positive, 
296 
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Berkovich space (continued) 
recurrent point, 310 
repelling periodic point, 310 
rigid analytic space, 298 
seminorm associated to each type of 
point, 297 
topology on, 299 
Type-I-IV points, 295 
Bézivin’s theorem, 274, 275 
Bézout’s theorem, 428 
bicritical rational map, 233 
bidegree, 405, 410 
bifurcation point, 165 
bifurcation polynomial, 165 
is a power, 165, 226, 227 
big model of Berkovich disk, 323 
big-Oh notation, 93 
bihomogeneous polynomial, 405, 410 
binomial theorem, 206, 261 
birational map on Markoff variety, 437 
Bogomolov conjecture, 129 
dynamical, 129 
Borel probability measure, 127 
bounded height 
finitely many points of, 86, 407 
is finite set, 408 
Misiurewicz points have, 167 
bounded seminorm 
automatically nonarchimedean, 321 
properties, 321 
set of is Berkovich disk, 297 
bounded seminorm on C, [z], 296 
branch at infinity in P®, 302 
branch of Berkovich disk, 300 
Brauer group, 204 
Brauer-—Siegel theorem, 368 
Brolin measure, 307 
bulb, 166 


Canonical divisor, 214 
canonical height, 97, 99, 100, 287 
algorithm to compute, 99, 318 
associated to an eigendivisor class, 
104 
commuting maps have same, 137 
conjugation invariance, 137 
finitely many points of bounded, 
423 


infinitely many points of bounded, 
435 
is sum of Green functions, 290, 318 
Lehmer’s conjecture, 101, 138 
local, 102, 291, 320 
local for a polynomial map, 140, 
141 
lower bound for, 101, 137, 138, 221 
normalization conditions, 422 
normalized local, 141 
of point in Fatou or Julia set, 138 
on abelian variety, 409 
on elliptic curve, 409 
on K3 surface, 421, 423, 426, 435, 
436 
with three involutions, 438 
product h*h~, 435 
quadratic map, 137, 138 
regular affine automorphism, 431 
sum of local canonical heights, 103, 
293 
Tate construction, 97 
transformation formulas, 422, 432 
uniqueness, 98 
zero iff finite orbit, 423, 431 
zero iff preperiodic point, 99 
zeta function, 436 
canonical measure, 127, 306 
on Berkovich space, 306 
support is Julia set, 307 
supported at Gauss point, 307 
cardiod, 166 
Cauchy estimate for norm of derivative, 
252, 313 
Cauchy residue theorem, 20, 248, 314 
Cauchy sequence, 98, 240, 296 
chain rule, 18, 360 
calculate multiplier with, 19, 47 
change of variables, 11 
chaos, 3, 22 
Chebyshev polynomial, 29, 30, 95, 329 
algebraic properties, 41, 329 
alternative normalization, 30, 331 
automorphism group, 332, 336 
in characteristic p, 381 
binomial coefficient identity, 380 
commutativity, 41, 329, 332, 378 
defining equation, 30 
derivative identity, 381 
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Chebyshev polynomial (continued) 
derivative in characteristic 2, 381 
differential equation characterizing, 

334 
dynamical properties, 41 
even, 41, 329 
explicit formula, 41, 329 
fixed point, 332, 380 
in characteristic p, 381 
in characteristic 2, 381 
in characteristic p, 380, 381 
is monic of degree d, 329 
Julia set, 30, 41, 336 
multiplier of fixed point, 332, 380 
in characteristic p, 381 
multiplier summation formula, 380 
not conjugate to monomial, 381 
odd, 41, 329 
periodic point, 41 
recurrence relation, 41, 329 
twist, 336 
uniform boundedness of periodic 
points, 137 
value of T2, 73,14, 41 
chordal metric, 102 
complex, 11, 144 
dehomogenized form, 11 
distance between closed disks, 268 
effect of linear fractional 
transformation, 76 

equals distance on Riemann sphere, 
11, 35 

invariant maps for, 35 

inversion is isometry, 35 

Lipschitz property satisfied, 11, 24, 
36, 56 

on inverse image of rational map, 
115, 144 

related to Euclidean distance, 119 

relation to cross-ratio, 72 

resultant measures expansion, 56, 
76 

v-adic, 45, 46, 144, 243 

value is between zero and one, 11 

chordal sup norm, 269 

circle, 242 
is open and closed, 243 

class field theory, 202, 204 

class number, 350 


of quadratic imaginary field, 368 
closed branch of Berkovich disk, 300 
closed disk, 242 

closed under addition, 243 

distance between, 268 

equivalent nested sequences, 322 

Gel’ fond topology restricts to C, 

topology, 301, 323 

image of D(0,1) by PGLa, 317 

image under inversion, 321 

in P*, 243 

is open, 243 

is ring of integers, 243 

nested sequence, 295, 322 

radius of image by polynomial, 321 

rational radius, 243, 278, 295 

standard collection, 277 
CM, see complex multiplication 
coarse moduli space, 160 
coboundary, 201, 202, 209 

trivial when extended, 203 
cocycle, 201, 202 

cohomologous, 202 

determines field of moduli, 209 

PGLz gives twist of P’, 211 
cocycle corresponds to twist?, 203 
Cohn’s theorem, 443 
cohomology group, 202 

maps to Brauer group, 204 

twists map to, 202, 236 
cohomology set, 202 
commutative algebraic group, 375 

universal cover, 375 
commuting maps, 8 

Chebyshev polynomial, 332 

Fatou set, 378 

have same canonical height, 137 

have same preperiodic points, 38 

higher-dimensional, 378 

Julia set, 378 

Lattés, 382 

monomial, 325, 326, 380 

polynomial, 378 

power map, 326, 380 
commuting rational map, 378 
complete field, 240 

circle, 242 

closed disk, 242 

Cp, 242 
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complete field (continued) 
extension, 24] 
holomorphic function, 244 
open disk, 242 
power series converges iffa, — 0, 
244 
projective space compact iff ir 
locally compact, 243 
completely invariant set, 17, 258, 266 
boundary of Julia set, 23 
closed, 267 
component at infinity, 40 
contains Berkovich Julia set, 311 
Fatou set, 23, 40, 266 
finite, 16, 266 
Julia set, 23, 40, 266 
completion of a field, 83 
valued, 241 
complex chordal metric, 11, 144 
complex multiplication, 32, 341, 348 
by Z{p], 341 
by Zii], 341 
degree of an endomorphism, 349 
fractional ideal gives curve with, 
350 
ideal class group, 350 
is quadratic imaginary, 349 
complex orbifold, 176 
complex projective line, see projective 
line 
complex torus, 33 
fundamental domain, 33, 127 
conformal map of Mandelbrot set 
complement, 167 
conjugacy class in space of rational maps, 
174 
conjugation, 11 
canonical height is invariant, 137 
linear, 11, 173 
new coordinate functions, 218 
connectivity 
Berkovich space, 276 
disk, 276 
Julia set, 26, 165 
Mandelbrot set, 167 
rigid analytic, 276 
continuity, 22 
equi-, 254, 264, 265, 271, 306, 313 
uniform, 39, 254, 313 


continuous function, 10, 253 
on metric space, 22 
convex hull, 249 
coordinate ring, see affine coordinate ring 
counting lemma, 425 
Cp, 239 
bounded seminorm on on C,|z], 
296 
Cauchy sequence, 296 
compact Julia set example, 275 
is algebraically closed, 239, 242 
is complete, 242 
is contained in Berkovich affine 
line, 302 
is totally disconnected, 239, 276, 
294 
not locally compact, 239, 294 
projective space is bounded, 243 
projective space not compact, 243 
unit disk contained in Berkovich 
disk, 295, 301, 323 
valuation, 249 
value group is Q, 294 
critical point, 12, 284, 353 
bounded orbit, 26, 165 
distinct modulo p, 237 
image under automorphism, 234 
Julia set with no, 285 
number of for rational map, 14, 37 
number of for separable map, 37 
of Lattés projection, 384 
orbit for quadratic map, 26, 165 
periodic, 38 
postcritical set, 280 
ramification index, 12, 36 
rational map with two, 233 
reduction is if point is attracting, 78 
repelling, 166 
strictly preperiodic, 26, 166 
tamely ramified, 37 
totally ramified, 12 
unbounded orbit, 26 
whose reduction is periodic, 78 
wildly ramified, 37 
critical value, 353, 382 
distinct modulo p, 237 
cross-ratio, 71, 132, 348 
j-invariant in terms of, 348 
permutation invariant, 79 
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cross-ratio (continued) 
relation to chordal metric, 72 
cubes, sum of two, 141 
curve 
cubic, 30 
function with given divisor, 214 
genus, 15, 37 
of genus at least two, 107 
quotient by finite group, 161 
Riemann-Roch theorem, 214 
twist, 200, 211, 215, 236 
cuspidal cubic map, 193 
cycle of n-periodic points, 150, 226 
cyclic automorphism group, 204 
cyclic group, 197 
cyclotomic extension, maximal, 95 
cyclotomic field, 69, 123 
dynamical analog of, 123 
Frobenius, 130 
Galois group, 129 
cyclotomic polynomial, 39, 148, 224 
resultant with multiplier 
polynomial, 226 
cyclotomic unit, 69, 72, 133, 328 
action of Galois, 133 


Degenerate point for involution on K3 
surface, 415 
degenerate quadratic map, 194 
degree 
map on divisor class group, 405 
map on divisor group, 405 
map on function fields, 44 
map on Picard group, 405 
of algebraically stable morphism, 
396 
of composition of affine 
morphisms, 392 
of divisor, 339, 405 
of endomorphism, 349 
of family of morphisms, 171 
of flexible Lattés map, 357 
of inverse of affine automorphism, 
390 
of isogeny, 340 
of iterate of affine automorphism, 
390 
of Lattés map, 34 
of morphism, 389 


of polynomial, 389 
of rational map, 10, 89, 388, 389 
two map induces involution, 411 
universal map of given, 171 
degree 2 map induces involution, 436, 
437 
derivative 
formal, 12, 37, 313 
norm of, 252, 313 
of Chebyshev polynomial, 381 
in characteristic 2, 381 
dessins d’enfant, 217 
diagonal map, 150, 216, 226 
differential equation characterizes 
Chebyshev polynomial, 334 
differential form used to define 
multiplier, 19 
dihedral group, 197, 217, 234, 327 
infinite, 419, 435 
dimension of family of K3 surfaces, 412, 
438 
Diophantine approximation, 104 
Baker’s theorem, 107 
Dirichlet’s theorem, 104, 141 
effective version, 107 
Roth’s theorem, 104, 108 
Diophantine equation, 4, 104, 202 
Pell, 106 
Thue’s theorem, 105 
Dirac measure, 128 
Dirichlet’s theorem on Diophantine 
approximation, 104, 141 
disconnected Julia set, 26 
discrete dynamical system, 1 
discrete periodic point, 428 
discrete valuation, 44 
discriminant, 132, 134, 146, 368 
elliptic curve, 30, 337, 343, 370, 
385 
minimal, 221, 342 
of dynatomic polynomial, 226, 227 
disk, 242 
Berkovich, 295 
closed, 242 
closed under addition, 243 
connected, 317 
distance between, 268 
image of unit disk by PGLa, 317 
image under inversion, 321 
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disk (continued) 


in P*, 243 

in topological space, 277, 317 

nested sequence, 295 

open, 242 

polynomial sends to disk, 312 

power series sends to disk, 252, 305 

radius of image by polynomial, 321 

rational radius, 243, 248, 252, 278, 
295 

Siegel, 28 

standard collection, 277 

sup norm of function on, 247 


disk component, 277, 317 


image may not be disk component, 
283 

is maximal disk connected set, 317 

is open, 317 

map on induced by rational map, 
283 

no wandering, 284 

nonarchimedean has simple form, 
278 

of (z? — z)/p, 283 

open set is disjoint union of, 277, 
317 

periodic, 283 

preperiodic, 283 

same as path-connected component 
over C, 277 

set of, 283 

wandering, 283 


disk connected set, 276, 317 


maximal is disk component, 317 


disk domain, no wandering, 284, 285 
distance 


between closed disks, 268 

between images via linear fractional 
transformation, 269, 316 

logarithmic, 102 


division polynomial, 362, 383 


resultant, 383 


divisor, 338, 403 


action of involution, 418, 419, 438 

ample, 406 

associated to a rational function, 
339 

associated vector space L(D), 406 

base locus, 406, 408 


degree of, 339, 405 
effective, 406 
positivity of height, 408 
group of principal, 339 
intersection on K3 surface, 434 
is difference of effective, 406 
linear equivalence, 404 
linearly equivalent give same 
height, 408 
local ring, 403 
of a rational function, 320, 403 
of degree zero, 405 
on K3 surface, 418 
positive, see effective divisor 
principal, 320, 403, 405 
principal iff degree and sum are 
zero, 339, 409 
pullback, 404 
pullback of linearly equivalent, 405 
pushforward, 404 
rational map associated to, 406 
Riemann-Roch theorem, 214 
support, 403 
very ample, 406 
divisor class 
ample, 406 
base locus, 406 
very ample, 406 
divisor class group, 403 
degree map, 405 
exact sequence, 404 
height map on, 408 
pullback homomorphism, 405 
divisor group, 339, 403 
degree map, 339, 405 
summation map, 339 
domain of quasiperiodicity, 310, 311 
domain, no wandering, 276, 284, 285 
Douady—Hubbard theorem, 167 
double cover, 410 
of elliptic curve, 347 
Drinfeld module, 6 
dual isogeny, 340, 352 
duplication map 
elliptic curve, 32, 338, 351, 370 
on Q/Z, 168, 229 
dynamical Bogomolov conjecture, 129 
dynamical degree, 397, 428, 433 
dynamical Galois equidistribution, 128 
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dynamical Lehmer conjecture, 101, 138 
dynamical Manin—Mumford conjecture, 
127 
dynamical system, 1 
abstract, | 
algebraic, 6 
discrete, 1 
integrable, 429, 430 
iteration of arithmetic functions, 6 
on Drinfeld modules, 6 
on finite field, 2, 5 
on finite set, 1 
on foliated spaces, 6 
on function field, 5 
on group, 2 
on metric space, 3 
on topological group, 8 
on topological space, 3 
reversible, 429 
symbolic, 258, 314 
dynamical unit, 69 
action of Galois, 133 
for power map, 328 
generic monic polynomial, 146 
generic rational map, 146 
polynomial map, 71, 132 
quadratic map, 134, 145, 146 
rational map, 71, 72, 79, 132, 133 
dynamically affine morphism, 376 
dynatomic curve, 156, 157, 161 
action of z? + con, 161 
genus, 164, 230 
is coarse moduli space, 160 
is fine moduli space, 230 
is irreducible, 164 
is modular curve, 158 
map X1(2) > Xo(2), 162 
map X1(3) — Xo0(3), 230 
points solve moduli problem, 159 
quadratic polynomial, 156 
quotient, 161 
Xo(4), Xo(5), Xo(6), 230 
X (1), X1(2), X1(8) are rational, 
157 
X1(4), X1(5), X1(6), 230 
dynatomic divisor, 150 
dynatomic field, 123 
action of Galois, 124 


Galois group is subgroup of wreath 
product, 125 

quadratic polynomial, 123 

ramification, 129, 131 

unit, 129 


dynatomic polynomial, 39, 148, 149, 181 


associated multiplier polynomial, 
225, 227 

dehomogenized, 149 

discriminant, 226, 227 

for z? +c, 156 

generalized, 227, 229 

homogeneous of degree va(n), 181 

is a polynomial, 151, 226 

of z+ 1/z, 224 

of 2” + bz, 182 

order at P (ap(n)), 151, 225, 226 

quadratic map, 39 

reducible, 235 

resultant of two, 165, 226, 227 


dynatomic 0-cycle, 150, 226 


is positive, 226 


Effective divisor, 406 


positivity of height, 408 


eigenvalue, 421 


involution, 438 


elementary symmetric polynomial, 87, 


180 


elimination theory, 417 
elliptic curve, 30, 336, 409 


addition law, 31 
automorphism group, 340, 341 
explicit description, 342 
canonical height, 409 
complex multiplication, 32, 341 
complex uniformization, 33, 127 
critical values of quotient, 353 
defined over K, 337 
degree 2 map is even, 382 
degree map on divisors, 339 
degree of an endomorphism, 349 
degree of an isogeny, 340 
determined by critical values of 
double cover, 347 
discriminant, 30, 337, 383 
division polynomial, 362, 383 
divisor group of, 339 
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elliptic curve (continued) 


divisor is principal iff degree and 
sum are zero, 339, 409 
divisor of a function, 339 
divisor on, 338 
dual isogeny, 340, 352 
duplication formula, 338 
duplication map, 32, 351, 370 
endomorphism ring, 31, 340, 341, 
378 
field generated by torsion, 344, 363 
flexible Lattés map, 355 
fundamental domain, 33, 127 
geometric points, 337 
global minimal Weierstrass 
equation, 343, 371 
good reduction, 58, 62, 342, 343, 
362, 383 
good reduction implies reduction is 
homomorphism, 342 
group law, 337 
explicit formulas, 338 
is algebraic, 338 
Haar measure, 127 
Hecke correspondence, 369 
height on, 409 
ideal class group maps to CM, 350 
identity element, 337 
integer point, 372 
integral 7-invariant, 370 
invariant differential, 344, 359, 367 
inverse of a point, 337 
is a pair (EF, O), 337 
is abelian group, 338 
isogeny, 339 
is homomorphism, 340 
is unramified, 340, 353 
isomorphic to Picard group, 339 
isomorphism class, 337 
j-invariant, 337 
kernel of endomorphism, 343 
Lattés map, 32, 97, 351 
preperiodic points, 41, 352 
level curve of integrable map, 430 
L-series, 409 
minimal Weierstrass equation, 222, 
342 
modified group law, 382 


morphism is isogeny and 
translation, 339 
m-torsion subgroup, 343 
multiplication map, 31, 112, 340, 
383 
effect on height, 409 
kernel, 343 
noncommutative endomorphism 
ring, 378 
nonconjugate Lattes maps, 354 
in characteristic 2, 383 
nonsingular, 337 
normalized embedding of 
endomorphism ring, 345 
point at infinity, 336 
potential good reduction, 371 
principal divisor, 339 
has degree zero, 339 
quasiminimal Weierstrass equation, 
371, 385 
quotient by automorphism group, 
346, 365 
rational point, 337 
reduction modulo p, 342 
reduction of torsion points, 62, 343, 
364 
subgroup of -rational points, 338 
summation map on divisors, 339 
supersingular, 378 
Szpiro conjecture, 221 
Tate’s algorithm, 342 
torsion equidistributed, 127 
torsion point, 41 
torsion subgroup, 32, 343, 352 
twist, 198, 341, 374 
uniform bound for integer points, 
372 
uniform boundedness of torsion, 97, 
369 
universal cover, 346 
Weierstrass go function, 34, 345 
Weierstrass class, 237 
Weierstrass equation, 30, 336, 409 


elliptic modular curve, 163 
endomorphism ring 


elliptic curve, 340, 341, 378 
kernel, 343 

multiplicative group, 325, 378 
noncommutative, 378 
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endomorphism ring (continued) 
normalized embedding in C, 345 
order in quadratic imaginary field, 
341 
order in quaternion algebra, 341 
entropy, 6 
algebraic, 397 
equicontinuity, 3, 22, 254, 264, 265, 271, 
313 
Fatou set is maximal open, 22 
is not open condition, 40, 254 
on a metric space, 22 
topological, 306 
equidistribution, 6 
dynamical Galois, 128 
Galois of a sequence, 128 
of preperiodic points, 128 
of small height points, 128 
torsion on elliptic curve, 127 
equi-Lipschitz, 313 
equivalence relation from group action, 
234 
Erémenko’s theorem, 378 
ergodic theory, 6 
essential singularity, 23 
étale map, 353 
Euclidean distance versus chordal metric, 
119 
Euler totient function, 137, 164, 182 
iteration of, 6 
exact period, 1, 18, 38, 150 
condition for larger formal period, 
151, 165, 226 
rational map has points of different, 
154, 155, 196 
exceptional set, 16, 17, 266 
exercise 
hard ( 
textbf*), 7 
unsolved (**), 7 
extension formula, 83, 84 


Faltings’ theorem, 107, 442 
family of maps, 171, 194 
Fatou domain, 240 
Fatou set, 22, 255 
all of P*, 26, 59, 239 
Berkovich, 306, 311 
canonical height of points in, 138 
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classical contained in Berkovich, 
306 
classification of connected. 
components, 28 
complement of Julia set, 22 
component at infinity is completely 
invariant, 40 
contains attracting periodic points, 
40 
contains nonrepelling periodic 
points, 256 
empty, 26, 35, 361 
Herman ring, 28 
is completely invariant, 23, 40, 266 
is nonempty, 256, 285, 314 
is open, 22 
Julia set is boundary, 25 
local canonical height of points in, 
141 
no wandering disk domains, 284, 
285 
no wandering domains, 28 
nonarchimedean, 254 
number of connected components, 
27 
of an iterate, 24, 255 
of commuting maps, 378 
of (z? — z)/p, 283 
of z*, 22 
parabolic component, 28 
polynomial cannot have Herman 
ring, 28 
recurrent critical point is periodic, 
284, 317 
set of disk components, 283 
Siegel disk, 28 
Fermat’s little theorem, 2, 252, 275 
Fermat’s sum of two squares theorem, 
200, 236 
field 
complete, 240 
completion, 241 
extension of complete, 241 
finite, 2 
of characteristic p, 37 
separable extension, 37 
valued, 44, 240 
field of definition, 206 
abelian variety, 217 
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field of definition (continued) 
cocycle is coboundary, 209 
contains field of moduli, 208 
covering map, 217 
intersection of all is field of moduli, 
236 
not equal to field of moduli, 208, 
213, 236 
of algebraic family, 159 
of morphism, 89 
of point, 86, 122, 145 
of quotient variety, 161 
field of moduli, 177, 207 
abelian variety, 217 
cocycle, 209 
contained in field of definition, 208 
covering map, 217 
equals field of definition for 
polynomials, 215 
equals field of definition if degree is 
even, 215 
from image in M4, 207 
is intersection of all fields of 
definition, 236 
not equal to field of definition, 208, 
213, 236 
of a point, 145 
filled Julia set, 74, 140 
Green function, 140 
fine moduli space, 160, 172, 230 
finite field 
dynamical system on, 2, 5 
function field over, 5 
finite invariant set, 16, 266 
finite subgroup of PGLg, 197 
fixed point, 18 
attracting in Berkovich space, 324 
flexible Lattés map, 382 
Galois conjugates, 180, 184 
Galois group, 427 
index summation formula, 20, 38, 
255, 314, 380, 382 
Lattes map, 34 
multiplier, 18, 47, 180 
at infinity, 38 
neutral, 322 
no Type-IV, 321 
nonrepelling, 255, 314 
in Fatou set, 256 


of affine automorphism, 427 
of Chebyshev polynomial, 332, 380 
in characteristic p, 381 
of Type I, Il, Ill, FV, 322 
rational, 427 
rational map, 149 
real, 427 
repelling in Julia set, 256 
residue index, 38 
rigid Lattés map, 366, 384 
summation formula, 20, 38, 255, 
314, 380, 382 
symmetric polynomial of 
multipliers, 180 
totally ramified, 16, 17, 37 
flexible Lattés map, 187, 355 
composition of, 382 
degree, 357 
fixed points, 382, 384 
good reduction, 362, 383 
multiplier, 358, 366, 382, 384 
spectrum, 356 
multiplier at oo, 383 
periodic points, 358, 382, 384 
FOD, see field of definition 
foliated space, 6 
FOM, see field of moduli 
formal derivative, 12, 37, 313 
formal group, 67 
formal multiplier spectrum, 182, 183 
of z? + bz, 182 
of 27, 182, 183 
formal period, 18, 39, 150 
algebraic family induces map to 
dynatomic curve, 159 
algebraic family of points of given, 
159 
condition for smaller primitive 
period, 151, 165, 226 
moduli problem, 158 
va(n) points of formal period n, 
150, 224 
formal power series, 5 
periodic points over ring of, 78 
forward orbit, 1, 108, 280, 353 
fractional ideal, 350 
exact sequence, 404 
height formula, 136 
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fractional linear transformation respects 
reduction, 50 
free product of cyclic groups, 419, 435 
Frobenius map, 351 
cyclotomic field, 130 
periodic points are attracting, 78 
function 
analytic, 244 
equicontinuous family, 254, 264, 
265, 271, 306, 313 
equi-Lipschitz family, 313 
holomorphic, 244 
meromorphic, 244 
uniformly continuous family, 39, 
254, 313 
uniformly Lipschitz family, 39, 254, 
256, 264, 265, 271, 313, 315 
function field, 5 
absolute values on, 44 
dynamics, 5 
functoriality of height, 407, 421 
fundamental domain, 33, 127 


Galois cohomology, 205 
Galois conjugate, measure supported on, 
128 
Galois equidistributed sequence, 128 
Galois equidistribution, 128 
Galois group 
action on dynatomic field, 124 
action on PGLa, 203 
action on projective space, 122 
action on rational map, 207, 211 
cyclotomic field, 129 
of dynatomic field, 123, 125 
of field generated by periodic 
points, 122 
of fixed point, 427 
orbit of conjugate point, 137 
profinite topology, 211 
subgroup associated to rational 
map, 207 
subgroup of wreath product, 125 
Galois invariance of height, 85 
Galois-invariant orbit on K3 surface, 436 
Galois theory, 122 
Gauss norm, 296 
associated Gauss point, 297 
is sup norm, 296 


on Cp[z], 296 
on Tate algebra, 298 
Gauss point, 297 
fixed by polynomial, 321 
is Julia set of good reduction map, 
307, 322 
line segment to Type-IV point, 322 
of Berkovich disk of radius R, 301 
Gel’fond metric, 306 
Gel’fond topology, 300, 322 
base of open sets, 300 
not induced by path metric, 306, 
323 
restricts to Cp, topology, 301, 304, 
323 
general linear group, 10 
generalized dynatomic polynomial, 227 
for quadratic map, 229 
generalized Weierstrass equation, 336 
generating function for degree of rational 
map, 397, 428 
generic fiber, 77 
generic rational map 
dynamical unit, 146 
not very highly ramified, 231 
genus, 15, 37 
of Xo(n), 164 
of X1(4), X1(5), X1(6), 230 
of X1(n), 164 
geometric invariant theory, 176 
geometric point, 337 
geometric quotient, 179 
GLa, 10 
global minimal model, 222 
implies trivial Weierstrass class, 
223 
over Q, 236 
global minimal Weierstrass equation, 
343, 371 
difference from quasiminimal, 385 
global S-minimal model, 237 
good reduction, 43, 58, 218 
abelian variety, 442 
attracting periodic points, 64 
Berkovich Julia set of map with, 
307, 311, 322 
composition of maps, 59, 77 
degree of reduction is same, 58 
elliptic curve, 342, 362, 383 
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good reduction (continued) 


finiteness of periodic points, 66 

from bad reduction, 218 

Green function of map with, 289, 
294, 318 

iff resultant is unit, 58, 218 

implies reduction is 
homomorphism, 342 

is everywhere nonexpanding, 59 

Julia set is empty, 59, 239 

local canonical height for, 103, 141 

map on Berkovich disk, 321, 322 

nonrepelling periodic points, 64 

of o(P) is @(P), 59 

of a rational map, 58 

over power series ring of 
characteristic p, 78 

period of reduced point, 62, 66, 78 

periodic points reduce to periodic 
points, 61 

potential, 371 

scheme-theoretic characterization, 
59, 61, 77 

separable, 64 

twists with outside S, 237 

u-adic distance between periodic 
points, 69 


graph, 150, 216, 226 
Green function, 287, 288 


algorithm to compute, 318 

complex, 140 

defining properties, 289 

homogeneity properties, 289 

is continuous, 289 

is Hélder continuous, 318 

modified, 318 

of bad reduction map, 294, 318 

of good reduction map, 289, 294, 
318 

relation to local canonical height, 
291 

sum is canonical height, 290, 318 


group, 2 


action, 234 

additive, 30 

algebraic, 325 
commutative algebraic, 375 
dynamical system on, 2 
law on elliptic curve, 338 


multiplicative, 29 

multiplicative scheme, 29 
periodic points form subgroup, 8 
variety PGL2, 170 

wreath product, 125 


H", 202, 236 
Haar measure, 127 
half a loaf, 133 
hard problem ( 
textbf*), 7 
harmonic function, local canonical height 
is, 140 
Hausdorff space, Berkovich disk is, 300 
Hecke correspondence, 369 
height, 4, 81 
absolute, 85 
absolute logarithmic, 93 
additivity, 408, 421 
bounded for ample divisor is finite 
set, 408 
canonical, 97, 99, 100, 287, 409 
on K3 surface, 421, 426, 435, 
436 
effect of morphism of degree d, 90, 
136, 398, 407, 409 
effect of rational map, 388 
effectivity of constants, 408 
elliptic curve, 409 
effect of multiplication map, 409 
equals one iff root of unity, 88, 100 
field extension formula, 84 
finitely many points of bounded, &6, 
407, 423 
for linearly equivalent divisors, 408 
fractional ideal formula, 136 
functoriality, 407, 421 
Galois invariance of, 85 
h([u,a,b]) < h([u,a]) + h((u, 6]), 
398, 428 
in affine space, 397 
inequality for jointly regular affine 
morphisms, 397, 429 
inequality for nonregular affine 
automorphism, 429 
inequality for regular affine 
automorphisms, 399, 431 
infinitely many points of bounded, 
435 
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height (continued) 
is at least one, 84 
is well-defined, 84 
Lehmer’s conjecture, 100, 101, 138 
logarithmic, 93 
lower bound for, 100, 101, 137, 
138, 221 
machine, 407 
map on Picard group, 408 
Misiurewicz points have bounded, 
167 
number of points of bounded, 135, 
136, 441 
on K3 surface, 425 
of a rational map, 143 
of a rational point, 82 
of an algebraic point, 84 
of isolated periodic points is 
bounded, 402 
of polynomial and its roots, 136, 
138 
of wandering point for regular 
affine automorphism, 432 
on K3 surface, 420 
on Mg, 237 
on P™ x P™, 409, 420 
on projective space, 407 
positivity, 408 
product h*+ ho of canonical, 435 
transformation rules on K3 surface, 
420 
uniqueness, 408 
Weil, 89, 407 
zeta function, 436 
height machine, 407 
Hénon map, 390, 402 
number of orbits over a finite field, 
430 
reversible, 430 
Hensel’s lemma, 48 
Herman ring, 28 
Hilbert basis theorem, 90 
Hilbert Nullstellensatz, 90, 92 
Hilbert theorem 90, 199, 205, 207 
Holder continuity of Green function, 318 
holomorphic function, 244 
coefficients uniquely determined, 
312 
distance between image disks, 268 


dynamics of, 23 
equicontinuous family, 254, 264, 
313 
equi-Lipschitz family, 313 
family omitting one point, 264, 315 
Fatou set, 24, 255 
is continuous, 253 
is open, 253 
Julia set, 24, 255 
Lipschitz bound, 248, 254, 272 
maximum modulus principle, 250 
Montel theorem, 264, 271, 315 
Newton polygon, 249 
norm, 247 
norm of derivative, 252, 313 
order of, 244 
product is holomorphic, 312 
reciprocal is holomorphic, 313 
roots determined by Newton 
polygon, 249 
sends disks to disks, 252, 305 
uniformly continuous family, 254, 
313 
uniformly Lipschitz, 254, 264, 265, 
271, 313, 315 
zeros are isolated, 244 
homogeneous coordinates, 10 
homogeneous ideal, 89 
homogeneous polynomial, 10 
representation of integer by, 105 
homogeneous seminorm, 303, 305 
homogeneous space, 6 
homogenization, 389 
Hsia kernel, 323 
Hsia’s theorem, 264, 265, 271, 273 
Hurwitz formula, 13, 217 
hyperbolic component of Mandelbrot set, 
166 
hyperbolic map, 317 
nonarchimedean, 279, 285, 317 


Icosohedral group, 197 

ideal 
algebraic set attached to, 90 
attached to an algebraic set, 90 
Hilbert basis theorem, 90 
homogeneous, 89 
radical, 89 

ideal class group, 350 
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ideal class group (continued) 
exact sequence, 404 
map to CM elliptic curves, 350 
identity element of an elliptic curve, 337 
imaginary field, quadratic, 341 
immediate basin of attraction, 310, 311 
inclusion—exclusion, 148, 224 
indeterminacy locus, 389, 427 
dimension, 394 
disjoint, 394 
of involution on K3 surface, 413 
of iterate, 394 
indifferent periodic point, 19, 47, 326 
one implies infinitely many, 314 
induced rational map, 389 
inertia group, 344 
infinite dihedral group, 419, 435 
integer point 
counting on Markoff variety, 437 
cutoff for in orbits, 375 
in orbit, 3, 108, 109, 112, 142, 143, 
145 
in orbit of z + 1/z, 8 
on FP! minus 3 points, 106, 108 
on elliptic curve, 372 
on Markoff variety, 437 
orbits with many, 110, 111, 143, 
375 
uniform bound in orbits, 112, 372, 
385 
value of rational function, 143 
integrable map, 429, 430 
level curve is elliptic curve, 430 
level set, 431 
McMillan family, 443 
QRT family, 443 
intersection theory, 434 
invariant differential, 344, 359, 367 
is holomorphic, 345 
is translation-invariant, 345 
transformation for {m], 345 
invariant measure, 307 
invariant set, 16 
completely, 17, 266 
contains Berkovich Julia set, 311 
Fatou and Julia sets are completely, 
23 
finite, 16, 266 
inverse function theorem, 115, 144 


over Cp, 312 
inverse of point on elliptic curve, 337 
inversion maps disk toj, 321 
involution, 410 
action on divisor, 418, 419, 438 
as linear transform on Picard group, 
420 
composition is reversible affine 
automorphism, 429 
degenerate point, 415 
eigenvalue of, 421, 438 
formulas to compute, 433 
indeterminacy locus, 413 
induced by degree 2 map, 411, 436, 
437 
is morphism on most K3 surfaces, 
417, 434, 438 
noncommuting, 410 
not a morphism, 436, 437 
on Markoff variety, 436 
quotient by, 410 
relation between noncommuting, 
419, 435 
surface in P™ x P% with two, 436 
three noncommuting, 437 
irrational number approximated by 
rational number, 104 
irrationally neutral periodic point, 19, 47 
isogenous elliptic curves, 339 
isogeny, 339 
degree, 340 
dual, 340, 352 
is homomorphism, 340 
is unramified, 340, 353 
isolated point, 402 
Julia set contains no, 25 
of bounded height, 402 
periodic, 402 
preperiodic, 8 
isospectral family, 186, 188, 356, 362 
iterate, coordinate functions of, 149, 226 
iteration commutes with conjugation, 11 
itinerary, 258 
as map on sequence space, 260 
left shift, 260 


Jacobian variety, 369 
j-invariant, 221, 337 
in terms of cross-ratio, 348 
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jointly regular affine morphisms, 397, is nonempty, 25 


429 
height inequality, 397, 429 


Julia set, 22, 255, 284 


algebraic points, 40 
all of P’, 26, 35, 361 
backward orbit is dense, 25 
Berkovich, 306 
backward orbit dense in, 311 
for bad reduction map, 307, 311 
for good reduction map, 307, 
311, 322 
has empty interior, 311 
is connected or infinitely many 
components, 311 
boundary is completely invariant, 
23 
boundary of Fatou set, 25 
canonical height of points in, 138 
chaotic behavior, 22 
Chebyshev polynomial, 30, 41 
classical contained in Berkovich, 
306 
closure of repelling periodic points, 
4] 
compact, 275 
complement of Fatou set, 22 
connected, 26, 165 
contained in closure of periodic 
points, 273 
contains repelling periodic points, 
40, 256 
disjoint from postcritical set 
closure, 280 
effect of strictly preperiodic critical 
points, 26 
equal to Zp, 275 
equals closure of repelling periodic 
points, 27, 274, 311 
filled, 74, 140 
Green function for filled, 140 
has empty interior, 267 
in two disks, 257 
is closed, 22 
is closure of backward orbit, 267 
is completely invariant, 23, 40, 74, 
266 
is empty for good reduction map, 
26, 59, 239 


is perfect set, 23, 25, 267, 307, 311 

is uncountable, 267, 307, 311 

local canonical height of points in, 
141 

no critical points, 285 

nonarchimedean, 254 

nonempty interior, 26 

of an iterate, 24, 255 

of Chebyshev polynomial, 336 

of commuting maps, 378 

of Lattés map, 35, 361 

of (z* — z)/p, 262, 283, 315 

of z? — 2, 40 

of z7, 22 

of z---(z-d+1)/p, 315 

open set orbit omits at most one 
point, 266 

orbit of open subset, 27 

periodic points dense, 23, 263, 315 

smallest closed completely invariant 
set, 267 

strictly expanding map on, 279, 317 

support of canonical measure is, 
307 

topologically transitive map, 263, 
315 

totally disconnected, 23, 26 

with no critical points, 279 


K3 surface, 410, 412 


action of involution on divisors, 
418, 419, 438 
A orbit, 418 
arithmetic complexity of orbit, 435 
canonical height, 421, 423, 426, 
435, 436 
infinitely many points of 
bounded, 435 
normalization conditions, 422 
product h*+h~, 435 
transformation formulas, 422 
zero iff finite orbit, 423 
degenerate point for involution, 415 
dimension of family of, 412, 438 
divisors on, 418 
eigenvalue of involution on 
divisors, 421, 438 
finitely many periodic points, 435 
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K3 surface (continued) 
finitely many points of bounded 
canonical height, 423 
Galois-invariant orbit, 436 
H'(S,Os) = 0, 412 
height functions on, 420 
height transformation rules, 420 
height zeta function, 436 
homogeneous forms associated to, 
412, 433 
in P' x P! x P', 437 
indeterminacy locus of involution, 
413 
intersection theory, 434 
involution, 411 
as linear transform on Picard 
group, 420 
example, 411 
formulas, 433 
is morphism on most, 417, 434, 
438 
Kodaira dimension, 412 
nonsingular, 438 
number of points of bounded 
height, 425 
orbit is Zariski dense, 435 
Picard group of general, 418 
projections to P?, 410 
relation between noncommuting 
involutions, 419, 435 
stabilizer of point on, 425, 434 
with three involutions, 437, 438 
Kawaguchi’s theorem, 399, 431 
Kodaira dimension, 412 
Kronecker’s theorem, 88, 100 
Krylov—Bogolubov theorem, 127 
Kummer sequence, 205 


£-adic representation, 344 
Lang’s height lower bound conjecture, 
101, 221 
Lang’s integer points conjecture, 112 
Lattés diagram, 365 
Lattés map, 32, 97, 186, 187, 351 
affine minimal, 372, 385 
commuting, 378 
composition of, 382 
critical point of 7, 384 
critical values, 353 


cutoff for integral points in orbit, 
375 
defining equation, 32, 351 
degree, 34 
fixed points, 34, 366, 382, 384 
flexible, 355 
for multiplication-by-(1 + i), 32 
for multiplication-by-2, 32, 351, 
370 
on j = O curve, 351, 381 
on j = 1728 curve, 35] 
good reduction, 362, 383 
higher-dimensional, 377 
in characteristic p, 366 
integral j-invariant, 370 
isospectral family, 362 
iterate, 382 
multiplier, 34, 186, 358, 366, 382, 
384 
at 00, 383 
of fixed point, 382 
spectrum, 362 
summation formula, 382 
nonconjugate, 354 
in characteristic 2, 383 
to polynomial, 381 
periodic points, 186, 358, 366, 382, 
384 
all attracting, 362 
all nonrepelling, 362 
expanding, 35 
in Julia set, 35, 361 
padically 
p-adically, 361 
postcritical set, 353 
postcritically finite, 353 
preperiodic points, 32, 41, 352 
projection to E/T, 365 
reduced diagram, 365 
rigid, 364 
set of is monoid, 382 
torsion points map to preperiodic 
points, 41 
translation fixed by I’, 365 
uniform bound for integral points in 
orbit, 372, 385 
uniform boundedness of periodic 
points, 137 
lattice, 33 
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Laurent series, 245 
coefficients uniquely determined by 
function, 312 
of Schwarzian derivative, 232 
product of, 312 
least period, see exact period 
Lefschetz principle, 20, 365 
left shift map, 259, 314 
as itinerary map, 260 
backward orbit dense, 314 
backward orbit equidistributed, 315 
continuous, 259 
is topologically transitive, 259 
Lipschitz, 259 
periodic points, 259 
are dense, 314 
properties of, 259 
topologically transitive, 314 
uniformly expanding, 259 
Lehmer’s conjecture, 100, 138 
dynamical, 101, 138 
level curve of integrable map, 430 
level set of an integrable map, 431 
Lie group, 6 
lift, 287 
from F,, to Zp, 48 
of affine morphism, 389 
of rational map, 287, 389 
line bundle, metrized, 410 
line segment 
from Gauss point to Type-IV point, 
322 
in Berkovich disk, 298 
of Newton polygon, 249 
linear conjugation, 11, 173 
commutes with iteration, 11 
linear equivalence, 403, 404 
divisors give same height, 408 
pullback preserves, 405 
linear fractional transformation, 10 
action of Galois, 203 
chordal sup norm, 269 
distance between images, 269, 316 
effect on chordal metric, 76 
image of unit disk, 317 
Lipschitz constant, 36 
move three points, 36 
on PY, 226 
resultant of, 76 


linear group 
general, 10 
projective special, 175 
special, 175 
Lipschitz, 11, 24, 36, 56 
equi-, 313 
holomorphic function, 248, 254, 
272 
shift map, 259 
uniform family, 39, 254, 256, 264, 
265, 271, 313, 315 
local canonical height, 102, 291 
associated to a divisor, 320 
associated to an eigendivisor class, 
104 
computation of, 103 
existence proof, 291 
for a polynomial map, 103, 140, 
141 
good reduction case, 103, 141 
Green function and, 291 
is harmonic, 140 
Laplacian is invariant measure, 104 
normalized, 141 
of point in Fatou or Julia set, 141 
properties of, 102, 291, 320 
sum to global canonical height, 103, 
293 
transformation law, 320 
local degree, 83 
local ring, 67, 79 
at a divisor, 403 
normalized valuation, 403 
locally compact, 74, 239, 243, 304 
Cp is not, 239, 268, 294, 295 
locally constant function, 318 
locus of indeterminacy, 389 
affine automorphism, 392 
affine morphism, 392 
algebraically stable morphism, 396 
jointly regular affine morphisms, 
397, 429 
logarithmic distance, 102 
logarithmic height, 93 
absolute, 93 
logarithmic singularity, 140 
long exact sequence, 205 
Liiroth’s theorem, 158 
Lyubich measure, 307 
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Mahler measure, 138 
Mandelbrot set, 26, 165 
analytic description of Misiurewicz 
points, 229 
bulb, 166 
complement conformal to unit disk 
exterior, 167, 168 
component of interior, 166 
in disk of radius 2, 166 
is connected, 167 
Misiurewicz point, 166 
analytic description, 168 
dense in, 166 
in boundary, 166 
root of hyperbolic component, 166 
spider algorithm, 168 
uniformization, 167, 168 
Manes’s theorem, 235 
Manin—Mumford conjecture, 127 
dynamical, 127 
Markoff equation, 436 
integer points, 437 
Markoff triple, 437 
unicity conjecture, 437 
variety is rational, 437 
Masser—Oesterlé conjecture, 372, 373 
maximum modulus principle, 248, 250, 
252, 253, 268, 296, 298, 305, 
321 
false if K not algebraically closed, 
252 
for rational functions, 250 
Mazur’s theorem, 97 
Mazur—Kamienny—Merel theorem, 369 
McMillan family of integrable maps, 443 
McMullen’s theorem, 187, 367 
Ma, 188 
completion equals P?, 194 
explicit formula for 01, 02, 189 
is a rational variety, 232 
is a scheme over Z, 189 
isomorphic to A?, 188 
locus of polynomial maps, 232 
point with Aut(¢) = Sg, 234 
subvariety with Aut = pro, 235 
Ma, 174 
affine coordinate ring, 176 


coordinate ring contains o{”) and 
6°”), 183, 232 
field of moduli, 207 
generic map not very highly 
ramified, 231 
has dimension 2d — 2, 176 
height, 221, 237 
is a rational variety?, 232 
is a scheme over Z, 179, 186 
is a unirational variety, 232 
is a variety, 175 
is affine, 176 
is complex orbifold, 176 
is connected, 176 
is integral, 176 
is nonsingular?, 193 
Mo & A?, 189 
Msg embedded by o{”?, 232 
map from Ratg, 174, 175 
multiplier 1 is Zariski closed subset, 
230 
not embedded by o{””, 186, 187, 
356, 367 
rational points, 177 
semistable completion, 178 
stable completion, 178 
subvariety with nontrivial 
automorphisms, 199, 234 
twists have same image, 198, 22] 
4, 178 
has natural quotient property, 179 
is a scheme over Z, 179 
is geometric quotient, 179 
is quasiprojective, 178 
isomorphic to M;° iff d is even, 
178 
MF, 178 
is a scheme over Z, 179 
is categorical quotient, 179 
is projective, 178 
isomorphic to M3 iff d is even, 178 
measure, 6, 36 
Brolin, 307 
canonical on Berkovich space, 129, 
306 
Dirac, 128 
Haar, 127 
invariant, 104, 127, 307 
Lyubich, 307 
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measure (continued) 
spherical, 36 
support on Galois conjugates of 
point, 128 
weak convergence, 128 
Merel’s theorem, 97, 369 
meromorphic function, 244 
coefficients uniquely determined, 
312 
dynamics of, 23 
equicontinuous family, 254, 265, 
313 
equi-Lipschitz family, 313 
family omitting two points, 265, 
315 
Fatou set, 24, 255 
is continuous, 253 
is open, 253 
Julia set, 24, 255 
Laurent series, 245 
Montel theorem, 265, 315 
order of, 244 
pole, 244 
product is meromorphic, 312 
uniformly continuous family, 254, 
313 
uniformly Lipschitz, 254, 313 
zero, 244 
metric space, 3 
chaotic map, 3 
continuous function, 22 
equicontinuous collection of 
functions, 22 
equicontinuous map, 3 
Fatou set, 22 
Julia set, 22 
normal family of maps, 25 
of sequences, 258, 314 
path in, 306, 323 
SN is a, 258, 314 
uniform continuity, 39 
uniform Lipschitz, 39 
metrized line bundle, 410 
minimal discriminant, 221 
minimal model, 220, 222 
global S-, 237 
minimal resultant, 220, 221, 237 
exponent at p, 220 
is PGL2(K)-invariant, 221 


is resultant times power, 222 
of conjugate, 219 
valuation, 219 
minimal Weierstrass equation, 222, 342 
global, 343, 371, 385 
quasi, 371, 385 
Tate’s algorithm, 342 
Misiurewicz point, 166 
analytic description, 168, 229 
dense in Mandelbrot set, 166 
has bounded height, 167 
in boundary of Mandelbrot set, 166 
minimal polynomial, 230 
no neutral cycles, 166 
of type (m,n), 166 
repelling critical orbit, 166 
spider algorithm, 168 
subhyperbolic, 166 
Mobius inversion formula, 148, 224 
Mobius sz function, 39, 148, 149, 164, 
224 
modified Green function, 318 
modular curve 
dynatomic, 157, 158, 161 
elliptic, 163, 369 
Hecke correspondence, 369 
modular Jacobian, 369 
moduli space, 4, 26, 147 
coarse, 160 
degree of symmetric polynomial 
map, 187, 232, 367, 384 
fine, 160, 172, 230 
isospectral family, 188, 356 
Mz & A?, 188 
Mz & P*, 194 
map defined by symmetric 
polynomials of multipliers, 
187, 232, 367, 384 
of rational maps of degree d, 174 
scheme over Z, 179, 186, 189 
moduli, field of, 207 
MGbuus transformation, see linear 
fractional transformation 
monoid of Lattés maps, 382 
monomial map, 29, 95, 325, 428 
automorphism group, 234, 327 
in characteristic p, 380 
commuting maps, 326, 380 
dynamical unit, 328 
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monomial map (continued) 
in characteristic p, 380 
multiplier of periodic point, 326 
periodic point, 326 
preperiodic point, 326 
twist, 206, 328, 380 
monomial, number of given degree, 136 
Montel theorem, 25 
nonarchimedean, 264, 265, 271, 
281, 311, 315 
of Hsia, 265, 271 
of Rivera-Letelier, 311 
on Berkovich space, 310, 311 
with moving targets, 271 
morphism, 89, 388 
affine, 375, 388 
algebraic family of, 171 
bijective # isomorphism, 193 
Bogomolov conjecture, 129 
canonical height associated to, 99, 
287 
canonical measure, 127 
defined over K, 89 
degree of, 389 
degree of composition, 392 
dynamical degree, 397, 428 
dynamically affine, 376 
effect on absolute value, 288 
effect on height, 90, 136, 398, 407, 
409 
functoriality of height for, 407, 421 
Green function, 288 
induced on family, 171 
invariant measure, 127 
imvolution on most K3 surfaces is, 
417, 434, 438 
is open map, 433 
jointly regular, 397, 429 
local canonical height, 102 
over a variety, 171 
pullback of divisor, 404 
pullback of linearly equivalent 
divisors, 405 
pushforward of divisor, 404 
Morton-Silverman Conjecture, 96, 135, 
368 
for z*, 137 
for Lattés map, 370 
moving targets, 271 


m-torsion subgroup of elliptic curve, 343 
multiplication map 
by 2 on Q/Z, 168, 229 
on elliptic curve, 31, 340, 383 
effect on height, 409 
kernel of, 343 
multiplicative group, 29, 30 
endomorphism, 29, 325 
endomorphism ring, 378 
preperiodic points, 326 
quotient by {+1}, 29, 328 
torsion, 326 
multiplicative group scheme, 29 
multiplier, 18, 19, 47, 180 
at infinity, 38 
Lattés map, 383 
chain rule used to calculate, 19, 47 
Chebyshev polynomial, 41 
condition for unequal formal and 
primitive periods, 151, 226 
conjugacy invariant, 19 
differential one-form definition, 19 
equal to one, 225, 230 
flexible Lattés map, 186, 358, 382 
Galois conjugates, 180, 184 
integral over Q[Ratg], 180, 185 
is PGLzg invariant, 18, 180, 185 
minimal polynomial, 225, 227 
not equal to one, 41 
of a Lattés map, 34 
of critical periodic point, 38 
of degree two rational map, 190, 
233 
of fixed point of Chebyshev 
polynomial, 332, 380 
in characteristic p, 381 
of fixed point of Lattés map, 382 
of 2” + bz, 182 
rigid Lattés map, 366, 384 
root of unity, 151, 226 
symmetric polynomial of, 180, 183, 
187, 232, 367 
multiplier polynomial, 225, 227 
resultant with cyclotomic 
polynomial, 226 
multiplier spectrum, 182, 187 
flexible Lattés map, 356 
formal, 182 
isospectral family, 188, 356, 362 
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multiplier spectrum (continued) 
of Lattés map, 186 
of z? + bz, 182 
of z7, 182 


Natural numbers, 258 
n'*-dynatomic polynomial, 149, 181 
homogeneous of degree vg(n), 181 
Néron local height, 104 
nested sequence of closed disks, 295, 322 
associated seminorm, 297, 322 
equivalent, 322 
neutral fixed point, 322 
neutral periodic point, 19, 47 
Newton polygon, 248, 249, 252, 275, 276 
determines roots, 249 
line segment, 249 
n-multiplier spectrum, 182 
formal, 182 
of z*, 182 
no wandering domains 
disk conjecture, 284 
disk theorem, 284, 285 
theorem, 28, 276 
nonarchimedean absolute value, 44, 83, 
242 
morphism is open map, 433 
nonarchimedean analysis, 242 
nonarchimedean Cauchy residue formula, 
314 
nonarchimedean disk component 
has simple form, 278 
nonarchimedean hyperbolic map, 279, 
285, 317 
nonarchimedean inverse function 
theorem, 312 
nonarchimedean chordal metric, see 
v-adic chordal metric 
noncommutative monoid of Lattés maps, 
382 
noncommuting involutions, 410 
three, 437 
nondegenerate automorphism, 226 
nonrepelling cycles, number of, 27 
nonrepelling fixed point, 255, 314 
nonrepelling periodic point, 362 
in Fatou set, 256 
nonsingular elliptic curve, 337 
nonsingular K3 surface, 438 


norm, 247, 288 

Gauss on C,[z], 296 

of a holomorphic function, 247 

of derivative, 252, 313 

semi-, 296 

sup, 288 
normal family, 25 
normal forms lemma, 190, 233 
normalized coordinates, 49 
normalized Markoff triple, 437 
normalized rational map, 51, 75 
normalized valuation, 44, 249 
Northcott’s theorem, 94, 407, 423 

false for rational maps, 136 
notation, 7 
n-period polynomial, 149, 181 

homogeneous of degree d” + 1, 181 
Nullstellensatz, 90, 92, 408 
number field 

algebraic closure, 85 

completion of, 83 

extension formula for absolute 

values, 83, 84 

product formula, 83 

ring of integers, 83 

ring of S-integers, 83 
numerical criterion for (semi)stability, 

178 


O(1), 93 
octahedral group, 197 
one coboundary, 201, 202, 209 
trivial when extended, 203 
one cocycle, 201, 202 
corresponds to twist?, 203 
determines field of moduli, 209 
extension from Aut(¢) to PGLa, 
203 
of twist, 201 
open branch of Berkovich disk, 300 
open disk, 242 
closed under addition, 243 
image of D(0, 1) by PGLa, 317 
in P’, 243 
is closed, 243 
is maximal ideal, 243 
rational radius, 243, 278 
standard collection, 278 
open map, 10, 253, 312 
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open map (continued) 
morphism is, 433 
rational map is, 10, 24 
open set 
base of for Gel’fond topology, 300 
disjoint union of disk components, 
277, 317 
disk connected, 317 
iterates omit at most one point, 266 
orbit, 1 
backward is dense in Julia set, 267 
finite iff canonical height zero, 423, 
43] 
Galois-invariant on K3 surface, 436 
height zeta function, 436 
integral points, 3, 108, 109, 142, 
143 
construction of many, 110, 111, 
143, 375 
cutoff for, 375 
uniform bound for, 112, 372, 385 
integrality estimate for points in, 
112, 145 
number over a finite field, 430 
of critical points, 280 
is bounded, 26, 165 
is unbounded, 26 
of Galois conjugate, 137 
of open set omits at most one point, 
266 
product of multipliers, 19, 47 
S-integral points in, 143 
two sided, 432 
under collection of rational maps, 
143 
Zariski dense on K3 surface, 435 
orbit-counting function, 432 
ord, 12 
order 
in quadratic imaginary field, 341 
in quaternion algebra, 341 
of a holomorphic function, 244 
of a meromorphic function, 244 
ordy, 82 
of a polynomial, 218 
Ostrowski’s theorem, 44, 312 


yo, Weierstrass function, 34, 345 
p-adic absolute value, 44 


p-adic Cauchy residue formula, 314 
p-adic hyperbolic map, 279, 285, 317 
p-adic inverse function theorem, 312 
parabolic component, 28 
path-connected, 304 

Berkovich disk is, 300 

same as disk-connected over C, 277 
path metric, 306, 323 

does not induce Gel’ fond topology, 

323 

Pell equation, 106 
perfect set 

Berkovich Julia set is, 307, 311 

Julia set is, 267 


period 
exact, 150 
formal, 150 


of a point, 1, 18 
primitive, 150 
period polynomial, 149, 181 
dehomogenized, 149 
for z? +c, 156 
generalized, 227 
homogeneous of degree d” + 1, 181 
multiple root, 230 
order at P (ap(n)), 151, 226 
periodic disk component, 283 
periodic domain, 28 
periodic point, | 
algebraic family induces map to 
dynatomic curve, 159 
algebraic family of with given 
formal period, 159 
algebraic properties, 3 
attracting, 19, 47, 326, 362 
for good separable reduction, 64 
iff reduction is critical, 78 
in Berkovich space, 310 
in Fatou set, 22, 40 
basin of attraction, 310 
canonical height zero, 99, 431 
Chebyshev polynomial, 41 
closure contains Julia set, 273 
closure of repelling equals Julia set, 
274, 311 
condition for unequal formal and 
primitive periods, 151, 165, 
226 
critical, 38 


periodic point (continued) 


critical point with reduction a, 78 
cycle of, 150, 226 
cyclotomic, 95 
dense for shift map, 314 
differential one-form definition of 
multiplier, 19 
discrete, 428 
dynamical unit, 69, 71, 72, 79, 132, 
133 
dynamics on finite set, 7 
dynatomic field, 123 
equation of, 122 
equidistribution, 6 
every is attracting, 78 
exact period, 18, 38, 150 
field generated by, 122 
finitely many on K3 surface, 435 
finitely many rational, 8 
finiteness for regular affine 
automorphism, 400 
finiteness over number field, 66, 94, 
407 
finiteness over Q, 3 
flexible Lattés map, 358, 382 
form subgroup, 8 
formal period, 18, 39, 150 
moduli problem, 158 
Galois theory of field generated by, 
122 
generalized dynatomic polynomial, 
227, 229 
generalized period polynomial, 227 
immediate basin of attraction, 310 
index summation formula, 20, 38, 
255, 314, 380, 382 
indifferent, 19, 47, 326 
irrationally neutral, 19, 47 
isolated, 402 
Julia set is closure of nonrepelling, 
27 
Lattés map, 186 
least period, 18 
multiplier, 18, 19, 47 
at infinity, 38 
Lattés map, 35, 186 
of critical, 38 
power map, 326 
nonrepelling, 362 
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for good reduction, 64 
in Fatou set, 256 
number of, 39 
given period, 122 
nonrepelling cycles, 27 
of commuting maps, 8, 378 
of power map, 326 
of quadratic polynomial map, 96 
of regular affine automorphism, 
394, 428 
of (2? — z)/p, 263 
of 27 +1,8 
of z? — 1,8 
of 27 + a over finite field, 8 
of z---(z-—d+1)/p, 315 
on subvariety, 127 
one indifferent implies infinitely 
many, 314 
p-adic, 361 
prime period, 18 
primitive, 122 
field generated by, 123 
primitive period, 18, 150 
product of multipliers in orbit, 19, 
AT 
rational map can have infinitely 
many rational, 136 
rational map has points of different 
periods, 154, 155, 196 
rationally neutral, 19, 47 
in hyperbolic component, 28 
reduction of, 61, 62, 66, 78 
regular affine automorphism, 400 
relative abelian extension, 126 
repelling, 19, 47, 326, 361 
in Berkovich space, 310 
in Julia set, 22, 40 
limit of attracting, 274 
repelling in Julia set, 256 
residual degree, 310 
rigid Lattés map, 366, 384 
set of is Galois-invariant, 123 
shift map, 259 
summation formula, 20, 38, 255, 
314, 380, 382 
superattracting, 19, 47 
Type-I, 310 
Type-II, 310 
Type-IV, 321 
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periodic point (continued) 
uniform boundedness conjecture, 
96, 135, 368 
for 2%, 137 
for Lattés map, 370 
v-adic distance, 69 
periodic subvariety, 127 
permutation group, 124 
permutation polynomial, 5 
Pern (¢), 18 
PGLa, 10 
action of Galois, 203 
automorphism group is subgroup, 
234 
cocycle gives twist of P!, 211, 215 
conjugation is algebraic group 
action, 173 
equivalence, 195, 233 
extension of cocycle to Aut(¢), 
203 
finite subgroups, 197 
invariant functions on Ratg, 175 
is group variety, 170 
is Rati, 170 
map from PSLa, 175, 231 
minimal resultant is invariant, 221 
PGL2(K) equivalence, 195, 233 
quotient of Rata by, 174 
PGLn, 226 
map from PSL», 231 
Picard group, 339, 403 
action of involution, 418, 419, 438 
degree map, 405 
eigenvalue of involution, 421, 438 
exact sequence, 404 
generated by hyperplane, 405 
height map on, 408 
intersection theory for K3 surface, 
434 
isomorphic to elliptic curve, 339 
linear transform induced by 
involution, 420 
of general K3 surface, 418 
of P? x P?, 418 
of PX x P, 405, 406, 409 
pullback homomorphism, 405 
point 
absolute value, 90, 288 
at infinity, 10, 11 


on elliptic curve, 336 
field of definition, 86, 122 
polynomial action on Berkovich, 
305 
radius of in Berkovich space, 296 
reduction modulo a prime, 48 
sup norm, 90, 288 
pole, 244, 403 
polynomial 
absolute value of, 91, 288 
bidegree, 405, 410 
bihomogeneous, 405, 410 
bounded seminorm on ring of, 296 
cyclotomic, 148, 224 
degree of, 389 
dynatomic, 148, 149, 181 
elementary symmetric, 87 
Gauss norm, 296 
height of roots, 136, 138 
homogeneous, 10 
homogeneous ideal, 89 
local canonical height, 140 
normalized, 51 
number of monomials, 136 
ord,y, 218 
permutation, 5 
resultant of two, 53 
sup norm, 91, 288 
trihomogeneous, 437 
polynomial map, 17 
cannot have Herman ring, 28 
canonical measure on Berkovich 
space, 306 
Chebyshev, 29, 95, 329 
in characteristic p, 381 
commuting, 378 
complete invariance of component 
at infinity, 40 
condition for unequal formal and 
primitive periods, 165 
cyclotomic preperiodic points, 95 
dynamical unit, 71, 132 
of generic monic, 146 
effect on absolute value, 288 
filled Julia set, 74, 140 
finitely many rational periodic 
points, 8 
fixes Gauss point, 321 
FOM = FOD, 215 
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polynomial map (continued) 
good reduction, 321, 322 
has primitive periodic points of 
different periods, 155 
iff o1(d) = 2, 232 
iterate is a, 17, 37, 431 
iterates of open set omit at most one 
point, 266 
Lattés map not conjugate to, 381 
local canonical height, 103, 140, 
14] 
monomial, 29, 95, 325 
multipliers not equal to one, 41 
nontrivial automorphism group, 234 
number of nonrepelling periodic 
cycles, 27 
on Berkovich space, 304 
power, 95, 325 
power map, 29, 95, 234, 321, 325 
in characteristic p, 380 
on Berkovich space, 321 
radius of image disk, 321 
sends disks to disks, 305, 312 
wandering disk domains exist over 
Cp, 286 
polynomial type rational map, 143 
positive divisor, see effective divisor 
positivity of height, 408 
postcritical set, 280, 353 
potential good reduction, 371 
potential theory on Berkovich space, 323 
Hsia kernel, 323 
power map, 29, 95, 325 
automorphism group, 234, 327 
in characteristic p, 380 
commuting maps, 326, 378, 380 
dynamical unit, 328 
in characteristic p, 380 
multiplier of periodic point, 326 
on Berkovich space, 321 
periodic point, 326 
preperiodic point, 326 
twist, 206, 328, 380 
power series, 244 
coefficients uniquely determined by 
function, 312 
converges iff a, — 0, 244 
distance between image disks, 268 
family omitting one point, 264, 315 


formal, 5 
maximum modulus principle, 250 
Montel theorem, 264, 271, 315 
Newton polygon, 249 
norm of derivative, 252, 313 
periodic points in ring of, 78 
product of, 312 
sends disks to disks, 252, 305 
Tate algebra, 297 
preperiodic disk component, 283 
preperiodic disk domain, 284, 285 
preperiodic domain, 28, 276 
preperiodic point, 1 
canonical height zero, 99 
critical, 26, 166 
cyclotomic, 95 
dynamics on finite set, 8 
finitely many, 38 
finiteness over number field, 94, 
407 
Galois equidistribution, 128 
generalized dynatomic polynomial, 
227, 229 
generalized period polynomial, 227 
isolated, 8 
large ramification index implies is, 
37 
Lattés map, 32, 352 
of abelian group is torsion, 2, 41, 
326 
of commuting maps, 8, 38, 378 
of multiplicative group, 326 
of power map, 326 
on subvariety, 127 
reduction of, 61 
Type-IV, 321 
uniform boundedness conjecture, 
96, 135, 368 
for z4, 137 
for Lattés map, 370 
preperiodic subvariety, 127, 128 
prerequisites, 7 
prime divisor, 403 
degree, 405 
local ring, 403 
prime is sum of two squares, 200, 236 
prime period, see exact period 
primitive period, see exact period 
primitive periodic point, 122 
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primitive periodic point (continued) 
dynatomic field, 123 
field generated by, 123 
set of is Galois-invariant, 123 
principal divisor, 320, 339, 403 
has degree zero, 339 
probability measure, 127 
Borel, 127 
canonical, 127 
canonical on Berkovich space, 306 
invariant, 127 
product formula, 83, 84, 290 
profinite topology, 211 
projection map, 287 
of K3 surface to P?, 410 
projective general linear group, 10 
projective line 
automorphism group, 10 
Berkovich, 302 
change of variables, 11 
chordal metric, 11, 35, 45, 144, 243 
construction of, 10 
integer points on, 106, 108 
inversion is isometry, 35 
linear fractional transformation, 10 
morphism of over a variety, 171 
moving three points, 10, 36, 51 
not locally compact over Cp, 294 
over a variety, 171 
point at infinity, 10, 11 
rational map, 10 
Riemann sphere, 10 
Riemann—Hurwitz formula, 13, 217 
spherical measure, 36 
twist, 200, 211, 236 
twist trivial iff C(K) 4 , 215 
universal map of degree d, 171 
projective space 
absolute value of a point, 90 
action of Galois group, 122 
compact iff K locally compact, 243 
cross-ratio, 71, 79, 132, 348 
degree map on divisors, 405 
field of definition of point, 86, 122 
finitely many points of bounded 
height, 86, 407 
height, 82, 84, 407 
hyperplane generates Picard group, 
405 


monomial map, 428 
morphism, 89, 388 
is open map, 433 
moving N + 2 points, 75 
nondegenerate automorphism, 226 
normalized coordinates, 49 
number of points of bounded 
height, 135, 136, 441 
probability measure, 127 
product of two, 405, 406, 409, 418 
K3 surface in, 410 
surface with involutions in, 436 
projection map to, 287 
rational map, 89, 388 
Segre embedding, 406, 409 
projective special linear group, see PSL 
PSL, 175 
map to PGL, 175, 231 
stable locus, 176 
Puiseux series, 5 
pullback divisor, 404 
linearly equivalent, 405 
pushforward divisor, 404 


QRT family of integrable maps, 443 
quadratic formula, 261 
quadratic imaginary field, 341 
class number, 350, 368 
fractional ideals in, 350 
ideal class group, 350 
quadratic map 
algebraic family 
induces map to dynatomic curve, 
159 
algebraic family of, 159, 194, 230 
associated multiplier polynomial, 
227 
automorphism group contains jz, 
235 
automorphism of order two, 96, 235 
bifurcation point, 165 
bound for periodic points, 96 
canonical height, 137, 138 
conjugation to z? + ¢, 156 
degenerate, 194 
dynamical unit, 134, 145, 146 
dynatomic curve, 156, 157, 161 
dynatomic field, 123 
ramification, 131 
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quadratic map (continued) 
dynatomic polynomial, 39 
explicit formula for 71(¢), 181 
generalized dynatomic polynomial, 
229 
local canonical height, 141 
Mandelbrot set, 26, 165 
Misiurewicz point, 166 
minimal polynomial, 230 
orbit of critical point, 26, 165 
parameter space has dimension 
three, 168 
polynomial iff 01(¢) = 2, 232 
rational periodic points, 137 
reducible dynatomic polynomial, 
235 
space of conjugacy classes has 
dimension one, 168 
with preperiodic critical point, 166 
quadratic twist, 198 
rational map, 200 
quasiminimal Weierstrass equation, 371 
difference from global minimal, 385 
quaternion algebra, 341, 378 
quotient curve, 161 
Critical values, 353 
dynatomic, 161 
elliptic, 346 
quotient variety, 410 
by finite group, 161 
by infinite group, 161, 174 
categorical, 179 
field of definition, 161 
geometric, 179 
Ratg modulo PSL, 175 
rational points on, 177 
semistable, 179 
stable, 179 


Radical of an ideal, 89 
radius 

of Berkovich disk, 297, 301 

of Berkovich point, 296 

of Type-IV point is positive, 296 
ramification 

field generated by torsion on elliptic 

curve, 363 
in dynatomic field, 129, 131 


in field generated by torsion on 
elliptic curve, 344 


ramification index, 12, 36, 340 


automorphism invariant, 234 

divisibility by p, 37 

effect on chordal metric, 115, 144 

large implies preperiodic, 37 

of iterate, 117 

of Lattés projection, 384 

sum of over inverse image of a 
point, 15 


ramification point, see critical point 
Rati is PGLa, 170 
Rate, 170, 174 


normal forms lemma, 190, 233 
subvariety with Aut = pro, 235 


Rata, 169 


affine coordinate ring, 169, 174 

coordinate ring contains of”) and 
o("), 183, 232 

generic map not very highly 
ramified, 231 

geometry of boundary, 170 

in PSLg-stable locus, 176 

is a rational variety, 232 

is subset of P?4*1, 169 

map induced by Schwarzian 
derivative, 232 

map to Ma, 174, 175 

multiplier 1 is Zariski closed subset, 
230 

PGL2-invariant functions on, 175 

quotient by PGLa, 174 

quotient by PSLz2 is a variety, 175 

semistable rational maps, 178 

stable rational maps, 178 

subvariety with nontrivial 
automorphisms, 199, 234 

universal map over, 171 


Rat, 178, 179 

Rat’, 178, 179 

rational automorphism, 430 
rational function, 9 


divisor, 320, 403 

finitely many nonzero residues, 314 
formal derivative, 12, 313 

induces rational map, 10 

integer values of, 106, 108 
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rational function (continued) 


maximum modulus principle, 250 
pole, 403 

principal divisor, 320, 403 

residue, 313 

Schwarzian derivative, 231 

space of associated to a divisor, 406 
Taylor series, 12 

zero, 403 


rational map, 10, 89, 388 


action of automorphism on critical 
point, 234 
action of Galois, 207, 211 
acts on Xi(n), 161 
affine minimal, 112, 372, 385 
algebraic entropy, 397 
algebraically integrable 
automorphism, 430 
Arzela—Ascoli Theorem, 25 
associated field extension, 207 
associated Galois subgroup, 207 
automorphism group, 196 
contains jt, 235 
is finite, 196 
of conjugate, 196, 234 
order two, 235 
S3, 197 
{z*1}, 205, 234 
automorphism of order two, 96, 
197, 198, 200 
az + b/z, 96, 235 
backward orbit, 109, 142 
bad reduction, 77, 239 
bicritical, 233 
Bogomolov conjecture, 129 
can have infinitely many rational 
periodic points, 136 
canonical height, 99, 287 
lower bound, 221 
canonical measure, 127 
on Berkovich space, 306 
cocycle gives twist?, 203 
coefficients well-defined up to 
homogeneity, 169 
commuting, 378 
have same canonical height, 137 
have same preperiodic points, 38 
with polynomial, 378 
completely invariant set, 17, 266 


contains Berkovich Julia set, 311 
condition for unequal formal and 
primitive periods, 151, 165, 
226 
conjugation is algebraic group 
action, 173 
coordinate functions of iterate, 149, 
226 
critical point, 12, 284, 353 
distinct modulo p, 237 
periodic, 38 
critical value, 353, 382 
cutoff for integral points in orbit, 
375 
cyclic automorphism group, 197, 
204 
defined at P, 89 
degenerate quadratic, 194 
degree, 10, 89, 388, 389 
of composition, 392 
of regular, 394 
degree generating function, 397, 
428 
determined by 2d + 2 coefficients, 
169 
domain of quasiperiodicity, 310, 
311 
dynamical degree, 397, 428 
dynamical unit, 71, 72, 79, 132, 133 
of generic, 146 
dynamically affine, 376 
dynatomic field, 123 
dynatomic polynomial, 39, 148, 
149, 181. 
is a polynomial, 151, 226 
effect on absolute value, 288 
effect on height, 90, 388, 398, 407, 
409 
equicontinuous, 22 
equicontinuous family, 254, 265, 
313 
equi-Lipschitz family, 313 
étale, 353 
even degree implies FOM = FOD, 
215 
expanding on average, 36 
family omitting two points, 265, 
315 
Fatou set, 22, 24, 255 
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field of definition, 206, 236 
field of moduli, 177, 207, 236 
not field of definition, 208, 213, 
236 
finitely many preperiodic points, 38 
finitely many with bounded height 
and resultant, 237 
fixed point, 149 
formal n-multiplier spectrum, 182 
Galois equidistribution, 128 
generalized dynatomic polynomial, 
227, 229 
generalized period polynomial, 227 
generic not very highly ramified, 
231 
global minimal model, 222 
over Q, 236 
global minimal resultant, 220 
global S-minimal model, 237 
good reduction, 58, 59, 218, 239, 
362, 383 
Berkovich Julia set, 307, 311, 
322 
good reduction => same degree, 58 
graph, 216 
Green function, 288 
has d + 1 fixed points, 149 
has d” + 1 points of period n, 150 
has vg(n) points of formal period 
n, 150, 224 
has nonrepelling fixed point, 255, 
314 
has primitive periodic points of 
different periods, 154, 155, 
196 
height of, 143 
in Ma, 221, 237 
Herman ring, 28 
homogenization, 389 
hyperbolic, 279, 285, 317 
image of disk component may not 
be disk component, 283 
indeterminacy locus, 389, 427 
induced, 389 
induced map on disk components, 
283 
integer points in orbit, 3, 108, 109, 
142, 143 


integrality estimate for points in 
orbit, 112, 145 
invariant measure, 127 
inverse function theorem, 115, 144, 
312 
involution, 410, 436 
is a morphism if..., 89, 388 
is continuous, 10, 24, 253 
is open, 10, 24, 253, 312 
isospectral family, 186, 188, 362 
iterate is a polynomial map, 17, 37, 
431 
iterates of open set omit at most one 
point, 266 
iteration of regular is regular, 394 
itinerary of a point, 258, 260 
Julia set, 22, 24, 255, 284 
lift of, 389 
to affine space, 287 
linear conjugation, 11, 173 
minimal model, 220 
minimal resultant, 237 
is PGL2(K’)-invariant, 221 
of conjugate, 219 
monomial, 428 
Montel theorem, 25, 265, 315 
most have no automorphisms, 199, 
234 
most have no wildly critical point, 
284 
multiplier, 18 
at infinity, 38 
of fixed point, 18, 47, 180 
of periodic point, 19, 47 
spectrum, 182, 187 
summation formula, 20, 38, 255, 
314, 380, 382 
new coordinate functions of 
conjugate, 218 
no critical Julia points, 279 
no twists if trivial automorphism 
group, 198 
no wandering disk domains, 284, 
285 
no wandering domains, 28, 276 
nonrepelling periodic point in Fatou 
set, 256 
nonrepelling periodic points, 64 
normal family, 25 
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rational map (continued) 


normal form for degree two, 190, 
233 
normalized form, 51, 75 
n-period polynomial, 181 
number of critical points, 14, 37 
number of nonrepelling periodic 
cycles, 27 
number of periodic points, 39 
of polynomial type, 143 
omitting three points, 25 
on Berkovich space, 305 
orbit of collection of, 143 
orbit with many integral points, 
110, 111, 143, 375 
parabolic component, 28 
period polynomial, 149 
periodic point, 394 
field generated by, 122 
index summation formula, 20, 
38, 255, 314, 380, 382 
periodic subvariety, 127 
PGLa-equivalence, 195, 233 
PGL2(K)-equivalence, 195, 233 
polynomial if has totally ramified 
fixed point, 17 
postcritical set, 353 
power map, 29, 95, 234, 321, 325 
in characteristic p, 380 
preperiodic subvariety, 127, 128 
primitive periodic point, 122 
product of primes of bad reduction, 
221 
pullback of divisor, 404 
linearly equivalent, 405 
pushforward of divisor, 404 
quadratic is polynomial iff 
a1(@) = 2, 232 
quadratic twist, 200 
ramification index, 12, 36 
of iterate, 117 
ramification point, see critical point 
recurrent poit, 284, 310 
reducible dynatomic polynomial, 
235 
reduction modulo a prime, 52 
repelling periodic point in Julia set, 
256 
resultant, 56, 58, 75, 112, 218, 372 


of composition, 77 
of conjugate, 76 
of iterate, 184 
Riemann—Hurwitz formula, 13, 217 
self similarity, 196 
semistable, 179 
separable, 37 
separable reduction, 64 
set of (Rata), 169 
Siegel disk, 28 
S-integer points in orbit, 143 
space of conjugacy classes of, 174 
stable, 179 
strictly expanding on Julia set, 279, 
317 
symmetric polynomial of 
multipliers, 183, 187, 232, 367 
Taylor series, 190 
totally ramified fixed point, 37 
totally ramified point, 12 
twist, 197 
same image in Ma, 198, 221 
with good reduction outside S, 
237 
uniform bound for integral points in 
orbit, 112, 372, 385 
uniformly continuous family, 254, 
313 
uniformly Lipschitz, 254, 256, 313 
universal of degree d, 171 
valuation of minimal resultant, 219 
very highly ramified, 231, 284 
wandering disk domains exist over 
Cp, 285, 286 
Weierstrass class, 223, 237 
wildly critical point, 284 
with Aut(¢) = S3, 234 
with ¢nz in Aut(@), 205, 234 
with same minimal discriminant, 
221 
with two critical points, 233 
z+ b/z, 197, 198 
rational numbers, 7 
absolute values on, 44, 312 
rational radius, 243, 248, 252, 278, 295, 
317 
rational variety, 232 
rationally neutral periodic point, 19, 47 
in hyperbolic component, 28 
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Raynaud’s theorem, 127 
real fixed point, 427 
realizable sequence, 6 
recurrent point, 3, 284, 310 
critical in Fatou set is periodic, 284, 
317 
critical in Julia set, 284 
reduction 
good, see good reduction 
modulo p on elliptic curve, 342 
of a point modulo a prime, 48 
of a rational map, 52 
of periodic point, 61, 62, 66, 78 
of torsion on elliptic curve, 62, 343, 
364 
relation to v-adic distance, 49 
respected by fraction linear 
transformation, 50 
separable, 64 
regular affine automorphism, 391, 394, 
427 
algebraically stable, 396 
canonical height, 431 
zero iff finite orbit, 431 
degree, 394 
of inverse, 394, 395 
height inequality, 399, 431 
height of wandering point, 432 
indeterminacy locus, 394 
iterate is regular, 394 
number of periodic points, 428 
orbit-counting function, 432 
periodic points, 394, 400, 428 
regular function on Rata, 169, 174 
repelling periodic point, 19, 47, 326, 361 
closure equals Julia set, 274, 311 
dense in Julia set, 23, 263, 315 
in Berkovich space, 310 
in Julia set, 22, 40, 256 
limit of attracting, 274 
of Type Ii, 310 
one implies infinitely many, 274 
representation of Galois on elliptic curve 
torsion, 344 
residual degree, 310 
residue 
abstract, 313 
at simple pole, 313 
of a rational function, 313 


rational function has finitely many 
nonzero, 314 
residue fixed-point index, 38 
residue formula, 314 
resultant, 53, 107 
chordal metric formula, 76 
determinant formula, 54 
homogeneity of, 54, 219 
measures expansion, 56, 76 
minimal, 219 
nonvanishing defines Rata, 169 
normalized, 77 
of a composition of maps, 77 
of a linear fractional transformation, 
76 
of a rational map, 56, 58, 75, 112, 
218, 372 
of conjugate, 76 
of coordinate functions of iterate, 
227 
of division polynomial, 383 
of dynatomic polynomial, 165 
of iterate, 184 
of quadratic polynomial, 75 
product of differences of roots, 53, 
75 
properties of, 53 
transformation formulas, 75, 173, 
219 
unit iff good reduction, 58, 218 
with a linear polynomial, 75 
reversibility, 429 
reversible affine automorphism, 429 
composition of involutions, 429 
Hénon map, 430 
number of orbits over a finite field, 
430 
Riemann sphere, see projective line 
Riemann surface, 37 
Riemann—Hurwitz formula, 37 
V — E+ F formula, 37 
Riemann—Hurwitz formula, 13, 65, 109, 
117, 217, 340, 347, 379 
application to finite invariant set, 
16, 266 
for curves, 15, 37 
is local-global formula, 15 
weak version, 15 
Riemann-Roch theorem, 214, 337 
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rigid analytic connectivity, 276 
rigid analytic space, 298 
rigid Lattés map 
fixed points, 366 
good reduction, 383 
periodic points, 366 
ring of integers, 83 
ring of S-integers, 83 
Ritt’s theorem, 378 
Rivera-Letelier 
classification theorem, 310 
Fatou domain classification, 240 
strong Montel theorem, 311 
root of holomorphic function determined 
by Newton polygon, 249 
root of hyperbolic component of 
Mandelbrot set, 166 
root of unity 
iff height one, 88, 100 
multiplier, 151, 226 
primitive, 148 
Roth’s theorem, 104, 106, 120 
is ineffective, 107 
over number fields, 108 


Schanual’s theorem, 135, 441 
scheme, 59, 303 
good reduction, 59, 61, 77 
moduli, 179, 186, 189 
multiplicative group, 29 
Schwarzian derivative, 231 
Od,N; 187, 232 
degree unknown for d = 3, 188 
embeds Mo, 188 
Segre embedding, 406, 409 
self similarity, 196 
seminorm 
action of polynomial map, 304 
action of rational map, 305 
associated to each Berkovich point 
type, 297 
associated to nested sequence of 
disks, 297, 322 
is norm for Type-II,-III,-IV points, 
297, 321 
on C,[z], 296 
properties, 321 
set of bounded is Berkovich disk, 
297 


two variable homogeneous, 303, 
305 
semistable, 178 
locus of PSLz action on P*7+4, 178 
numerical criterion, 178 
quotient, 179 
rational map, 179 
separable field extension, 37 
separable rational map, 37 
number of critical points, 37 
sequence space, 258, 314 
backward orbit dense, 314 
backward orbit equidistributed, 315 
left shift, 259, 314 
metric on, 258, 314 
shift map periodic points dense, 314 
shift map topologically transitive, 
314 
Shafarevich conjecture, 442 
Sheshadri’s theorem, 179 
shift map, 259, 314 
as itinerary map, 260 
backward orbit dense, 314 
backward orbit equidistributed, 315 
continuous, 259 
is topologically transitive, 259 
Lipschitz, 259 
periodic points, 259 
periodic points dense, 314 
properties of, 259 
topologically transitive, 314 
uniformly expanding, 259 
Siegel disk, 28 
Siegel’s theorem 
integer points on P* minus 3 points, 
106, 110 
integrality of points on elliptic 
curves, 107 
is ineffective, 107 
over number fields, 108 
ai(¢), 180 
explicit formula for a1 (¢), 181 
is in Q[M,], 180 
o(”), 183 
explicit formula for 01, 02, 189 
for Lattés map, 186 
in Q[o1, o) for Rate, 189 
integral over Q[Rata], 185 
is in Q[Ma], 183 
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oa” (continued) 
isomorphism Mz & A?, 188 
of 2? + bz, 183 
of 2%, 183 
a”, 183 
for Lattés map, 186 
in Q[oi, 7) for Rata, 189 
is in Q[Ma], 183, 232 
of z* + bz, 183 
of 24, 183 
simple algebraic group, 377 
SLe, 175 
small model of Berkovich disk, 323 
solenoid, 6 
special fiber, 77 
special linear group, 175 
sphere V — & + F formula, 13 
spherical measure, 36 
spider algorithm, 168 
stabilizer of point on K3 surface, 425, 
434 
stable 
locus, 176 
of PSLz2 action on P?¢*?, 178 
numerical criterion, 178 
quotient, 179 
rational map, 179 
standard collection of disks, 277 
strange attractor, 391 


Sullivan no wandering domains theorem, 


28, 276 
sum of two cubes, 141 
sum of two squares, 200, 236 
S-unit in finite extension, 132 
sup norm 
chordal, 269 
Gauss norm is, 296 
of a holomorphic function, 247 
of a point, 90, 288 
of a polynomial, 91, 288 
superattracting periodic point, 19, 47 
supersingular elliptic curve, 378 
support of a divisor, 403 
surface 
involution induced by degree 2 
map, 436, 437 
K3, 410, 412 
Kodaira dimension, 412 
symbolic dynamics, 258, 314 


backward orbit dense, 314 
backward orbit equidistributed, 315 
shift map periodic points dense, 314 
shift map topologically transitive, 


314 
symmetric group, 124 
rational map with Aut(¢) = Ss, 
234 
wreath product with cyclic group, 
125 
symmetric polynomial 
elementary, 180 
of multipliers, 180 
symmetric polynomial of multipliers, 
183, 187, 232, 367 
Szpiro conjecture, 221 
Szpiro-Tucker theorem, 442 


Tamely ramified critical point, 37 
Tate algebra, 297 
Gauss norm, 298 
Tate construction of canonical height, 97 
Tate module, 344 
£-adic representation, 344 
Tate’s algorithm, 342 
Taylor series, 12, 63, 67, 190 
telescoping sum, 98 
tetrahedral group, 197 
Thue’s theorem, 105 
is ineffective, 107 
over number fields, 108 
Thue-Mahler theorem, 108 
topological equicontinuity, 306 
topological group, 8 
topological space 
disk component, 277, 317 
disk connected set, 317 
dynamical system on, 3 
equicontinuity, 306 
generalized disk, 277, 317 
path connected, 304 
uniquely path connected, 304 
topological wandering point, 108 
topologically transitive map, 259, 263, 
315 
shift is, 314 
topology, 6 
on Berkovich disk, 299 
profinite, 211 
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torsion point 
elliptic curve, 41 
field generated by on elliptic curve, 
344, 363 
of abelian group is preperiodic, 2, 
41, 326 
of multiplicative group, 326 
torsion subgroup, 2 
elliptic curve 
is equidistributed, 127 
of elliptic curve, 32, 343, 352 
torus, 33 
totally disconnected, 43, 239, 277 
Cp is, 239, 276, 294 
Julia set, 23, 26 
totally ramified, 12 
fixed point, 16, 17, 37 
totient function, 137, 164, 182 
iteration of, 6 
tree, Berkovich disk is, 298 
triangle inequality, 44, 87 
nonarchimedean, 44, 70, 242 
ultrametric, 44, 242 
uniform version, 91 
trihomogeneous polynomial, 437 
twist 
associated 1-cocycle, 201 
cocycle corresponds to, 203 
elliptic curve, 198 
general theory, 199 
none if Aut(¢@) is trivial, 198 
n" root, 204 
of an object, 199 
of Chebyshev polynomial, 336 
of elliptic curve, 341, 374 
of P*, 200, 211, 236 
trivial iff CLK) 4 0, 215 
of power map, 206, 328, 380 
of rational map, 197, 200 
quadratic, 198, 200 
same image in Mag, 198, 221 
set of injects into H', 202, 236 
with good reduction outside S, 237 
twisted action, 211 
Type-I point, 295 
as nested sequence of disks, 322 
attracting fixed point, 324 
attracting periodic, 310 
fixed point, 322 


intersection of orbit with open set, 
324 

seminorm is not norm, 297 
Type-II point, 295 

as nested sequence of disks, 322 

fixed point, 322 

repelling periodic, 310 

seminorm is norm, 297, 321 
Type-III point, 295 

as nested sequence of disks, 322 

fixed point, 322 

seminorm is norm, 297, 321 
Type-IV point, 295 

fixed point, 322 

has positive radius, 296, 321 

is nested sequence of disks, 295 

line segment to Gauss point, 322 

no fixed in A®, 321 

seminorm is norm, 297, 321 


Ullmo’s theorem, 129 
ultrametric inequality, 44, 242 
is an equality, 45, 242 
uncountable Julia set, 267 
Berkovich, 307, 311 
unicity conjecture for Markoff numbers, 
437 
uniform bound for integer points on 
elliptic curve, 372 
uniform boundedness 
for abelian varieties, 97 
for elliptic curves, 97, 369 
for preperiodic points, 96, 135, 368 
of Lattés map, 370 
of 24, 137 
uniform continuity, 39, 254, 313 
is open condition, 254 
uniformization of Mandelbrot set, 167, 
168 
uniformly Lipschitz, 39, 254, 256, 264, 
265, 271, 313, 315 
is open condition, 254 
uniquely path connected, 304 
uniqueness of height, 408 
unirational variety, 232 
unit 
cyclotomic, 69, 72 
dynamical, 69, 71, 72, 79, 132, 133 
in dynatomic field, 129 
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unit group exact sequence, 404 
universal cover, 346 
unramified 
dynatomic field, 131 
field generated by torsion on elliptic 
curve, 344, 363 
isogeny map is, 340, 353 
unsolved problem (**), 7 


v-adic chordal metric, 45, 144, 243 
effect of linear fractional 
transformation, 76 
invariant maps for, 46 
is a metric, 45 
periodic points, 69 
relation to reduction, 49 
resultant measures expansion, 56 
valuation, 44 
discrete, 44 
normalized, 44, 249, 403 
valued field, 44, 240 
complete, 240 
completion, 241 
disk, 242 
extension of complete, 241 
ultrametric inequality is an equality, 
45 
variety, 2, 89, 147, 159, 376 
divisor, 403 
double cover, 410 
involution, 410 
K3 surface, 410 
periodic, 127 
preperiodic, 127, 128 
quotient, 161, 174 
quotient by involution, 410 
rational, 232 
twist, 200, 202, 211, 215, 236 
unirational, 232 
vector space associated to a divisor, 406 
V — E+ F formula, 13, 37 
very ample divisor, 406 
very highly ramified, 231, 284 
Veselov’s theorem, 431 


Wandering disk component, 283 

wandering disk domain, 284, 285 
exist over Cp, 285, 286 

wandering domain, 28, 276 


wandering point, 108 

height lower bound, 221 

height of, 432 
weak convergence of measures, 128 
Wehler’s theorem, 418 
Weierstrass ¢ function, 34, 345 
Weierstrass class, 223 

trivial, 223, 237 
Weierstrass equation, 409 

elliptic curve, 336 

generalized, 336 

minimal, 222, 342 

Tate’s algorithm, 342 
Weierstrass preparation theorem, 298 
Weil height, see height 
Weil height machine, 89, 407, 420 

as map on Picard group, 408 

effectivity of constants, 408 
wildly critical point, 37, 284 

most rational maps have no, 284 
wildly critical recurrent points exist, 285 
wreath product, 125, 164 

dynatomic Galois group, 125 

of symmetric group and cyclic 

group, 125 


Xo(4), Xo(5), Xo(6), 230 
Xo(n) (dynatomic curve), 161 
is irreducible, 164 
X1(1), X1(2), X1(8) are rational, 157 
Xi (4), X1(5), X1(6), 230 
X1(n) (dynatomic curve), 157 
action of z? + c on, 161 
genus, 164 
is irreducible, 164 
is wreath product cover of P1, 164 


Yo(n) (dynatomic curve), 161 
Yi (n) (dynatomic curve), 157 
action of z? + c on, 161 
is nonsingular, 164 
Yuan’s theorem, 129 


27 +¢,20 
acts on Xi(n), 161 
algebraic family, 159 
induces map to dynatomic curve, 
159 
algebraic family of, 230 
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z* + ¢ (continued) Misiurewicz point, 166 
bifurcation point, 165 no neutral cycles, 166 
bifurcation polynomial, 165 period polynomial, 156 
condition for unequal formal and points on dynatomic curve solve 
primitive periods, 165 moduli problem, 159 
dynatomic curve, 157, 16] quadratic polynomial conjugate to, 
X1(1), X1(2), X1(3) are 156 
rational, 157 repelling critical orbit, 166 
genus of, 164, 230 subhyperbolic, 166 
is irreducible, 164 with preperiodic critical point, 166 
is modular curve, 158 Zagier’s theorem, 443 
is nonsingular, 164 Zariski dense orbit, 435 
is wreath product cover of P’, zero 
164 of a meromorphic function, 244 
dynatomic polynomial, 156 of a rational function, 403 
Mandelbrot set, 26, 165 of holomorphic function are 
in disk of radius 2, 166 isolated, 244 
map X1(2) > Xo(2), 162 Zhang’s theorem, 129 


map X1(3) > Xo(3), 230 
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